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Abstract. In this paper we introduce geometric contraction map and
give a new condition for the existence and uniqueness of best proximity
point of geometric contractions. We also consider the convergence of
iterates to proximity points in metric spaces.
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1. Introduction

Fixed point theory is an important tool for solving the equation T'(z) = z.
However, if T' does not have any fixed point, then one often tries to find
an element x which is in some sense closest to T'(x). A classical result in
this direction is a best approximation theorem due to Ky Fan [1].

A best proximity pair evolves as a generalization of the best approxi-
mation considered in [1-5], of exploring the sufficient conditions for the
existence of the best proximity point.

In this paper we consider sufficient conditions that ensure the existence
of an element x € X for two subsets A, B in metric space (X,d) such
that d(x,Tz) = dist(A,B) for T : AUB — AU B, where

dist(A,B) = inf  d(a,b).
ist(4, B) (a,b)lgAxB (a,5)
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In this case, we say that = is a best proximity point of T" with respect
to A and B. It is clear that if x is a best proximity point of 7', then
dist(A, B) = 0 if and only if z is a fixed point of T

2. Main Results

In this section at first we give a new definition and use it to present new
results.

Definition 2.1. Let A and B be nonempty subsets of a metric space X .
AmapT: AUB — AUB is a geometric contraction map if

i) T(A) C B and T(B) C A.
i) For some o € (0,1) and all x € A and y € B we have

d(Tz,Ty) < d(x,y)*dist(A, B)' .
For example, if
A=A{(z,0):2>1}, B=A{(0,y):y>1},
and T(z,y) = (,/, V). Then dist(A,B) = V2 and a = 3,

IT(,0) =T, 9)| =

N\

N
%
4
tdw

Hence T is a geometric contraction map with respect to o = %

Proposition 2.2. Let A and B be nonempty subsets of a metric space
X, T:AUB — AUB be a geometric contraction map and x, = T"xzq
for zg € AU B. Then d(xy, Tx,) — dist(A, B).
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Proof. By definition of geometric contraction map we have

d(xp_1,1,)%dist(A, B)'™
d(Tn2, Tn_1)* dist(A, B)~

d(xna xn—l—l) g
<

< d(xo, x1)* dist(A, B)1 7",
Thus d(zp, xnt1) — dist(A,B). O

Theorem 2.3. Let A and B be nonempty subsets of a metric space X
and T : AUB — AU B be a geometric contraction map. Let xg € A
and define xpy1 = Txy. Suppose {xan} has a convergent subsequence to

z € A. Then d(xz,Tz) = dist(A, B).

Proof. Suppose {x2,,} is a subsequence of {x2,} converges to some
x € A. Now

dist(A, B) < d(z, 72, —1) < d(2, Tan,) + d(T2n,, T2n,-1)-

Thus, by Proposition 2.2, we have d(z,z2,,—1) converges to d(A, B).
Since

dist(A, B) < d(xon,, Tx) < d(zon, —1,2)%dist(A, B)Y™ < d(x9,, 1, ),
so d(x,Tx) = dist(A,B). O

Proposition 2.4. Let A and B be nonempty subsets of a metric space
X, T:AUB — AU B a geometric contraction map, t9g € AU B and
Tpy1 =Txp, n=0,1,2,--- . Then the sequences {x2,} and {xon+1} are
bounded.

Proof. Suppose zyp € A then since by Proposition 2.2, d(zan,z2n+1)
converges to dist(A, B), it is enough to prove that {x2,11} is bounded.
Suppose {z2,+1} is not bounded, then for M > dist(A, B) there exists
no € N such that

d(¢2a£2n0+1) > M7 d(x0,$2n0—1) < M.
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Hence by the geometric contraction property of T,
M < d(x2,$2n0+1) < d(x0,$2n071)a2di8t(14, B)I_O[Q,

and so ) )
Ma? dist(A, B)' "% < d(zo, zan,—1) < M.

Therefore M < dist(A, B) which is a contradiction. The proof is similar
when zg € B. U

The Proposition 2.4 leads us to an existence result when one of the
sets A or B is boundedly compact. We remember that a subset A of a
metric space is boundedly compact if every bounded sequence in A has
a convergent subsequence.

Corollary 2.5. Let A and B be nonempty closed subsets of a metric
space X and T : AUB — AU B a geometric contraction map. If
either A or B is boundedly compact, then there exists x € AU B with
d(z,Tx) = dist(A, B).

Proof. It follows directly from Theorem 2.3 and Proposition 2.4. [
In continue, we will give some new results of the existence of the best
proximity points.

Theorem 2.6. Let A and B be nonempty closed subsets of a metric
space X. Suppose that the mapping T : AU B — AU B satisfying
T(A) C B,T(B) C A and

d(Tz, Ty) < d(z,y)*[d(z, Tz)d(y, Ty)] dist(A, B)",

for all x,y € AU B, where o, 3,7y 2 0 and o+ 28+~ =1. If A (or
B) is boundedly compact, then there exists x € AU B with d(z,Tx) =
dist(A, B).

Proof. Suppose zq is an arbitrary point of AUB and define z,,11 = Tx,.
Now

d(Tpi1,Tnre) = d(T2n, Tni1)
< d(@n, Tpp1)®[d(@n, Txp)d(2ps1, Tene1)]Pdist(A, B)?.
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So
atf 0
d(xn—i-la $n+2) < d(ﬂ?n, xn-{—l) 1=p diSt(A’ B) 1-5,
which implies that

d(.’L'n+1, $n+2) < d(.’En, xn—i—l)kdiSt(Aa B>1_k7
where k = %Lg < 1. Hence inductively we have
A(Eppr, zn) < d(zy,20) dist(A, B)LF"

and so

d(xpt1,2n) — dist(A, B).
Therefore, by repeat the technique of the proof of Proposition 2.4, both
sequences {xay, } and {z2,+1} are bounded. Now since A (or B) is bound-
edly compact then {x2,} has a convergent subsequence and so by repeat

the technique of the proof of Proposition 2.3, there exists x € A such
that d(z,Tz) = dist(A,B). O

Theorem 2.7. Let A and B be nonempty subsets of a metric space
X. Suppose that the mapping T : AU B — AU B satisfying T(A) C
B,T(B) C A and

d(Tx, T%x) < d(x, Tx)*dist(A, B)'F,

for allx € AU B, where 0 < k < 1. If there areu € AUB andn € N
such that T"w = u, then d(u, Tu) = dist(A, B).

Proof. Let u € AUB and n € N be such that T"u = u. If dist(A, B) <
d(u,Tu), we have

d(u, Tu) A(T(T" ), T>(T" 1))
d(T™ Y, T(T™ *u))* dist(A, B)1™F

d(T" 2w, T" 'u)¥ dist(A, B)*%

NN

N

d(u, Tu)*" dist(A, B)**"
d(u, Tu),

A
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which is a contradiction, so d(u, Tu) = dist(A,B). O

In the following, we give some new conditions on the mapping T to find
uniqueness of best proximity points. Remember that if X is a uniformly
convex Banach space with modulus of convexity 6. Then d(e) > 0 for
€ > 0, and §(.) is strictly increasing. Moreover, if z,y,z € X, d > 0, and
r € [0,2d] such that ||z — 2[| < d, |ly — 2| < d and ||z — y[| > r, then

12— <@ - 6 ()

Theorem 2.8. Let A and B be two nonempty closed and convex subsets
of a Banach space X and T : AUB — AU B a geometric contraction
map. Then there exists unique v € A with |z — Tx| = dist(A, B).

Proof. Suppose 29 € A and z,11 = Txy, n =0,1,2,--- . By Propo-
sition 2.4, the sequence {z2,} is bounded. Hence since X is uniformly
convex, {za,} has a subsequence {xg,, } that weakly converges to = and
so ||z —Tz|| < liminfg_ .~ ||z2n, —TZ2n, ||. Therefore by Proposition 2.2,

|lx — Tx| = dist(A, B).

If there exist z,y € A and = # y such that ||z — Tz|| = ||y — Ty|| =
dist(A, B) where necessarily, T2z = = and 7%y = y. Therefore

ITa—y|l = |T2z~T?y|| < =Tyl and | Ty—z|| = | Ty-T?z|| < |y-Tz|,

then
Ty — zf| = |ly — Tz||. ()

On the other hands, ||y — Tz|| > dist(A, B). If ||y — Tz| = dist(A, B),
since X is uniformly convex by (*) we have

1EEY < 5(5))dist(A, B) < dist(A, B),
since A is convex, ZF¥ € A and it is a contradiction. Hence ||y — Tz >
dist(A,B), and so |y — Tx| = ||[T?y — Tz| < ||Ty — | which is a

contradiction by (xx). Therefore x =y. O
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Theorem 2.9. Let A and B be two nonempty closed and convex subsets
of a uniformly convex Banach space X. Suppose that the mapping T :
AUB — AU B satisfying T(A) C B, T(B) C A and

d(Tx, Ty) < d(x,y)*[d(z, Tx)d(y, Ty)| dist(A, B)?,

for all z,y € AU B, where a, 3,7 2 0 and a+ 26+ = 1. Then there
exists a unique element x € A such that ||x —Tx| = dist(A, B). Further,
if o € A and xp41 = Txy, then {x2,} converges to the above unique
element.

Proof. One can prove this theorem by the method of the Proposition
2.8. O
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