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Abstract. This article investigates the existence of a solution for a
singular fractional differential equation. For this, the researchers have
changed the main differential equation into an integral equation, then
through determining some assumptions that could control its main sin-
gular points; the existence of a solution has been proved for the equa-
tion by applying a fixed point theorem, as well. The significance of the
proposed paper is regarded as the equation’s novelty on its boundary
condition which is a generalization of similar ones. Likewise the condi-
tion, is a generalization for the similar cases and it conduces to consider
a singular equation with infinite singular points. Having two dealings
on its dominate is of high significance for the equation which should be
remarkable.
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216 A. MANSOURI AND M. SHABIBI
1. Introduction

An evaluation of the mathematical model of a scientific observation leads
into a differential equation that sometimes equations are of the form
fractional order. We can mention engineering sciences, dynamic, chem-
istry and physics among which the equation occurs ([2]). Many studies
have investigated the existence and behavior of these equations in recent
decats ([3], [4]). Sometimes we lead to a differential system that has sin-
gularity in some points, recently many works has been published on the
existence of the solutions for these singular systems ([9]).

In 2010, Agarwal, O’Regan and Stanek ([1]) studied the existence of
solutions for the problem D®u(t) + f(t,u(t)) = 0 with boundary con-
ditions «/(0) = --- = u™ D = 0 and u(l) = fol u(s)du(s), where
n > 2 a¢€ (n—1,n), u(s) is a functional of bounded variation with
fol du(s) < 1, and f may has singularity at ¢ = 0.

In 2015, Y. Liu and P. J. Y. Wong investigated the existence of solution
for the fractional problem ¢Dx(t) = f(t,z(t), D?xz(t)) with boundary
conditions z(0) + 2'(0) = y(z), fol z(t)dt = m and 2”(0) = z® =

.= 2z=D(0) = 0, where 0 < t < 1, m is a real number, n > 2,
a € (n—1,n), 0 < f < 1, D* and DP are the Caputo fractional
derivatives, y € C([0,1],R) — R and f : (0,1] x RxR — R is continuous
with f(t,z,y) may be singular at ¢t = 0 ([7]).

In 2016 M. Shabibi, M. Postolache, Sh. Rezapour and S. M. Vaezpour in-
vestigated the solution of the multi-singular pointwise defined fractional
integro-differential equation D*a(t) + f(t, z(t), z'(t), DPx(t), IPz(t)) = 0
with boundary conditions 2/(0) = z(¢) and z(1) = [ x(s)ds when
po€ [2,3) and 2/(0) = x(¢), (1) = [ x(s)ds and zU)(0) = 0 for

j =2,...,[u] =1 when p € [3,00), where 0 < t < 1, z € C'[0,1],
wE [2,00), B,&,mn € (0,1), p> 1, D* is the Caputo fractional derivative
of order p and f : [0,1] x R® — R is a function such that f(¢,.,.,.,.,.) is

singular at some points ¢ € [0, 1]([8]).

In 2018 D. Baleanu, Kh. Ghafarnezhad, Sh. Reazapour and M. Shabibi
reviewd the existence of solution for the pointwise defined three steps
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crisis integro-differential equation

D%x(t) +f(t7$(t)aﬂf’(t),Dﬁw(t)a/0 h(§)z(§)ds, d(x(t))) = 0

with boundary conditions (1) = z(0) = 2”(0) = 2"(0) = 0, where
> 2, \u, B € (0,1), ¢ : X — X is a mapping such that ||¢(z) —

( )H Oollz — y|| + 61]|2" — ¢/|| for some non-negative real numbers
0o and 0; € [0,00) and all z,y € X, D% is the Caputo fractional
derivative of order «, f(t,z1(t),...,xz5(t)) = fi(t,z1(t),...,z5(¢t)) for all
te[0,N), f(t,z1(t),...,x5(t)) = f2<t xl(t), x5(t)) for all t € [\, u] and
flt,z1(t), ...y z5(t)) = fa(t,x1(t), ..., x5(t)) for all t € (u, 1], fi(t,.soyeyey-)
and f3(t,.,.,.,.,.) are continuous on [0, A) and (, 1] and fa(t,.,.,.,.,.)
is multi-singular ([5]).

Using idea of these papers, we investigate the existence of solutions for
the folowing bi-dealing singular fractional intergro-differential equation

Dx(t) + f(t,x(t),x/(t),Dﬂx(t),/o h(s)x(s)ds, px(t)) =0 (1)

with boundary conditions z/(u) = ) + fo s)ds and z(1) =
z0)(0) = 0 forj > 2 where a > 2, ,LL,)\ € (0, 1) g E Ll[O,)\], g(t) >0
for a.e. t € [0,A], ¢ : [0,1] — R+ is such that for all x,y € C[0,1],
| (t) — dy(t)] < buf(t) —y ()| +ba|2'(t) —y/(#)] for some by, by € [0, 00),
h € L'0,1], D% is the Caputo fractional derivative of order o and
f(t,.,.,.,.,.) deals as a singular function on some set E C [0,1] and
deals as a continuous function on E¢ C [0, 1]. Recall that D*z(t) = f(t)
is a pointwise defined equation on [0, 1] if there exists set D C [0, 1] such
that the measure of D€ is zero and the equation holds on D (see [8]). Here
we use ||.|[; for the norm of L'[0,1], ||.|| for the sup norm of Y = C|0, 1]
and ||z, = max{||z||, [|2’||} for the norm of X = C*[0, 1]. The Riemann-
Liouville integral of order p with the lovver limit @ > 0 for a function
f:(a,00) — Ris defined by I”, f(t) = (p) [t — s)P=1 £ (s)ds, provided
that the right-hand side is pointwise define on (a,c0) ([12]). we denote
I5, f(t) by IPf(t). The Caputo fractional derivative of order o > 0 is

defined by “D*f(t) = =) fo G fs(;zfl) ~ds, where n = [a] + 1 and
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f:(a,00) — Ris a function ([12]). Let ¥ be the family of nondecreasing
functions ¢ : [0,00) — [0,00) such that > °°, ¥"(t) < oo for all t > 0
(see [11]). One can check that ¢ (t) < tforallt > 0 ([11]). Let T : X — X
and o : X x X — [0,00) be two maps. Then 7' is called an a-admissible
map whenever a(z,y) > 1 implies a(Tz,Ty) > 1 ([11]). Let (X,d) be
a metric space, ¥ € ¥ and o : X x X — [0,00) a map. A self-map
T :X — X is called an a-i-contraction whenever «o(z,y)d(Tz, Ty) <
Y(d(x,y)) for all z,y € X ([11]). We need next results.

Lemma 1.1. ([11)) Let (X,d) be a complete metric space, 1 € ¥,
a: X xX — [0,00) a map and T : X — X an a-admissible a-
W-contraction. If T is continuous and there exists xo € X such that
a(xg, Txo) = 1, then T has a fized point.

Lemma 1.2. ([14]) Let X be a Banach space with C C X closed and
convex. Let Q) be a relatively open subset of C with 0 € Q and let F :
Q — C be a continuous and compact mapping. Then either

i) the mapping F has a fived point in Q, or
ii) there exist y € O and X € (0,1) with y = AFy.

Lemma 1.3. ([6]) Letn—1 < a <nandx € C(0,1)NLY(0,1). Then, we
have I*D%z(t) = x(t) + Y14 cit’” for some real constants co, . . ., cn_1.

2. Main Results

Lemma 2.1. Let a > 2, n = [a] + 1, u, A € (0,1), g € L0, ],
g(t) > 0 for a.e. t € [0,)\] and y € L*[0,1]. A map x is a solution for the
pointhse deﬁned equatwn Dx(t) + f(t) = 0 with boundary conditions

x'(n) = —1—f0 )ds and 2(1) = 29(0) =0 for 2 < j < n, if
and only zf:c fo s)ds for all t € [0, 1], where
— s)x—1 s A s)*lia(t— —g)a—2

G(t, s) = (tF(Oz) +a= t) ()+[( A+B)t 5;1]“((104) ) el D(=s)"" pen
0<s<t< 1(mdls s A, .

$)< A $)< « s
G(t,s) = (tF(OE) + (A B BA}(lAA)F( )+ EDE=9)"" hen
0<s<tg1 andl)\ , )

s)% s A - —s5)™ ™
G(t, s) (tF(OB) +(1 t)H( )+( X;ll?&?)t BAlA=9)""" hen0< s <t<1

and p < s < A,
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—(t—s)*~* Ax+By)t—B,|(1—s)>"1
Gg, s))\: (tF(og) + [(Ax+ /\,)j)‘r(/o\f])( ) , when 0 < s <t <1 and
s =z Ma Y
G(t,s) = [(AAJFB*)FB”(jkslz?;)lﬂt*l)(“*s)ail, when 0 <t < s <1 and
s <y A,

G(t,s) = (1*"/)H(3)+[(AX;I]?(2)’5*BA](1*5)“_1, when 0 <t < s <1 and
§ 2 s A,

G(t,s) = [(A*+BAK;£Q])(175)Q_I, when 0 < t < s <1 and s > u, A,

H(s) = [Nt —s)*"'g(t)dt, A\ = [;)(1 —t)g(t)dt and
By = [Mg(t)dt
Proof. First by similar manner as [5] we conclude that lemma (1.3)

is valid on L'[0, 1] Now let z(t) be a solution for the problem since
z0)(0) = 0 for j > 2, by using Lemma (1.3) we have z(t) = _1 fo

s)4T y(s)ds + co + c1t. By boundary condition z(1) = 0 we have SO
c1 = fo 1 — 5)% 1y(s)ds — cp. On the other hand
g(t

T'(a)
't — 5)* Ly(s)ds + cog(t) + ertg(t), so

Je(t) = T
/Okg(t)a:(t)dt S // )(t — 5)° Ly (s)dsdt
+co/0 ()dt—i—cl/o tg(t)dt.
Now since

// t)(t —s)* Ly(s)dsdt = // t)(t — 5)* Ly(s)dtds

_ /0 ( / (t — )" g(t)dt)y(s)ds,
1

A A A
= — —g)o ! s)ds
| atwamar = s [ =9 tmanysa
A A
teo /0 ()t + e /O L (t)dt.

we coclude

Also we have
-1

20 = s /0 " 9™ 2y(s)ds +
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and 2/(0) = ¢1, so by a/(u) = )+ fo s)ds, we conclude that

-1 a a—2 _ -1 A A a—1
el A y(s)ds—@ / ( / (¢ = ) gl0)de)y(s)ds

A A
+o /0 g(t)dt + c1 /O tg(t)dt

B -1 A A et N
F(a)/o (/S (t—s) g(t)dt)y(s)ds+co/0 g(t)dt

1 ’ ' a—1 A
+@(/0 tg(t)dt)/o (1 —35)*""y(s)ds —co/o tg(t)dt,

A A A A
o / g(t)dt — / tg(t)dt)zﬁ / ( / (t— ) Lg(t)dt)y(s)ds

L ’ 1 a-l 7# " 78a72 s)ds
F(&)(/() tg(t)dt)/o(lfs) y(s)ds F(a—l)/o (1 — 8)*2y(s)ds,

therefore

SO

A A
“ = rFa o b L €Tt
0 S
= fo ty(t)dt 1 —8)* 1y(s)ds
T(a) fO/\(lt)g(t)dt/o (1=28)" yle)d

- L ' — 8)* 2y(s)ds
F(a—l)fo’\tg(t)dt/o(u o2y (s)ds,

hence

1
¢ = /0(1—5)0‘71y(s)d8—co

/0 (1 8Ty (s)ds

//t—so‘l t)dt)y(s)ds
j’01—t t)dt

fotg — ) y(s)ds
fol_t()dt/ou oLy (s)d

1 /“ 9
+ (u—8)*"“y(s)ds.
Do —1) [ tg(t)dt
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So we have

i) = f@LAU—SW1M$

fo (1-1t)g dt/ /

. fo tg(t)dt ! — s a—1 s)ds
(o) fo’\(l—t)g(t)dt/o (1= 5" yle)d

S 8 — 5)* ly(s)ds
memﬁﬁw oLy (s)ds,
t

1
— —5)* ly(s
%@Au Jely(s)ds

221

y(s)ds

) [MN1—t)g dt// y(s)ds

tfotg — 9 1y (s)ds
514 tAu 12 ly(s)d

! /M(u — )" ?y(s)ds.

+
MNa—-1) fO tg(t)dt

Put H(s) = [Nt—s)*"'g(t)dt, Ay = [;}(1—t)g(t)dt and By = [ tg(t)dt

=)
Ay + By = fo t)dt. Hence

—it—saflss#)\sss
o) = fray | =9 s+ s [ A
1

t 1 a-1 ot " s)y(s)ds
+ p | a9 s - s [ e

B>\ ! a1 o a — g a—1 s)ds
i | =0 s = s [ s
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Therefore

— t _ A
z(t) = P(Olé)/o(t—s)o‘_ly(s)ds—i—fi\r(;)/o H(s)y(s)ds
_ 1
-l-(A)‘ Z/\BI:\();) B/\/o (1—s)*"1y(s)ds

t—1 " o
+A,\F(a—1)/0 (1 — )" 2y(s)ds.

Ift <A< <1 then

z(t) = F_(Olé)/ot(t—s)al dS+A)\Ft /0t+/t/\
AT /:
AEZf_l/ [+ )

if t < p <A< then we have

() = F_(;)/Ot(t—s)o‘l AAF /Ot+/t#+/ Jy(s)ds
SRR YA /
AAlf;l—l/ / i)y
o(t) = 1/ +/ )(t
el /
e / /

t—1 B
+A,\F(a—1)/0 (1= ) ?y(s)ds,
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when 0 < A <t < p <1 then

2(t) = ‘1/ /tso‘l ds+A/\F >/ H(s)y(s)ds
A /”‘“
Tt A R R0

In the case 0 < A < <t <1 we have

z(t) = _—1//\—|-/ﬂ—|-/t (t — ) y(s)ds
M /H
Aen frerve
A,\F / / (s =)

Finally if 0 < p < A <t <1 we can write z(t) as

oft) = %(/1/3/3@ 521y (s)ds
A)\F / /
BB o

t— 1

T / (1 — ) 2y(s)ds.
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So we have z(t fo s)ds where

= (t=s)*"t | (1t s)—l— Ax+By)t—By](1—8)* 1 4a(t—1)(u—s)* 2
G(t,s) = F(Oz) +( ) ( [( A1+By) Aill“(a) (t=1)(p
0<s<t<land s <y, A,

_ (=97t [(AxtBa)i-Bal(1-5)° ralt—1) (u—s)°
ts)=—Fo— t A 2

, when

2
, when

«Q

0<s<t<land A <s <y,
—(t—s)2~1 —t)H(s A\+B))t—B —g)e—1
G(t,s) = (tF(oZ) —|-(1 DH(s)+(( XP(Q; 2[(1=5) ,when0 <s<t<1
and p < s <A,
—(t—s)*—1L Ay+B))t—B,|(1-s)*— 1
Glt,s) = ol BB i 0 < 6 < ¢ < 1 and
§ 2 s A, _ _
G(t,s) = [(A“B*)t_B*](KASIZ?O:)lJ’(t_l)(”_S)a_l, when 0 <t < s <1 and
§ <y A
G(t,s) = (1—t)H(s)+[(A2-;§(2)t—BA}(1—3)“*17 when 0 <t <s<1and
s > p, A and _
G(t,'s) [(A”BXKAI{B(*})O 8)*” ,when 0 <t <s<lands>pu,A\,. O

Note that, for the Green function G(t, s), %—?(t, s) is given as

8—G(t s) = —(t=8)2"2 | —H(s)+(Ax+By)(1-8)* L +a(p—s)*2
F(a—l) A)\F(a) ,

when 0 < s<t<1land s <y, A, )
%(t s) = —(t—5)*"? i (Ax+B))(1-8)* " a(u—s)*—2

I'(a-1) A\T(a) ’
when 0 < s <land )< L,
oG _ —(t—s) - )+(A +B))(1—s)**
o (t,s) = I‘(a—)l) — AXF(Q)( ;

when 0 <s<t<land p<s <A,

—(t=s)*"2 | (Ax+By)(1—9)*"!
T(a—1) A\I'(w) )
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when 0 <s<t<1ands
(Ax+By)(1—s)* "1+ (p—s)* 1
A)\F(a) ?

when 0 <t<s<1lands
—H(s)+(Ax+By)(1—-s)* "1
AAF(OL) ’

Whenogtgsglands
Bﬁ(t s) = (Ax+By)(1=5)*"
ot \LrS) = A (@)

Z iy A,

<y A,

1, A and
,when 0 <t <s<1land s> pu, A\,

Also we can see that G and EG are continuous respect to t. Consider the
space X = C1[0,1] with the norm |.||x, where |||« = max{|z]|,|2"||}
and ||.|| is the supremum norm on C[0, 1]. Let f be a map on [0,1] x X°
such that f is singular at some points of [0, 1]. Define the map

F:X - X by

/ G(t, ) f(s.2(s). (), Dx(s), /Osh(ﬁ)x(ﬁ)dé,M(S))ds

— / (t— )7 f(s,2(5), 2'(s), D (s). /0 * h(©)a(€)dri, da(s))ds

F()

1—t 5 s
AAF / H(s)f(s,z(s (s),D x(s),/g h(§)x(&)dE, px(s))ds

(A)\ + B)\)t — B,

— ) £ (s, 2(s). 2'(s), DPx(s
T Ea) /0<1 )2 (s, 2(5),2'(5), D),
h(€)z(§)ds, px(s))ds

S

0

t—1

_ter — )2 2f (s, 2(s),2'(s), Dx(s
bty | G 900016, D),
/0 h(E)a(E)de, b (s))ds

for all t € [0,1]. Also F.(t) is given as
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F()
laG , s
= [ G200, D%a(). [ h©a(€)a, on(s)ds

0
-t t —8)*2f(s, 2(s), 2 (s), D’x(s
= o [ =9 (). (). D),

/0 " h()a(€)de, dr(s))ds

—Aﬂf@ /0 Y H(s)f (5. 2(s),2'(s), D a(s), /O " hE)2(€)d, dur(s))ds
e N e I R N )

" h(€)a(€)dE, du(s))ds

e [ e ()49, Do)

/ T h(©)a(©)de dr(s))ds

_l’_

o

_l’_

Note that, the singular pointwise defined equation (1) has a solution
xo € X if and only if ¢ a fixed point of the map F.

Theorem 2.1. Let a > 2, B,u,A € (0,1) g € LY0,)], g(t) > 0 for
ae. t € [0,)\], ¢ :[0,1] — RT is such that for all z,y € C*[0,1],
|px(t) — Py (t)| < by|x(t) —y(t)|+b2lz’(t) —y'(t)| for some by, bs € [0, 00),
h € LY0,1] and f : [0,1] x X® — R be a mapping which is singular on
some set E C [0,1] such that for t € E we have

ko

‘f(t,fL'l,l’Q, "'7$5)_f(t7 Y1,Y2, 7315)’ g Zal(t)Al(‘xl_y1‘7 teey ‘3’:5—3/5‘)

i=1

and is continuous on E° C [0, 1] such that for t € E¢ we have

5
f(t 21,29, w5) = (LY, Y, )] < D Ll —
j=1
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for all x1,....x5,91,..,ys € X , where kg € N, a; : [0,1] — RT,
d; € LYE), di(s) = (1 — )% 2a;(s), l; € [0,00), A; : X> — R

is a nondecreasing mapping respect to all their components such that
Ni(z,...,2)

lim, g+ =222 = ¢; for some q; € [0,00), and all 1 < i < ko. Also let
for almost all t € [0,1], f(¢,0,0,0,0,0) =0, if
S, S PRIN P I S R
P INa)  A'(a) AxN(a—-1)
¢ I3
+ M(E9)[ +12+ T2—5 + lym +15(by + b2)] x
( 2 l91lto,x] 1 )
IMNa+1)  AT(a+1)  A(«)”
k
. . 1 2|lglfo,x) 1
(;(Qz + G)Allazl\E)(F(a ) " A(e) T AxT(a = 1))
c I3
+ M(E)(li + 12+ m +lym + Isby + l5b2) x

( 1 2|lgllo,xy 1 )
I(a)  A'(a+1) A\I'(a)

} <1,

then
D%x(t) + f(t,x(t),x’(t),Dﬁx(t),/o h(s)x(s)ds, px(t)) =0

with boundary conditions x'(n) = «/'(0) + fo)\ g(s)x(s)ds and x(1) =
z0)(0) = 0 forj > 2 has a solution.

Proof. First we show that F' is continuous on X. Let x1,z5 € X and
t € 10,1], then we have

|F£I?1 (t) - sz(t)l

<[ 609 (60,2450, Ds(s). [ W(En (€1, (5
1 s
= [ Gt 5.2206). 0806 D a(s), [ @)l ()
0 0
< | / G(t, 5)(f (5, 21(5), 24 (), D1 (s), / h(E)x1 (€)dE, da1 ()



228 A. MANSOURI AND M. SHABIBI

~f(s.a(s). (). Da(s), [ (€ (€)dE, b (s))ds|
0

L — $) 7 f (s, z1(¢), 2" (), D (s
F(a) /E‘m[o,t](t ) ’f( ’ (t)’ 1( )7D ( )7

N

/ (O (E)de, dra(s)
~ (s, 2a(s), 25(5), D), / " h(€)ra(€)dE, b (s))|ds

-t 9V £(s. 21 (8). 2/ (5). DPas (s
T Jypy TR0 D),

/ (O (E)de, da(s)

~f(s.a(s). (). Da(s), [ (€ ra(€)dE, b (s))|ds
0

It [ g(€)de — [ €g(€)de] el / ,
' AT{o) S0 95 5,94 6), D (),

| @€, om(s)

~F(5,02(6), 2561, D), [ h(€)aa(€)d. saals)ds
+ e L o S 02490, D7 ),

| @@ om(s)

~f(sva(s),5(5). Daa(s), [ ©)aa(€)de, da(s))ds

L _Sa—l s T 1" s ,@$ <
" () /Ecm[o,t}(t ¥ (s 21 (2), 21 (5), D71 (s),

/O h(€)r(€)dE, b (5))
(s, 22(5), 2h(s), DOwa(s), /0 " h(€)ea()dE, s (s))|ds
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1-t
* A\T(a) /ECQ[OA] H(s)|f(s,21(t), 21 (s), D71 (s),

/0 () (E)de, b (5)

(s, 22(s), Zh(s), DPan(s). /0 h(E)ea()de, b (s))]ds

it [ g(€)de — [}
A/\F<Oé)

/0 W) (E)de, pm(5)

s ls)23(6). D), h(E)a(€)de, ()
0]

L Sa2 8,1 ﬁl’
Akr<a—1>/ECm[OM<N ) T (5,21 (1), 21 (s), D7 (s)

§9(8)de] /Ec(l - s)o‘_l\f(S,m(t),fL’Il(S)aD%l(S)a

/0 h(E)ra(€)de, 6 (s))
(5. 22(5), (), DPa(s). / h(E)ra(E)de, dua(s)))ds|

L )% N, (|z1(s) — za(s
I'(e) /Eﬂ[()t] [Z i) 22 (s))

[2(s) = a3(s)|,| D" (a1 — 22)(s) ,\/0 &)(@1(§) — w2(8))dg,
[@1(s) — daa(s)])]ds

1—t —
AD(a) /Em[o,\] Zaz illz1(s) = za(s)], [21(s) — z5(s)];

D%y — z2)(s)],| / )de], b1 (s) — daals))ds
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b |2i4)\§|g i Ai(|z1(s) — za(s)],

[74(5) ~ 7h(s)], 1D (a1 — z2)(s), / €)(r1(6) — ()],
0
64(5) — da(s)] s
1ot —8“2k0a~5 (Jz1(s) — x2(s
DT oy I w1 (5) — a9

124(s) — 2(s)], 1D (21 — 22)(3)]| /0 h(E) (w1 (6) — m2(€))de].

|dx1(s) — Pwa(s)|)]ds
1

* I(a) /E'Cﬁ[O,t] (t =) [L]21(s) — @a(s)] + Lol (s) — a5(s)]

D% (w1 — 22)(s)| + 1 /0 TR (@1 (€) — a2(6))de]
lslun(s) — daa(s)])ds

1t o
T AT /Ecmw H(s)[l|e1(s) = z2(s)| + ol (s) - a(s)]

HalD a1~ 22)(o) + ] [ BEor(©) - a(€)) e

sl (5) — dma(s)]ds

fo |t — §|9 §)d§
A\«

+13|Dﬂ<a;1 ~ao)(s)] 4l /0 )(a1(€) — w2(€))de]

+s|ow1(s) — da(s)|]ds
i _Sa—2 21(s) — x9(s 2113’8—:1,"5
T Jog 0l (5) ~ 229+ bl 5) )

“Hhlzi(s) — a(s)| + lo|a! (s) — 2h(s)]

115D (a1 — 2)(5)] + Ll /0 h(E) (1(€) — wa(€)d
+5|px1(5) — daa(s)|lds
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ko
1 / -1 ! !
- t—5)*ai(s)Ai([|o1 — 22|, |7} — w3,
a); Eﬂ[O,t}( ) A M
x| — at ’
=2 oy — ) [ (€)1, =l + ol — s
1—t & P
v H(s)ai(s)Ai([|lz1 — 22|, [|[2] — 24,
Amaé/m,ﬂ Shastepulllen = zall i = 2]
= ! s
2o -l / IR(E)Ide, bl — 2] + ball, — 1)
I It—§|9
R 3 4t 1,
Xr1 — X
”(z—m” [P / R(E)IdE, by — 22l + bolls — )i
1-—t 2
_ 0‘ a; Ai — 1—
AAF a—1) Z/Emou] $)*ai(s)Ai([|lz1 — 22|, |21 — @3],
I )]
L =0 o — [ e el — ] + bl 54 s
1 / _1 / / l3||$ll — xIQH
= (t =) [hllzr = 2ol + lafl2y = 25l + = =2~
L(a) Jeenpg hl | =l r@-5

+l4Hﬂ?1—x2H/0 |h(&)|dE + Isby |21 — 2o + Isba |2} — 25]|]ds
-t / / / l3”.’17’1 _w/QH
- H(s)[l1||z1 — x| + lo||z] — 25| + o
(@ Jeenon ()l |+ lallzy — 25| r2—5)
+l4||$1—$2H/ |h(E)[dE + Isby ||x1 — 2| + Isba || — 25]|]ds
0

TN = €lg(€)de
I3||), — s
M + ||y — o /0 (€)|d€ + Isby |1 — 22
Hsbs ) — a5|l]ds

(1= 8)* 7 [llar — wall + boll2} — 2]
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1t -2 / !
- — 52 _ I .
A(a—1) /E‘cm[O ] (= 8)" s =22l + llry = o2
3|z — x5 /8
(2—- %) + laflzy — 22| 0 |h(§)d§ + Isbr[|x1 — 22|
+lsbo ||z — b)) ds
Note that ||DAz| < ‘; ”ﬂ) also we have

A A
H(s) = / (t — 52 Lg(t)dt < / (A= 820t < (A~ 57 gl oy

where [|g[jo,x = fo t)dt. Let A = max{1, F(2 57, ™M, b1 + b2}, then by
the last inequality for all x1,29 € X and t € [0, 1] we have

e Pl
< Z/ (()Mlas = aal, = a5,
1 — &
HF(25)H [ / M(©)Ide, balles — 2] + bl — s
TR Z/ — 51 oo i) As(lles — a2l laf — ]
A)\F [ ] ) 1 21
XrK — X
HF(12_2)”7 [E3} —362\/ [h(§)|dE, b1 — wa| + bl — 2b)ds
fo |t_€|9 / /
+ Rt Z/ (1= ) as()Aa( s — ], 1 — .
r1 — X
”r<2—5>” [ / H(©)Ide, ballzy — a2l + bl — s
+ HZ/ — ) als)Ai(ler — 12—
A)\F a—_1 a; 3 1 21|y 1 211
|21 — 25|

F(2 . /8) ) Hxl - $2H /0 ’h(g)’d§7b1||x1 - .CEQH + bQHx/l - xlz”)ds



N

THE INVESTIGATION OF A SOLUTION EXISTENCE ... 233

I ] iflaf — ]
1_ a ll _ l W 1 2
i [ = ey =l + Bl — ) + S

+lallwr — 22| / |h(E)|dE + Isbr ||y — x| + Isba||x) — x5||]ds
0
1—t¢

= allguglillos = aal + bl = 23]

A,\F(a)
l .%'/ —a;'/ S
+31U(21_ﬁ)2u + 14|21 — 22| /0 \h(€)|dE + Isby||z1 — 22|

+lsba||2) — w3 ]ds
S = €lg(e)de

(1= 8)* llwr — z2]l + L]} — 5]

AT () e
l .’E, —x’ S
+M + 14|21 — 22| /0 |h(&)|dE + I5b1]|x1 — 22|
+sbo||z — 25||]ds

1—1t _9 / /
-t _s)e2) _ l _
1)\1—\( 1) /c(:u’ S) {1”'%‘1 x2” 2”551 1:2”

Bl = 2ol ey — o) [ ©)lde + sbales — ol

r2=p) .
+U5ba 2] — x5||]ds

1 X
WZMAHm ~aallevn Alles =) [ (1= )" (s

(

AAF ZA (Allz1 — 224, .o, Aflz1 — 22]|4) X
/ (1—s)*La(s)ds
E

ko

i o A1 = gl Al = aall) [ (1 5) ()
E

() =5

ko
1—¢
SN — 2oller o Allzy — 22l
AT =1y 2 Al — ] lz = 2]l4) x

/E (1— ) 2ai(s)ds
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1
)

/0(1 —5)* s

(L =t)llglljo
?”xl
z(a)

/C(l —5)* " Lds

1
+ 7”561 — .TQH*[ll + Iy +

(o)

/C(1 —5)*lds

I T ([T AL S
AD(a— 1)t 2B TR T R )

[ a-eas )

Hx1 —$2||*[l1—|-l2+ +l4m+l5(b1—|—b2)]

Iy
I'(2-p)

— xg||u[l1 + 12 + + lym + I5(by + ba)] x

I3
I'(2-p)
+ lym + 15(by + bo)] X

b
I'2-p)

+ lym + I5(b1 + b2)] x

Now let € > 0 be arbitary and x; — x5 in X. Since lim,_ g+ Ai(z;""z) =g

for i = 1,..., ko, so lim, o+ ==="== = ¢;, so for € > 0 there exists
0<d<e such that 0 < z < 0 implies

0 < Ai(Az, ..., Az) < (¢ + €)Az,
for all i =1, ..., kg, in particular
0 < Ai(A9,...,Ad) < (gi +€)Ad < (gi + €)Ae,

so when ||z — z2|| < d, by (2) we have

| Fay (1) — Fay (1) ZA - A0)||ds|| 5

(L —=)llgllo,x
7 VN0 N™ A L(AG, L AS)|d
AxI() l_zl ( )
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+ F—ZAi(Aé,...,A(S)\|di||E

ko

1—t
Ay (A, ..., AS)|d;
- A,\Fa—lz Olldille

+ L5“1 +lho+ 7 ( b ) + lym + I5(by + b2)] M(E")

I'(a)
1-t¢
(= lsllosyy

AT ()

+lym+ l5(b1 + bQ)]

I3 M(E®)
I'2-p) a

1 I3 M(E®)

+ mé[ll +12 + m +lym +15(by + b2)]

1-—t I3 M(EC)

mé[ll + 12+ T2 3) +lam + I5(b1 + ba)] o1

f:( + ) Ae|dy]| _|_(_t)||m“0”\]§:(  + €)Ae]|
q; il|E A)\P(OZ) q; i||E

i=1 =1

ko
! A 1-t
7\ ; 7. - ) Ai
) ;:1((]1‘1'6) eléille + 4 ra 1) > (g + ) Ael il

i=1

IN

b
()

M(E°) I3
Fla+1) r'e2-ps)
(L =B)llgllonM(E)

A)I‘(Oé + 1)

M(E®)
T(a+1)
(1— t)M(E°)

A)\F(Oé)

i+ +

+ Ly + I5(by + by)Je

[+l + + Ly + U5 (by + ba)]e

s
I'2-p)
+ Ly + s (by + ba)]e

I3
41+ T2 3)

[h+1+ + Lym + 15 (by + ba)]e

l3
I'2-p)
where M is the Lebesgue measure. Hence

ko

_ , N 2 lgllo,0 1
|Fy, — Foyll < ([;(qz + 98Nl sl ry + A1) T AT =)
+ M(E)L+1+ 1“(213—,8) + lym + 15 (by + by)] x

2 lgllo.x) 1
[F(a +1) i A(a+1) - A,\I‘(a)])e'
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Also we have

|F3{c1 (t) o FJICQ(t)|

IN
ﬂ
~~
h
~
~
|
NG
;
)
—~
)
~
V)
8
—
—~
~
N~—r
8
—
—~
V)
N~—r
S
D
8
—
~—~
NG

/OS h(&)x1(§)dE, px1(s))

_f(37$2(3)v$l2(5)7D’BIQ(S)7/OSh(ﬁ)xQ(f)dé"stQ(s)))ds
1 A / ,

AAP(Q)/O H(s)(f(s, 21(t), 21(s), D a1 (),

/0 h(©)r(€)dE, b (5))

~ (s xa(s), 7h(s), DPals). /0 " h(©)ea(€)de, durals)))ds

Ay + By, ! a—1 /
+ A/\F(Oé) /0 (1 o 8) (f(57xl(t)ax1(3)7Dﬂx1(8)’

/0 h(©)m (€)de, dra (s))

~Flsaa()a5). Do), [ h(€)aa(€)d, bma(s))ds
1 H a— /
f e L T 0.5, Do),

/0 h(©)m (€)de, dri ()

S

(s, 22(s), 24(s), DPxa(s), / h(E)wa(€)de, da(s)))ds

0
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; _Sa—2 S. T .T, s ﬁaj s
I(a—1) /Eﬂ[O,t](t ST, 21 (8), 7y (s), DR (),

/0 h(©)r(€)dE, b (5))

— (s 22(5), (), DPeals), /0 " h(€)ea(€)de, drals))|ds

1 / 5
T Sy HO 6010555 D),

/0 h(©)m (€)de, i (s))

~ f(s.wa(s), 7h(s), DPals), /0 " (€)ea(€)de, duras))|ds

AA+B,\ o ,
A)\F(Oé) /E(l_s) 1|f(5’$1(t)7x1(8)7Dﬁxl(S),

/0 h(©)r(€)dE, b (5))

~ (s, 2(s), 25(5), D), /0 " h(€)wal€)de, drals))|ds
—1 — 8)*72|f(s,x 2! (s), DPz1(s
T D) Jo, 1 7 010),55), Do),
/0 B(E)a1 (€)dE, b (5))

~ (s, za(s), 2h(5), D), /0 " h(€)wal€)de, da(s)))ds|
1 —8) 2| f(s. x 2 (s). DPxq(s
Ko 1) g € 21,210,249, D),
/0 h(E)a1 (€)dE, b (s)

~ (s wa(s), 7h(s), DPals). /0 " (€)ea(€)de, durals))|ds
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; S S. T .fE, S Bx s
A)\P(a) /Ecﬂ[o,)\] H( )’f( ) 1(t), 1( )7D 1( >’

/0 h(©)a1 (€)de, b (5))

~ f(s,22(s), 2h(s), D), / " () aa(€)de, da(s))ds
Ay + By Y f sz (£). 2 (). DB (s
e [ 0= 0.4 50, D o)

/0 h(E)z1 (€)de, b1 (s)

~ f(s,z2(s), 2h(s), D), /0 " () a(€)d, dra(s))|ds

1 a2 / 8
a1 oS 1(012106). D),

/0 " h(&)ar(€)dE, b1 (s))
~ f(s,22(s), 2h(s), D), / " h()aa(€)de, da(s)))ds|

1 / cv 2
- — a;(s z1(s) — z2(s)],
a1 Joro Z AilJza(s) = @2(s)

|2 (s) — zh(s)|, | DP (21 — z2)(s) \,I/ E)(x1(8) — z2(€))dg],
0
|pz1(s) — paa(s)])]ds

1 ko

AT (a )/Enw H<8>[Zai( VAi(|z1(s) — z2(s)], |7} (s) — 2(s)],

\Dﬂxl—xz | / ) — a(€))de], fas () — bara(s)))ds

A,\F dé/ 1= alilor(s) = 22 o 5) ~ (o)

1D (21 — 22)(3)], | / ) — (€)1 (s) — bra(s)))ds
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1 a 2
L ) a;(s)Ni(|z1(s) — z2(s)],
Ao —1) /Em[o 4l Z Al 2(s)

|2 (s) — a(s)], D" (21 — w2) (s I,I/0 )(21(€) — 22(8))dé],
|pz1(5) — pxa(s)])]ds

1 a— ' '
m /Ecm[o t](t =9 Q[Mxl(s) — x2(s)| + lo|zi(s) — 25(s)]
+i3|DP (21 — 22)(s)| +l4\/0 h(§)(z1(8) — x2(§))dé]
+i5|pw1(s) — pra(s)|]ds

]' / /
AT(0) [ECH[ON H(s)[l1]z1(s) — z2(s)| + 2|21 (s) — z5(s)]
+l3!Dﬁ(:c1—x2)(8 |+ 1) / B(E) (@1(6) — 2(€)) e

+z5r<z>a:1 ~ pals)lds
dg
AAF
+z3|Dﬁ<ac1 ~z2)(s)] + Ul / )(1(€) — 22(€))de]
0

+ls|pwi(s) — pwa(s)|]ds
1

T T — 8)*2[l1|x1(8) — xo(s
Ama—l)/mw(” )"l (s) = aa(s)]
+al2 (s) — 5(s )’+l3|Dﬁ(:L’1 —x9)(s)| +

il (s) — w2(s)] + lal2f (s) — ab(s)]

14‘/ ) — 22(8))dE| + ls|d1 (s) — Pwa(s)[]ds
m Z / (1= )" 2ai(s)Ai(||a1 — a2,

Ilﬁv |
27 — @3], (12 — 52) ,m||lx1 — xol|, by ||w1 — 22| + bol|2] — 5||)ds

a—1
m ;/E gllo (A — )" ai(s)Ai([|z1 — 2], Iz} — 23],
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lz1 — 25| _ b - boll) — 25])d
1‘(275) ;mllzy — 2al|, brl|w1 — 22| + ba|2) — 25][)ds
M Z/ (1= ) ai(s) i1 — wall, 15 — ]l
1 — X
”F(lz_g)”,muxl — @, byl — ol + b — o )ds
1 &
T 2 L0 9 A = wal. ] — b
A = /B
x) — xl
=2l bl o]+ bl — s
1 / _ sl — 5]
—_ 1—5)"?[l|la1 — mof| + lof|2) — 2h|| + S 2—2

+laml|zy — zo|| + Isbr |21 — 2o 4 Isba|z] — 25]|]ds

L a—1
m /Ec ||9H[0,>\]()\ —5) (11|21 — 22|

l3||551 5132”

I'2-p)

+ l4mH.CEl — :L’QH + l551”l’1 — xQH
+isbo||z] — 25]|]ds

2 g(e)de

?4,\I‘ / (1—38)" 1[[1H$1—ZC2||+Z2H:C1 xh|| +
+l4meL’1 — x| + lsbi[Jzr — @2l + I5ba||2] — w3 ]ds

3l — ]|

I'(2-p)

1
- 1— 04—21 . l 1
AT(a—1) /EC( $)* lhller = w2l + a2 — 2o
I3]|z) — 2t
+M + lyml|zy — @o|| + lsby[|zy — 22| + Isbo|la) — ab|]ds

ko
1
m ;Ai(A]xl — 224y ooy A1 — 22][4) /E(l — s)a_2ai(s)ds

||9||[0,,\]
A)\F(Oé>

ko
> Ai(Allzy = zallay ooy Allzy — a2]l4) X
=1

/E(l —5)* a(s)ds
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Sy ZA (Al = 2allsr o Allrr = 22]])
/(1—5)a1ai(s)ds
E
1 il
ZAi(AH«Tl — 22||xy .oy Al| 1 — T2||4) ¥

Ao —1) —

/E(l — 5)*2a,(s)ds

1 I5
T(a—1) 21 — @2||«[l1 + l2 + m + lym + l5by + I5b2] X
/ (1—5)*"2ds
HQH[O,/\] I3
AT () |21 — @all«[lh + l2 + m + lym + l5by + l5ba] X
/ (1—s)*"1ds

A

d l
szgIEi)lf ”331 — 1‘2“*[11 + s+ F(Q—iﬁ) +lgm + lsb1 + l5b2] %
/ (1—s)*"1ds
1 ls

Ao — 1)'”131 — xol[«[l1 + l2 + —F(2 — 5 + lym + l5by + l5b2] X
/ (1—s)*%ds

T 1) ZA WA

l9llon
+ Ai(AS, ..., AS)||d;
e )Z ( e

bl 5ZA s 28)
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ko
1
—_— A;(AG, ..., Ad)||a;
1 I3 M(E°)
—— bl + o+ —— +1 Isb1 + U5
+ AAF( 1)[1+2+I‘(2—5)+4m+51+52]a—1
I3 M(E°)
+ (5l+l—|— + lym + l5b1 + I5b
( [ (2—5) 4 5b1 + I5b2]
fo ()d Is M(E*)
5l lo+ ——— +1 Isby + I5b
+ (@) [1+2+F(2—6)+4m+51+52]
1 I3 M(E°)
—— [l + o+ ——— +1 Isb1 + U5
+ A,\F(a—)[1+2+I‘(2 ﬂ)+4m+51+52] 1
- [
N 9”[0,\]
< m;(qi—i—e)AeHaiHE+ Z i+ €) Al dil|
0 1
- i Ae||a; — i Ae||a;
+ AT (o) ;(q + €)A¢||di|| g + INYCES)) ;(q + ) Aelldi|| g
. [+ Io + pggy + Lam + Isby + Isbo] y
A)\F(OA)
N gl + 12+ % + lym + I5by + I5b2] .
A)\F(Oz—l—l)
N gl + 12 + % + lym + [5b1 + I5b2) )
A)\F(Oz—i—l)
. [+ lo + gy + Lam 4 Usby + Isbo] )
A)\F(CV)
ko
1 2(gll0,x 1
= ; Acl|d; :
(e + 9adale) G 5+ 2,5 * HF@=T)
I3
+ M(EC)(11+ZQ+m+l4m+l5b1+l5b2)

1 N 2|lgllo,N N 1

o " AT+ T A
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So

1Fy, — Fo |
ko

< Q@+ )Aeldille) (¢

i=1 (

1 2llglljo,x 1 )
a—1) A(a) AN(a-1)

l
+ M(EC)(ll + 1y + 1_‘(273_5) 4+ lgm + Isby + 1552) X
1 2llgllf0,x 1

T T AT+ T A e

Hence
HF9€1 - FIQH* < QE
where

k
- 2 llglljo,x 1

Q = max{(){a +IAdlEllg + 4 100y + AT 1)

+ M(E)h+la+

I3
m + l4m + l5(b1 + b2)] X
2 1
[ I HgH[O,)\] n ’
MNa+1) AT(a+1) A(«)

ko
H H [U,)\]

Xta+ 9l 77 =53 * o) * =)

+ M(E)(h +1l+ + Iym + I5b1 + I5b2) x

I3
I'2-p)
1 2lglljo,x 1
INa)  A'(a+1) Ao

(

)} < 0.

Since € > 0 is arbitrary then ||Fy, — Fy,||« — 0 as 21 — x2 in X, this

: . . : . Ai(Az, A
shows that F' is continuous in X. Since lim,_ g+ %ﬁ = g, so for

€ > 0 there is § > 0 such that z € (0, 4] implies
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Ai(Az, ..., Az) < (g + €)Az, for all 1 < i < ko. Also since

0 Allg 2 ”9”[0,,\] 1
max{[ZZ;QzAH ZIIEHF(Q) N ) +AAI‘(oz—1)]

+ M(E)[+12+ + lam + I5(b1 + ba)] X

ls
I'2-p)
[ 2 19ll0,x 1 ]
F(a +1) A;I’(a +1)  A(a)”

1
A
ZQZ HalHE ( ) A)\F( ) A)\F(Ot _ 1))
I3
+ M(EC)(ll H+lo+ ———- (2 3) 4+ Iym + I5by + l5b2)
1 2\ gllo,N 1

Tt orern T ar@? <Y

there is ¢y > 0 such that
k
- 2 l9llo.x 1

mac{ (0 + o) Ml el + 4o * T 1)

+ M(E)l 41 + + lym + I5(b1 + b2)] x

b
['(2-7)
[ 2 lgllo,n 1 ]

Ta+1) A'(a+1) A'(«a)”

& 1 2/|gllo. 1

(;(‘” Fe)Aldlle) G+ A v T e —1)

+ M(E)(h +1l+ +lym + I5by + I5b2) x

B
I'(2-p)
1 2[|gllfo,x 1

( Ox )} < 1.

F(Oz) A)\F(Oé + 1) A)I‘(Oé)
Let dp = d(€p), R = min{dp, 1}, C = {z € X : ||z« < R} and define
a: X% —[0,00) as a(z,y) = 1 for x,y € X, otherwise let a(z,y) = 0,
so for all 1 < i < ko Ai(Allz|ls, ..., Allz]l«) < (¢ + €0)AR. Let x € C,
then for all ¢ € [0, 1] we have
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|Fa(t)]

N

| / G(t,5) (s 2(t), ' (t), D7 (), /Osh@)x(s)ds,m(s))dﬂ

N

/ |G(t,3)||f(s,z(t) x (t) Dﬁx(t) /Osh(ﬁ)x(f)df,m:(s)ﬂds
- / Gt )11 (5, 2(8), 2'(£), DPa (), /0 " h(E)2(€)de, dus))

—f(s,0,...,0)|ds

- / Gt )| (s, 2(t) Ba(t), /0 h(E)2(€)dE, du(s))
—f(s,0,...,0)|ds

" / Gt 9|1 (5. 2(8), 2 (£), DP(t), /0 h(€)(€)de, da(s))
(s,0, ..., )\ds

N

/ Gt s rZaz ()] [£'()], | Dx(s)],
| / (6)de]. |6(s) — 60(s)|)ds

+ / (G2, 5)[[l]2(s)] + lafa’ (5)] + 13| D7 (s)]

Iy / (E)de] + Is|ex(s) — 60(s)]]ds

- Sa 1 az xT s BZL‘S y
gr()/mﬂt Z ()l /()] | DPx ()

\/Osh 2(€)de], |d(s) — 90(s)[)ds

l_t a X ’BCL'S
T /Emm ZZ (5)1 e/ ()], [D7a(s)]

| / (6)de], |da(s) — 90(5)])ds
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t &)d
b 'Af'g d )" 12% )1/ ()], 1D a(s)],

[ m@ra€)del. oa(s) — s0(e)s

A)\Fl(;t_l)/Eﬂ[OM] o 22% $)l 12" (s)1, [ D" (s)],
| / (€1 |2(5) — 60(s) ds

/ (t — 5)* la|2(s)] + L]’ ()] + 13| DOz (s)]

Een[o4]

u / (€)de| + Il () — 60 s

-t A s ” -
A (o )/Eﬂ[m] H(s)[l1|z(s)| + L] (s)| + I3| DP(s)|

ul [ m€)ate)de] + tloa(s) - d0(5)ds

fo |t - f|9 df
A\INa

l [ ©)e(e)de] + Isléa(s) = 00(s) s

1t -2 / 8
_— —5)* 7" [li|x(s)| + l2|2'(s)| + 13| D x(s
Axra—w/mﬂ 2 fa(s)] + ol ()] + 151D (9)

— 8) Iy |z(s)] + Ia]2'(s )]+l3|Dﬂw(s)|

ul [ m@)at€)de] + tloa(s) - d0(5)ds

1 et alal 1 ]
w; Lt el 11 5

m||z[], blII:rH + ba|2’[|)ds

Lo [
NIy Z [y FON 1

mllz], blllwll + bo|2’|)ds
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Jy It—§!9 / [l
(1—s x g
PN §j A 1) 5y = 5
ml|z, bllleH + bzll!L‘ 1)ds
1—t 2 a2l
a; (s) N (||z||, | =], )
T }j/mw A1) =
m|z|, bl + bal|z"||)ds
1 / _1 ) L)'
_— t—s)* ||| + Lz + =———
) Jormg ) llell 4 bl +

+lam||z|| + Isby||z|| + I5ba||2'||]ds

1—1 / / l3H$/”
_— H(s)|lq||x| + o||lx']| + =———=
AL (@) JEeno ikl I I'2-p)

Haml|z|| + lsb [|z]| + Isba[|2”[[]ds

Jo \t—ﬂg §)d¢ I lsHUC’H
a l
+l4meH + l5b1 |a:H + l5b2Hx ||]

¢ . sl
e ———— —Sa Iz +l ||+ =
0 T Jog ¢~ lallell + ') + 55

+laml|z|| + I5b1||z]| + I5ba]|2’||]ds

| o o "
iy 2o (=9 Al Al )
S y —5)* La;(s)Ai(Ax x|« )ds
AT 22 [, 1o (= 9 A Bl Al )
oy 2o JL 1 T Bl Al )i

Sl — )% 2a,(s)A; T T S
W;[E(l ) ai(s)Ni(Allz]ls, .. Al )d

/ (1—8)a71"$‘|*[l1+l2+ + lgm + I5by +l5b2]d
I(a) Jpge

I3
L@2-75)
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1—t a—1 l3
T [ o= 9 el + e+
+lam + l5by + I5bo]ds
1 a—1 l3
ey = el 12+ s + L oy +Isbads
1—t _ l3
- 1— )22z, 2
g fp Ol
+lam + l5by + I5bo]ds
1 & (
< -
< T ;(qz + €0)AR||ds|| p + ———— A ; i + €0)AR||ds||
1 & 1—t &
Y i AR||d; I TP i AR||d;
+ o) ;(q + €0)AR||d;|| g + AT(a—1) ;(q + €0)AR||d;| g
1 l3
- -2 M EC
+ F(a+1)[zl +1l+ @) + lym + I5(b1 + b)|M(E)R
(I =t)llgllo.x I3 .
1 l3
—|l l — 4+ I5(b b)) IM(E)R
+ Ta +1)[1+ 2+F(2—ﬁ)+ am + 15 (b1 + b2)| M (E°)
1- Is )
+ AAF( )[ll +ly+ ———= ( ﬁ) + lym + l5(b1 + bg)] (E )R.
Hence

B < (G0t il + 4o+ o)

+ M(EC)[ll +lo+——+Ilim+ l5(bl + bg)]

l3
I'2-p5)
( 2 191ljo,x 1

MNa+1)  Al(a+1) AJ(a)

)R < R.

Using similar proof we conclude that
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k
- 1 2llgllf0,x 1

I < ((;(ql + eo)AeHciz‘HE)(F(a —1) + A\I'(«) * Ao — 1))

I3
re-9
( 1 2llglljo,x 1

MNa) ANN(a+1)  Ax(«)

+ M((E)l + 12+ +lgm + I5(by + b2)] X

)R < R.

Therefore || Fy|. = max{|[Fz|, [FLI} < R, so [|[F,]] < 7 so [[Fyllx <7
therefore F, € C. By similar manner we conclude that F,, € C, hence
a(Fy, Fy) > 1, so F' is a- admissible. It’s obvious that C' # ¢, hence
there exists xg € C such that F,, € C and therefore a(zg, Fy,) > 1. Let

ki
. 2 910, 1

v o= max{[;(qi + €)A||di||E][F<a) N OB 1)]
+ M(E)li+1+ F(2l3_) + lam 4 U5 (b1 + b2)] x
[ 2 1910, 1 L
Fla+1)  Al(a+1)  Al(a)
S0+ 9l ¢ Al L
< (a—1)  A(a)  A(a—1)
+ ME + 1+ ml‘”’_ﬁ) o+ Lym + Isby + I5by) x

( 1 2llglljo,x 1 )
F(Oé) A,\F(a + 1) A)\F(Oé)

} <1,
then define 1 : [0, 00) — [0, 00) as ¥(t) = 7t, so ¥ is nondecreasing and
o0 . ’y
t) = ——
;w ()= 75 <o

therefore 1 € W. Also for z,y € C' we have
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ko
. 2 19ll0.x 1
F, — Fy|| < i Al|d; ’
| vl ([;(q +e)Alla ”EHF(a) + A(a) + Ao = 1)]
l
+ ME)h+12+ 11(273_5) + lam + I5(b1 + b2)] x
2 19110, 1
: - * g - *
and
1L~ Fyl < ZqzanalnE i CLICE TN
( ) AlM(a)  AT(a—1)
l3
+ M(E)(L+1l+ T2 -5 + lym + I5b1 + I5b2) x
( 1 2llglljo,x 1 iz — gl
T(a)  A(a+1)  AT(a) Yll
< Tz =yl
SO

[1Fe — Fylls < vl =yl
Hence for all z,y € X we have
a(@y)|Fe = Fylls < Alle =yl =¥z —yll).

Now, using lemma (1.3) we conclude that F' has a fixed point in X which
is a solution for the problem. [

Example 2.3. Consider the problem
5 1 t 1
Dzx(t) + f(tvx(t)vx/(t)7D2$(t)7/ §x(§)d, D3a(t)) =0, (3)

with boundary conditions x’(%) =2/( —I—fo sx(s)ds and z(1) = 2) (0) =
0 for 2 < j < 3, where
1 5 ' o 1
TovT o) Zi=t |7 te E:=0,1]
f(t,,Il’ ...,,fL'5) fr
50 (1 — )27y il te B = (11
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and p(t) = 0 whenever t € EN Q and p( ) = 1 whenever t € E N Q°.

o ||

Put a = 2 = %7 Ai(mla"'a ) 2 1|l'1| a’L( ) ﬁp(t)’ g(t) =
h(t) =t A = 3, uzé,m—% ¢m<>=D§x(>,b1=o,bzzﬁg),
G =501 =..=I= 60 and ky = 1 for all 1 < i < k9. Note that for
t e E°
A )1t ) = o (=)0 1]l < =52 ]
y L1y .- L5 y Y1, .-, Y5 20 i=11%4 Yi| X 60 i=11Ti—Yil,
and for t € E we have
(ar,as) — S0 [ T
s bly ooy B y Y1, Y5 _\/ﬁp(t) i=1|%7 Yi
1 k
|z — | = a; () E2 A (|2 — yil),
T 1~ ] = s OE A~ i)
. Ni(z,2,2,2,2 ~
hmwoﬂf) =3 =@ (1= ai(t) € L'(B), |lai]l = 3,
gl = 15, for all 1 < i < ko, [px(t) — gy(t)] < D3lz(t) —y(t)| <
1
F(§)| ‘ fO =35 =Mm,
1 1 1 1 2
A =max{l, ———,m, by + by} = max{1, =, = ,
t re-ps)’ { 'T(3) 2 r(g)} NG
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ko

. 2 l9ll0.x] 1
max{[;(ql+6)AHG’ZHE][F(Q) +A)\F(Oé) A)\F(O[—l)]
l
+ M(E)[l+1+ ﬁ + Lam + 15 (by + by)] x
[ 2 l9llio.x] 1 }
F(Oé—Fl) A)\F(Oé—Fl) A)\F(Oz) ’
k
- . 1 2llgllo.n 1
i +e)Alld; + =+
l
+ M(E)(ly + 1y + NG . gy T lam ot Isby + I5b2) X
1 2(|gll[0,3] 1
o) T e+ 1 T r@)
1 2 1. 2 L 1
< max{(3- =35 T e * ]
2VE 3T T IrE) I
2.2 2 3 21 2 1 2 = 1
+ 3[60 + 60 + I'(%) + 602 + 60 r(g)][r(g) + 1I() + %.F(g)]’
1 2 1. 1 2.L 1
5—7=3) Gm + ey + )
2 VAR T IE) T TR
4 g[3+£+ 620 +31+3 1 ]X
3760 60 I(3) 602 60°T(3)
1 2.L 1
( + —18_ 4 )} < 1.
I3 30 303

Now by using Theorem (2.2), problem (3) has a solution.

Theorem 2.4. Let a > 2, B,u, A € (0,1) g € L'0,)], g(t) > 0 for
ae. t € [0,)], ¢ : [0,1] — R* is such that for all z,y € C[0,1],
62(t) — dy(B)] < brla(t) — y(t)| +bala’(£) — /(1) for some by, by € [0, 00),
h € L'[0,1] and f : [0,1] x X5 — R be a mapping which is singular on
some set E C [0, 1] such that for t € E we have

5
|f(t,l‘1,332, -"7335) - f(t7y17y27 ay5)| < Zal(t)AZ“xl - yl|)
=1
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and is continuous on E¢ C [0,1] for all z1,...,z5,91,...,y5 € X , where
a; : [0,1] — RT, d@; € LY(E), di(s) = (1 — s)*2a;(s), A; : X — Rt is

. . . Ai(z
a nondecreasing mapping such that lim,_ o+ =57 = ¢; for some y;, ¢; €

[0,00), and all 1 <7 < 5. Also let ¢ > 0, A = max{l1, 1 = e ILIS! +bo}
and for almost all t € [0,1] and (21, ...,25) € X° we have

[f(t w2, s w5)| < O(E) L1, w2, .05 05) + K (21,22, ..., 25)

where b: [0,1] — RT, L, K : R® — [0, 00) are such that (1 —¢)*72b(t) €
L'[0,1], L, K are such that

L(z,2,2,2,2)

lim 22222
Z—00 z
and
lim K(z,2,2,2,2) < oo.
If
2 ll9ll0. 1
w5y + A(a) T Ao = 1)
1 2lglljo,x 1 - 1
’ F(Oé _ 1) + A)\F(O() A)\F(Oé _ 1))}(]”()”[0,1] € [Oa K))
then

Dow(t) + f(t, 2(t), (), D (1), /0 h(s)z(s)ds, da(t)) = 0

with boundary conditions z’(u) = ) + fo s)ds and z(1) =
2)(0) = 0 forj > 2 has a solution.

Proof Define Fl, F2 X — ]R as

Fia(t fEc (s :L'(s) ), DPx(s fo &)dE, px(s ))ds and
Fox(t) = [ G( (s, :L'(S) Dﬁx fo d£ ¢px(s))ds

SO F r=MNX+ Fg:[: Now to show that F' is contlnuous, we Wlll prove
that Fp, F5 are continuous. Let € > 0 be arbitary and ¢ € E€ be fixed
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for a moment, then there exists 6 > 0 such that
V(@1 —y1)? + ...+ (x5 — y5)% < § implies that

’f<t7x17'--7x5>_f(t7y17"'7y5)‘ <e (4)

Now let {x,} be a sequence such that x,, — x¢ in X for some xy € X,

then there exists ng € N such that n > ng implies that ||x, —z¢||« < AL\/E
é )

where A = max(;{l, m 2 B) m, by + b}, then ||x, — ol < T\/S < 5 and

lz7, — 2ol < W < f’ hence for t € E€, |z,(t) o(t)] < % and

|xni1) —zp(t)] < \f’ so if n > ng, then since HDﬁxn Dﬁa: | < w” %H
we have

\DPan(t) — DPo(t)] < (Af 5 < }

and
[ w@me — [ n@meriel < [ @) - ol

/|h J|dé = mAf ;

Also we have

Pz (t) — dzo(t)] < bifen(t) - 960( )| + balar, (t) — 25(t)]

< (b1+bQ)Af j»
hence
(ln(t) — 2o(®)% + |a(t) — 2h(B) + | DPan(t) — DPo(t)]?
+] / ) (€)dE — / (e[ + (1) — duro(t)[®)?

52
<€++—f5

so by (4) we conclude that
(6220230 D 1), | h©a(€)d. 6 (1)
—f(t, xo(t),xg(t),Dﬂ:cg(t),/o h(s)zo(s)ds, pzo(t))| < €
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asn = ng. So

jxt,xn<s>,x;<s>,z>ﬂxn<s>,/fsh<f>xn<s>ds,¢xn<s>>—a
0
ﬂum@W%@Jﬁm@pAh@naaﬁwm@»

as xp(t) — xo(t) for s € E€. In other hand G(t, s) and 808(?8) are bonded
and in LI(EC) respect to s, hence

Fian(t) = [5 G(t, 8) f(s,2n(s), 2} (s), DPan(s), [5 h( &)dE, dxn(s))ds
tends to

Frzo(t fE G(t,s)f(s,zo(s),x(s) D zo(s fo &)dE, pxo(s))ds
and

anM%%M@<D% ), Jo W()zn(§)dE, pn(s))ds
tends to

Fuao(t) = [ 2582 (s, 20(s), (), DIx0(s), [y h(€)wo(€)dE, do(s))ds

as n — 00, so F is continuous in X. Now we will prove that F5 is con-

tinuous in X. Let z,y € X, then for all ¢ € [0, 1] we have

|Fox(t) — Fyy(t)]

gy/Gm (s, 0 ()MW)AMW@%W@)
—F(5,9(3),y UDM>A<m@%m@wﬂ
L —5)* L f(s. 2(s s Br(s

< >émf )L £ (s, (s), 2 (5), DPa(s),

/h ()de, 6(5))

f<s,y<s>,y<s>,z)ﬁy<s>,]£Sh<f>y<s>d§,¢y<s>nds

1-t¢ $)|f(s,z(s),2'(s), DPx(s
+Awwémﬂm»ﬂmx<LD<»

KMM@%M@)
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~ (s, u(s),/(s), DPy(s), /0 T h(©)y(E)de, by(s))ds

A
‘tfo 9( jir(fo £9(€ d€|/ 1 - 5)° 1\f(s x(s), 2’ (s), DB:L‘(S),

/ " h(€)(€)de, bu(s))
~ (s, u(s)5/(s), DPy(s), /0 " h(©)y(E)de, dy(s))ds

- — 8)* 2| f(s,2(s), 2'(s), DPx(s
T 1) o 04 907 20,00, /(5), D),

/0 h(©)x(E)de, d(s))

(s y(s), 5/ (), DOy(s), /0 T h©)(©)de, dy(s))lds

1 e e
F(a)/m,ﬂ“ )2 ar(s) A (J2(5) = y(s)])

Far()alla(5) — ¥/ (5)]) + as(s)As(1D (2 — ) (s))
railnall [ he) )z + as(5)As (9 (s) — by(s)]))ds
T /. o H(5) () ((5) — y(5))

tas(s)As (| y( >r>+a3< JAs(ID7 (z — )(5)))
as(s)Ad( / E))dE|) + as(5) A5 (|62(s) — dy(s)|)]ds

I |7i4:1§’9 dg/ s)A1(lz(s) = y(s)])

+az(s)ha(|'(s <>r>+a3< >A3<\Dﬁ<x— ¥)(5)))
as(s)Ad( / E))de]) + as(s) A5 (|62(s) — dy(s)|)]ds

1t
A\ —1) /Em[o,u} (1= )" lar(s) A (|2(s) ~y(s)])

+az(s)Aa(J2'(s) — ' (s)]) + as(s)As(| D (& — y)(s)])
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tas(s)Aa(] / €))de]) + as(s)As(|6(s) — dy(s))ds

()/ n[o,t }(t_ S)a 1[a1( )Al(H«T—yH) +a2( )AQ(Hx/ _y/H)

1-—-t / ’
A0 oy PO M = u]) + 0201 /D)
NER
@9
tas(s) A5 b2 — gl + bola’ — o/ ]ds
fo ]t—f\g L
AN«

Far(Aa(a” o) + as(s >Ae~,(”“g2 b

tas(s)Ma(mlle — ) + as($)As b2 — il + bolla’ o/ ]

) + aa(s)Aa(mllz —y))

s)A1([lz = yll)

_ 1=t —5)*2[ay (s T —
T D) Jo, ) Ml o)

+az(s)A2(ll2" = y'[l) + as(S)A:s(I"gz;_—yﬂ,g)
+ag(s)Ag(m|lz — y||) + as(s)As(b1]|z — y|| + bal|2” — /||)]ds
1

o /E (1 - 9 Yar(s)As (Aflz — y].)
+... + as(s)As(Allz — y||«)]ds

n Aﬁ;@ /E lollioa (A — )2 as (5) A (Allz — yl.)
o as( Al — ol s

el RO CIOIENFETS
Tt as(s)As(A 2 — yll)]ds

1—1¢
T /E (1 - )*2[as(s) A1 (Allz — yll.)

N
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++as(s)As(Allz — yll)]ds

Now Let 0 < € < 1 be arbitry and ||z—y||« < €. Since foreachi =1, ..., 5,
lim, o+ % = ¢;, hence there exists > 0 such that 0 < z < § implies

that (A(z)'y) q; <€, 80

Ai(Az) < A% (g 4 €)27. Let ||z — y||« < min{e, d}, then we have
Ai(Allz —ylls) < A% (g + €)llz — yllIF <AV (g + €)™

for each i = 1,...,5. So |lz — y||« < min{e, 6} implies that

Pa(t) = Fa(0)] < s (0= (AT (@ + e
+...+as(s)A" (g5 + €)eP]ds
1—
+ ey [ lellon(1 =" (A7 (@ + O
+... +a5(s)A" (g5 + €)€7]ds

1 o= 7 71
i L= 9 A7 0 + )
+...+as(s)A™ (g5 + €)e®]ds
1-—1t o . .
+ A;I(a—l)/E(l —5)*Plai(s)A™ (g1 + €)e”
+... + a5(s) A" (g5 + €)€7]ds.

Let 40 := min{v1, ..., 75}, then for all 1 <i <5, €7 < €7, so we have

P — Pl < a)z / (1= )" 2a() A (g; + €)ds

lgllion <
l 1_ Vi
AT Zl/ i($) A7 (gi + €)ds

E

5
1
+ (1—5)2a;(s)A%(g; + €)ds
o 22 A9
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+ AAF - Z / $) AT (g; + )ds]e™. (5)

Now since (1—35)*2a,(s) € L(E), so (1—5)*2a;(s)A%(g;+¢) € LY(E)
and since € > 0 was arbitary, by (5) we conclude that ||Fhx — Foy|| — 0
as x — y. By the similar way we conclude that

| Faa(t) — Fay(t)]

S |/ /h &)dE, px(s
~F5.9(5):5/(5), D), /0 AE)(€)dE, 9u(5))s|

s 11(041—1) /Em[o t](t = 8) 2| f (s, 2(s), 2'(s), D7a(s),

/0 " h(©)w(€)de, da(s))

~ F(5, (), 5/ (s), DPy(s), /0 " h(©)y(€)de, by(s))lds

! S s, x(s),x'(s Br(s ’ T (s
T AL /mNm )If (s, 2(5), 2'(s), Da(s), / h(€)(€)de, pu(s))

~ F(s,y(s),y/(s), DPy(s), /0 " h(©)y(€)de, by(s))ds

At B — 5)27 Y f (s, x(s),2'(s), DPx(s
o [ (9).(6). D),

/0 h©)a(E)de, du(s)) — F(s.y(s), o' (s), DPy(s),
/0 " h©)y(E)de, dy(s))|ds

1 — 8)* 2 f(s, z(s), 2' (s Pa(s
s —Ama—m/m,u](“ 1221 f(s,2(s), a'(s), D’a(s),

/0 h(©)a()de, pa(s))
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L — 8)* 2| f(s. 2(s). 2'(s), DPx(s
b T 1 200,26 D),

/0 T h(€)r(€)de, bu(s))

F(s.y(s).3/ (5), DPy(s), / B(E)y(€)de, dy(s)|ds

! — 8)*2[ay(s z(s) —y(s
r<a_1>/mm<t " lan (A (2(5) — (s))

+az(s)Aa(J2'(s) — ' (s)]) + as(s)As(| D7 (& — y)(s)])

N

Fau()Aa(] / €))de]) + as()As (gx(s) — du(s))]ds
+ e )/Enwm $)lan () (12(5) — (s))

Fas(s)Aa(j2/(s) — o/ ()]) + as(3)As(1D° (& — )(s)])

as(s)Aa(] / €))de]) + as(5)As(|6(s) — dy(s)])ds

A+ B o
+ DL / (1= )" Hfar () Aua(s) — ()

Tas(s) s y( >|>+a3< )As(|D?(z — 4)(s)))

tas(s)Aa(| / €))de]) + as(s)As(|6x(s) — dy(s)])]ds
. W/fzm[ou}<“‘s) 2(ay (s) A1 (J2(s) — y(s))

Fag(s)Aa(l2’(s) — o/ (5)]) + as(s)As(1 D (& — )(s)])

tas(s)Aa(] / (e €))de]) + as(5)As (| 62(s) — oy (s)]))ds

N

e W(t—s)ﬂ lar()M(le = yil) + az(s)Az(lla’ = /)

Faa() (g o) + as(s) st — o)
tas(s)Asbrl2 =yl + bola’ o/ D]ds

1

" W/Em[o,ﬂ H(s)ax ()M ([l — ol]) + aa(s) Ao’ — o/])
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Faa(o) a4 + e~ ul)

+as(s)As (b1 ]lx — yl| + bala” — o/ |))]ds

ffm dﬁ/ 1) ar()Ar(l — yll) + az(s)Aa (12’ — /)

@)
as( s =) | a(5) Al — i)
A
1

I'2-p5)
+as(s)As(br]lz -y +bz||515 —y'[)]ds

ror Al — 1) + oA L2 ('2 = + o)t — )

+as(s)As(b1]lz — yll + bafl2” — o/ |)ds
1

iyt A A (SRR CTCISUN EETN
+.oo +as(s)As(Allz — yl|«)]ds

19l a-

s [a— 9@ @ — )

bt as(9)As(Ale — gl )lds

N HgH[oM/ _ ar(s)A1(Alz — yll.)
et as(s)As(Alle —yll)lds

T /(1_s>a Tloa(s)Ar(Alle —y]l.)
A)\F(Oé_l) *
+.. +a5 S)A5 AHCL‘*?JH*)]

E

+ +a5< JA™ (g5 + €)™°]ds

gl - ) "
T AT(a) /E(1 — )" ?[a1 () AT (a1 + €)e

+...+as(s )A75(Q5+6)675]ds

n HQH[O)\]/ _ (5)A (g1 + €)en

N
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+...+ as(s) A7 (g5 + €)€°]ds
1 o— 1 1
T A OIS
+... +a5(s) A7 (g5 + €)™ ]ds.

So we conclude that

1 5
|Far — Byl < [mz /E (1= 8)° 2ai(s) A (g + €)ds
=1

lglljo,x 5/
A" (q; + €)ds
AT ; ; (s)A (i +€)
L lallowy Z/ L 51 2as(s) A s+ 1
AT (« —~ Jp
_ Yi Y0
+ AAFa_l 2/ (1 —5)"""a;(s)A%(g; + €)ds]e™.

Therefore ||Fyz — Fhy|| — 0 as  — y, hence
| Fox — Fayll« = max{||Fox — Fayl, | Fyz — Fyyll} — 0

as x — vy, so we conclude that F5 is continuous in X, hence F' = F} + F5

. . . . L(Az,Az,Az,Az,A
is continuous in X. Now we have lim,_ ., (az, Z’AZZ’ 282) _ g, so for

each € > 0 there is > 0 such that z > r implies that ==3=— —
q < € hence L(Az,..,Az) < (q +¢€)Az for z > r. In other hand

. K(Az,Az,Az Az A .
lim, o (&, e 2 = 0, so for each € > 0 there is v’ > 0 such

that z > r/ implies that W < € hence K(Az,...,Az) < Aze for
z > r’. Now since

max{ 2 n 1910, 1
I'(a)  Aa) A (a-1)
1 2llglljo,x 1

A 1
P(Oz _ 1) A;I(a) A)\F(a — 1))}QHbH[O,1] S [07 Z)7

there is an ¢y such that
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2 91l 0. 1 .
max{[r(a) Axl(a) * Ao — 1)](q +co)lIblljo,1
+ 2 + ! + 1 ]
F(Oé +1) A(a+ 1) A)\F(Og) €0,
1 2lgllfo,n 1 .
[F(oz— 1) AJ(a) A (a-— 1)](‘1"‘60)”[7”[0,1]

1 2llgllf0,x 1

1
5o Y Arrn T An@e €0 3)

Let r1 := r(eo) and 79 := 7/(€p) and put ro := max{ry,re} and define
Q={x e X: |zl <ro}. If there exists y 9 such that y(t) = X\oFy(t)
for some A\g € (0,1) and all ¢ € [0,1], then ||y|/« = ro,

Y / G(t, ) f (s, 2(s). 2'(s), DPa(s), /0 " h(€)a(€)de, da(s))ds

and
1 s
V(0 =0 [ B0 (52(9).0'(5), Da(s), [l ().
Hence
:|)\0/Gts (s,y(s /h &)dE, py(s))ds|
<A0/|Gts|b /h §)dg, dy(s
/|Gts|b y(5),D y<>/ B(E)y(€)dE, dy(s))ds]
0
< Nl [ 09 02069, D), [ hiewierac

(1 =llgllox o )
oo + SN [y 006020060,/ (5), D (),

° 1 ! a— /
/0 BOV(EE, u(s))ds + s / (1— 52 b(s)L(y(s). 4/ (5),
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Do), [ hOu(E)de. ous)ds
0

1—t [t ool / s
b [ L) 6 Do) [ miehute)as

(a 0

(1=l [ ol /
+AAF@‘)/0 (A= 9)* 'K (y(s),y/(s), D%y(s),

B 1 ! a—1 /
/0 h(E(EE. oy(s))ds + s /0 (1— 9" K (y(s), /(). D ()

° 1t ! o—2 /
| e ontnds + s [ n— o0 K .0,

Doyls). " h(E)y(€)de, dy(s))ds]
0

Mol / (1= () L r0 — ro. (by - ba)ro)ds
[(a) Jo TUTR2=-p) 7

1 =lgllpy [

_ gt _n
A\T(a) 0 (1= 5)*7"b(s) L(r, ro, T2 j)
mro, (b1 + bo)ro)ds
T, (L L 0 g e b+ b
T(a) Jo 0 g — gy MO LT R0
1-¢ ! a— To
+AAF(04)/0 (1= 8)**b(s)L(r, o, T2 38) mro, (by 4 ba)ro)ds
1 ! oa— To
+p(a)/0 (1-s) 1K(T7 T0, m,mm, (b + b2)ro)ds
(1=l [ . -
W 0 (1 — S) 1K(r7 To, m, mro, (bl + bQ)TO)dS

1 ' o— To
+p(a)/0 (1-s) 1K(T7 0, m,mm, (b1 + b2)ro)ds
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- 1
+A/\;(at1)/o (1= )" 2K (r, o, ﬁ7mrﬂu (b1 + ba)ro)ds]

1 1 “=2p(5)ds
F(a)L(Ar,...,AT)/O (1 —35)*"7b(s)d

(1= 1)llgllo 11 90-2ps\ds
rarnan ,A)/O(l 2 =2b(s)d

N

o|

1 ! a—2
+IWL(AT,...,AT)/O (1—5)*""b(s)ds

1-1¢

! —2
ﬁr oA A /0 (1 — )% 2b(s)ds

/ K(A7,...,Ar)(1 — 5)* lds

(1 —1)[lgllo, A g
AI(a)

1 a—1
—l—mK(Ar,...,AT)(l — ) ds
41zt

ANa—1)

(Ar, ..., Ar)(1 —s)*ds

K(Ar, ..., Ar)(1 — 5)*2ds]

1 5 (1 =t)llglljo,x
ol gy (4 + o) Arollblijo.y + TA(a)

)
1 - 1—1¢
F(O[) (q—i_EO)ATO”bH[O,l} + A F(Oé— 1)

1 (L =8)llgllp,
T ar D2 AT +1)

<

A (q+ €0) Arol|bl| o1
+ (g + €0) Aro|bllo.1)

1 _
- A v
+F(O¢—|—1) ro€0 +

so we have
2 91l 0. 1 .
T(a) " A(a) ~ AxD(a—1) )(a + €0)llbllo,1y
D Y
Tla+1)  AT(a+1)  AT(a)’

Iyl < Aol

+( Arg < rp.

By same manner we conclude that
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1 2llglljo,x 1
MNa—1) + A () + Ao — 1))(
1 2|lg1ljo,x 1 Jeol
T(a)  A(a+1)  A(a) "

q + €0)[1blljo,1

+( Ary < 1o,

hence ||y||« = max{[ly[, |¥||} < ro, so y ¢ O that it’s a contradiction,
so by lemma ([14]) we conclude that F has a fixed point in © which is
a solution for the problem. [J

Example 2.5. Consider the problem
7 1 ¢ 1
Dz () +f(t,:v(t)7fv'(t),D2x(t)7/0 Ew(&)dg, Isa(t)) =0, (6)

1 :
with boundary conditions z'(3) = 2/(0)+ [ sz(s)ds and z(1) = 2()(0) =

0 for 2 < j < 4, where f(t,z1,....,25) = 1+ sint + g(t,z1,...,x5),

g(t,x1, ..., x5) = frac0.1p(t)X2_;|z;| fort € E :=[0.2,0.6) and g(t, z1, ..., T5)

01455, |a| 4+ X2, =L for ¢ € B :=1[0,0.2) U [0.6,1], p(t) = 0 when-

=114z
ever t € ENQ and p(t) = 1 whenever t € EN Q° Put a = I,
8= %, Ai(x1, i) = L(x1,.ym5) = 0.12?:1|x,-], b(t) = ﬁ, g(t) =t,
h(t) =2, A =1 u=1 m=1 oa(t) = I52(t), by = mry b2 = 0,
2
q=0.5, K(x1,...,25) =2+ 1ﬁi_|. Note that for t € E
0.1 0.1
t,xn, .., x5)— f(t,y1, ... = 20wl = |yl < =30 |wi — v
‘f( » L1, 7'/1;5) f( » Y1, 7315)’ p(t)’ 1_1‘x2| ‘yl‘ p(t) 1_1|xl y’L‘v

and for t € E we f is continuous, lim, . M = 0.5 = ¢, for all
L(Z7Z7Z7Z7Z) — O

1< i <5, lim, o K2 :

0.1 ’372‘
t,21,....,T < —

< b(t)L([Bl,...,[]}5)—|—K($’17...,x5)7

YO |@ — il + 1+ sint +
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for almost all ¢ € [0,1], (1 — t)*72b(t) € LY (E), ||b|z = 0.28,

lgllon = s>

et) - I%y<t>|<F(1é) /tof—s) “a(s) — yls)lds

Hf'«“—y\/ z —y
< = ble - y”:
(t—s) % F(%)

1 1 1 1 2
A = max{l, gy b b} = max{l 3 ey = O
Ay /OA(1 _ g(t)dt = /02(1 )t
and
2 19110, 1
o) T AT T AT 1)
L, L
MNa—-1) A'(a) AN'(a—1)
= max{ 2 + % 1
INCORE N (%) sL(5)
1 2.1 N
/) + %Fé) + %F(g)} x 0.5 % 0.28 € [0, 7).

Now using Theorem (2.), the problem (6) has a solution.
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