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Abstract. In this paper we introduce geometric contraction map and
give a new condition for the existence and uniqueness of best proximity
point of geometric contractions. We also consider the convergence of
iterates to proximity points in metric spaces.
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1. Introduction

Fixed point theory is an important tool for solving the equation T (x) = x.
However, if T does not have any fixed point, then one often tries to find
an element x which is in some sense closest to T (x). A classical result in
this direction is a best approximation theorem due to Ky Fan [1].
A best proximity pair evolves as a generalization of the best approxi-
mation considered in [1-5], of exploring the sufficient conditions for the
existence of the best proximity point.
In this paper we consider sufficient conditions that ensure the existence
of an element x ∈ X for two subsets A,B in metric space (X, d) such
that d(x, Tx) = dist(A,B) for T : A ∪B → A ∪B, where

dist(A,B) = inf
(a,b)∈A×B

d(a, b).
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In this case, we say that x is a best proximity point of T with respect
to A and B. It is clear that if x is a best proximity point of T , then
dist(A,B) = 0 if and only if x is a fixed point of T .

2. Main Results

In this section at first we give a new definition and use it to present new
results.

Definition 2.1. Let A and B be nonempty subsets of a metric space X.
A map T : A ∪B → A ∪B is a geometric contraction map if

i) T (A) ⊂ B and T (B) ⊂ A.
ii) For some α ∈ (0, 1) and all x ∈ A and y ∈ B we have

d(Tx, Ty) 6 d(x, y)αdist(A,B)1−α.

For example, if

A = {(x, 0) : x > 1}, B = {(0, y) : y > 1},

and T (x, y) = (
√
y,
√
x). Then dist(A,B) =

√
2 and α = 1

2 ,

‖T (x, 0)− T (0, y)‖ = ‖(0,
√
x)− (

√
y, 0)‖

= ‖(√y,
√
x)‖

=
√
x+ y

6
√√

2
√
x2 + y2

=
√
dist(A,B)‖(x, 0)− (0, y)‖.

Hence T is a geometric contraction map with respect to α = 1
2 .

Proposition 2.2. Let A and B be nonempty subsets of a metric space
X, T : A ∪B → A ∪B be a geometric contraction map and xn = Tnx0

for x0 ∈ A ∪B. Then d(xn, Txn) → dist(A,B).



BEST PROXIMITY POINT AND GEOMETRIC ... 27

Proof. By definition of geometric contraction map we have

d(xn, xn+1) 6 d(xn−1, xn)αdist(A,B)1−α

6 d(xn−2, xn−1)α2
dist(A,B)1−α2

...

6 d(x0, x1)αn
dist(A,B)1−αn

.

Thus d(xn, xn+1) → dist(A,B). �

Theorem 2.3. Let A and B be nonempty subsets of a metric space X
and T : A ∪ B → A ∪ B be a geometric contraction map. Let x0 ∈ A

and define xn+1 = Txn. Suppose {x2n} has a convergent subsequence to
x ∈ A. Then d(x, Tx) = dist(A,B).

Proof. Suppose {x2nk
} is a subsequence of {x2n} converges to some

x ∈ A. Now

dist(A,B) 6 d(x, x2nk−1) 6 d(x, x2nk
) + d(x2nk

, x2nk−1).

Thus, by Proposition 2.2, we have d(x, x2nk−1) converges to d(A,B).
Since

dist(A,B) 6 d(x2nk
, Tx) 6 d(x2nk−1, x)αdist(A,B)(1−α) 6 d(x2nk−1, x),

so d(x, Tx) = dist(A,B). �

Proposition 2.4. Let A and B be nonempty subsets of a metric space
X, T : A ∪ B → A ∪ B a geometric contraction map, x0 ∈ A ∪ B and
xn+1 = Txn, n = 0, 1, 2, · · · . Then the sequences {x2n} and {x2n+1} are
bounded.

Proof. Suppose x0 ∈ A then since by Proposition 2.2, d(x2n, x2n+1)
converges to dist(A,B), it is enough to prove that {x2n+1} is bounded.
Suppose {x2n+1} is not bounded, then for M > dist(A,B) there exists
n0 ∈ N such that

d(x2, x2n0+1) > M, d(x0, x2n0−1) < M.
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Hence by the geometric contraction property of T ,

M < d(x2, x2n0+1) 6 d(x0, x2n0−1)α2
dist(A,B)1−α2

,

and so
M

1
α2 dist(A,B)1−

1
α2 < d(x0, x2n0−1) < M.

Therefore M < dist(A,B) which is a contradiction. The proof is similar
when x0 ∈ B. �

The Proposition 2.4 leads us to an existence result when one of the
sets A or B is boundedly compact. We remember that a subset A of a
metric space is boundedly compact if every bounded sequence in A has
a convergent subsequence.

Corollary 2.5. Let A and B be nonempty closed subsets of a metric
space X and T : A ∪ B → A ∪ B a geometric contraction map. If
either A or B is boundedly compact, then there exists x ∈ A ∪ B with
d(x, Tx) = dist(A,B).

Proof. It follows directly from Theorem 2.3 and Proposition 2.4. �
In continue, we will give some new results of the existence of the best
proximity points.

Theorem 2.6. Let A and B be nonempty closed subsets of a metric
space X. Suppose that the mapping T : A ∪ B → A ∪ B satisfying
T (A) ⊂ B, T (B) ⊂ A and

d(Tx, Ty) 6 d(x, y)α[d(x, Tx)d(y, Ty)]βdist(A,B)γ ,

for all x, y ∈ A ∪ B, where α, β, γ > 0 and α + 2β + γ = 1. If A (or
B) is boundedly compact, then there exists x ∈ A ∪ B with d(x, Tx) =
dist(A,B).

Proof. Suppose x0 is an arbitrary point of A∪B and define xn+1 = Txn.
Now

d(xn+1, xn+2) = d(Txn, Txn+1)

6 d(xn, xn+1)α[d(xn, Txn)d(xn+1, Txn+1)]βdist(A,B)γ .
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So

d(xn+1, xn+2) 6 d(xn, xn+1)
α+β
1−β dist(A,B)

γ
1−β ,

which implies that

d(xn+1, xn+2) 6 d(xn, xn+1)kdist(A,B)1−k,

where k = α+β
1−β < 1. Hence inductively we have

d(xn+1, xn) 6 d(x1, x0)kn
dist(A,B)1−kn

,

and so
d(xn+1, xn) → dist(A,B).

Therefore, by repeat the technique of the proof of Proposition 2.4, both
sequences {x2n} and {x2n+1} are bounded. Now since A (or B) is bound-
edly compact then {x2n} has a convergent subsequence and so by repeat
the technique of the proof of Proposition 2.3, there exists x ∈ A such
that d(x, Tx) = dist(A,B). �

Theorem 2.7. Let A and B be nonempty subsets of a metric space
X. Suppose that the mapping T : A ∪ B → A ∪ B satisfying T (A) ⊂
B, T (B) ⊂ A and

d(Tx, T 2x) 6 d(x, Tx)kdist(A,B)1−k,

for all x ∈ A ∪ B, where 0 6 k < 1. If there are u ∈ A ∪ B and n ∈ N
such that Tnu = u, then d(u, Tu) = dist(A,B).

Proof. Let u ∈ A∪B and n ∈ N be such that Tnu = u. If dist(A,B) <
d(u, Tu), we have

d(u, Tu) = d(T (Tn−1u), T 2(Tn−1u))

6 d(Tn−1u, T (Tn−1u))k dist(A,B)1−k

6 d(Tn−2u, Tn−1u)k2
dist(A,B)1−k2

...

6 d(u, Tu)kn
dist(A,B)1−kn

< d(u, Tu),
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which is a contradiction, so d(u, Tu) = dist(A,B). �
In the following, we give some new conditions on the mapping T to find
uniqueness of best proximity points. Remember that if X is a uniformly
convex Banach space with modulus of convexity δ. Then δ(ε) > 0 for
ε > 0, and δ(.) is strictly increasing. Moreover, if x, y, z ∈ X, d > 0, and
r ∈ [0, 2d] such that ‖x− z‖ 6 d, ‖y − z‖ 6 d and ‖x− y‖ > r, then

‖x+ y

2
− z‖ 6 (1− δ(

r

d
))d. (∗)

Theorem 2.8. Let A and B be two nonempty closed and convex subsets
of a Banach space X and T : A ∪ B → A ∪ B a geometric contraction
map. Then there exists unique x ∈ A with ‖x− Tx‖ = dist(A,B).

Proof. Suppose x0 ∈ A and xn+1 = Txn, n = 0, 1, 2, · · · . By Propo-
sition 2.4, the sequence {x2n} is bounded. Hence since X is uniformly
convex, {x2n} has a subsequence {x2nk

} that weakly converges to x and
so ‖x−Tx‖ 6 lim infk→∞ ‖x2nk

−Tx2nk
‖. Therefore by Proposition 2.2,

‖x− Tx‖ = dist(A,B).

If there exist x, y ∈ A and x 6= y such that ‖x − Tx‖ = ‖y − Ty‖ =
dist(A,B) where necessarily, T 2x = x and T 2y = y. Therefore

‖Tx−y‖ = ‖Tx−T 2y‖ 6 ‖x−Ty‖ and ‖Ty−x‖ = ‖Ty−T 2x‖ 6 ‖y−Tx‖,

then
‖Ty − x‖ = ‖y − Tx‖. (∗∗)

On the other hands, ‖y − Tx‖ > dist(A,B). If ‖y − Tx‖ = dist(A,B),
since X is uniformly convex by (∗) we have

‖x+ y

2
− Tx‖ 6 (1− δ(

r

d
))dist(A,B) < dist(A,B),

since A is convex, x+y
2 ∈ A and it is a contradiction. Hence ‖y− Tx‖ >

dist(A,B), and so ‖y − Tx‖ = ‖T 2y − Tx‖ < ‖Ty − x‖ which is a
contradiction by (∗∗). Therefore x = y. �
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Theorem 2.9. Let A and B be two nonempty closed and convex subsets
of a uniformly convex Banach space X. Suppose that the mapping T :
A ∪B → A ∪B satisfying T (A) ⊂ B, T (B) ⊂ A and

d(Tx, Ty) 6 d(x, y)α[d(x, Tx)d(y, Ty)]βdist(A,B)γ ,

for all x, y ∈ A ∪ B, where α, β, γ > 0 and α+ 2β + γ = 1. Then there
exists a unique element x ∈ A such that ‖x−Tx‖ = dist(A,B). Further,
if x0 ∈ A and xn+1 = Txn, then {x2n} converges to the above unique
element.

Proof. One can prove this theorem by the method of the Proposition
2.8. �
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