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1 Introduction

Fractional differential equations, appears in many scientific problems
such physics, chemistry, dynamic and engineering problems (see [1] and
[2]). In recent decades many researches have been done on this field
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(see [3] and [1]), also a great deal of papers have been written on con-
sidering the existence of a solution for fractional differential equations.
Sometimes these equations are singular at some points (see [7] and [5]).

In 2011, Feng and Sun [13], considered the existence of a solution for
the following singular system,

Du(t) + f(t,v(t)) =0
{ DPu(t) + g(t,u(t)) =0
with boundary conditions u(0) = u(1) = «/(0) = v(0) = v(1) = v/(0) =
0, where 2 < a, 8 < 3, f, g : (0,00)xR — R are continuous, lim;_,q+ f(¢,.) =
+oo and lim;_,o+ g(t,.) = +oo.
In 2014 R. Li [6], worked on the existence and uniqueness of solutions
for singular fractional boundary value problem

Du(t) + f(t,u(t), D°u(t)) =0,

with u(0) = /(1) = 0 and ¥/(1) = D%u(t), where 0 <t < 1,2 < ¢ <
3,0<o<1,f:(0,1] xRxR — R is continuous function, f(¢,x,y) may
be singular at t = 0 and D is the standard Caputo derivative.

In 2017 M. Shabibi, M. Postolache,and Sh. Rezapour [3] investigated
the singular fractional integro-differential system

( DYy + fr(t,ug, ..o Uy, DFYug, ..oy DFy,)
+g1(t,ut, .oy U, DFYug, . ooy DFmg, ) = 0,

Dy, + fin(t,ur, ..oy U, DM ug, ...y DF™u,, )
Fom(t,u, .. Uy, DM ug, ..., DFm ) = 0,

with boundary conditions w;(0) = 0, w(1) = 0 and i—i[ui(t)]tzg =0
forl<i<mand2<k<n-—1,wherea; > 2, (o] =n—1,0 < p; <1,
D is the Caputo fractional derivative, f; is a Caratheodory function, g;
satisfies Lipschitz condition and f;(¢,x1,...,z2y) is singular at ¢ = 0 of
forall 1 <i<m.

In 2018, the existence of solutions for the pointwise defined three

steps crisis integro-differential equation

D%x(t) + f(tﬂf(t),ﬂf'(t)aDﬁﬂf(t%/o h(§)x(§)ds, d(x(t))) = 0
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with boundary conditions z(1) = z(0) = 2”(0) = 2"(0) = 0, where
a>2 A\ B € (0,1), ¢ : X — X is a mapping such that ||¢(x) —
o) < bollz — y|| + 61]]" — /| for some non-negative real numbers
6o and 6; € [0,00) and all z,y € X, D* is the Caputo fractional
derivative of order o, f(t,x1(t),...,x5(t)) = fi(t,z1(t),...,z5(t)) for all
te[0,N), f(t,x1(t),...,x5(t)) = fg(t xl(t), x5(t)) for all ¢ € [\, p] and
f(t,l‘l(t),-..,33‘5( )) - f(t 331( ) ( )) fOl" all te (:ua 1]7 fl(ta-wa'v')
and f3(t,.,.,.,.) are continuous on [ A) and (p,1] and fo(t,.,.,.,.) is
multi-singular was investigated [12].

Motivated by the above works, we will investigate the existence of
a solution of the following nonlinear fractional differential pointwise de-
fined system

Da(t) + fi(t, l’() y(t),2'(t),y'(t), Dﬁlﬂ?() DP2y(t),
fo ha (§)z(£)dE, fo ha(&)z(€)dE) = 0,

De2y(t) + falt, 3?( ), y(t ) (1), y' (1), Dﬁlﬂ?(t),Dﬁ"’y(t),
Jo M (&)z(€)dg, [5 ha(§)z(€)dE) = 0,

with boundary contions D*x(n;) = A, DHla(m) = A1, where a > 2,
z(1) = 20)(0) = 0 and y(1) = 9 (0) = 0 for j > 2, where 1, i € (0,1),
A > 0, D% is the Caputo fractional derivative of order «; > 2, n =
(] +1, h; € L' and f; € L' is singular at some points [0, 1] foe i = 1, 2.
Recall that D¥z(t) + f(t) = 0 is a pointwise defined equation on [0, 1] if
there exists a set E C [0, 1] such that the measure of E is zero and the
equation holds on E (see [5]). In this paper, we use |.|[; for the norm
of L[0,1], ||.|| for the sup norm of Y = C10,1], ||z||, = max{|z|,||2'||}
for the norm of X = C'[0,1] and ||(z,y)]|,, = max{||z|,||y|l«} for the
norm of X?2.

(1)

2 Preliminaries

In this section, some of definitions and primary theorems which is re-
quired in the sequel, are stated.

Definition 2.1. ([9]) The Riemann-Liouville integral of order p with
the lower limit @ > 0 for a function f : (a,00) — R is defined by
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I f(t) = [t — s)P=1 f(s)ds, provided that the right-hand side is
pointwise define on (a,o0). We denote I, f(t) by IP f(t).

Definition 2.2. ([9]) The Caputo fractional derivative of order a > 0
is defined by °Df(¢) L) __ds, where n = [a] + 1 and

(n—a) 0 (t—s)ati-n
f.(a,oo)%Rlsafunctlon

Definition 2.3. ([10]) Let ¥ be the family of nondecreasing functions
¥ : [0,00) — [0,00) such that Y 2, "(t) < oo for all ¢ > 0. One can
check that ¥ (t) < ¢ for all ¢t > 0.

Definition 2.4. ([10]) Let T : X — X and a : X x X — [0,00) be
two maps. Then T is called an a-admissible map whenever a(z,y) > 1
implies a(Tx, Ty) > 1

Definition 2.5. ([10]) Let (X,d) be a metric space, ¢ € ¥ and « :
X x X — [0,00) a map. A selfmap T : X — X is called an a-1)-
contraction whenever o(z,y)d(Tz, Ty) < ¢(d(x,y)) for all z,y € X.

Lemma 2.6. ([10]) Let (X,d) be a complete metric space, ¥ € VU, « :
XxX —[0,00) amap and T : X — X an a-admissible a-y)-contraction.
If T is continuous and there exists xo € X such that a(xo,Txg) > 1,
then T has a fixed point.

Lemma 2.7. ([11]) Let n — 1 < a < n and z € C(0,1) N LY(0,1).
Then, we have I*Dx(t) = x(t) + S1=4 c;t' for some real constants
COy---3Cn—1-

3 Main Results
Now, we are ready for providing our results.

Lemma 3.1. Let « > 2, [a] = n—1, p,n € (0,1), A
LY0,1], then the solution of the problem D%u(t) + f(t
) pum—

H{t

>0and f €
) = 0 with the
0 for j > 2 is
) are defined as

boundary condztzons Dru(n) = A, u(l) = ub)(0
fo s)ds + H(t), where G(t,s) and H
follow
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( —(t—s)* 14 (1—s)> !
FF(a)
_%(N—S)a_”_l 0<s<t<l1, s<n,
(=) H(-a)7 <n<s<t<
G(t,s) = (o) 0<n<s<t<l,
—s a—1 _ _ o
= (A A 0<t<s<n<l,
Jp a—1
(11“(1!) 0<t<s<1, n<s,
and AT — )
A G
H(t) = =" (1—1).
Proof. First by the similar manner as [12] we conclude that lemma

(2.6) is valid on L'[0,1]. Now let z(t) be a solution for the problem,
since 21)(0) = 0 for j > 2, by using Lemma (2.6) we have

1 t
u(t) = _F(a)/o (t — 8)* Lf(s)ds + co + ext. @)
By using u(1) = 0 we have
1 ! a—1 _
F(a)/o (1 —=5)*""f(s)ds =co+ c1. (3)
By (2) we have
1 n 1—p
Diula) = g [ (=) s+ s
and since D*u(n) = A we have
L et an™
g, 01 s g =
So
cintH 1

= ! rLf(s)d
Te—n +1w/(]<n—3) f(s)ds,
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hence

(2 —p) 1
ntoe

Cl1 =

By putting in (3) we have

1 ! a—1 o
I‘(oz)/o (1 —=5)*""f(s)ds = co +

1

+F(04—N)/0 (n—8)* " f(s)ds],

I'2—p)

nt-r

(A

SO

1 ! _ Ja—1 o F(2 — :u)
F(a)/o (1 —3s)*""f(s)ds e A
1

n
_ — 8)* P f(s)ds
s [ =T

Co —

¢ 1
W) = —gpm =0T 6+ s [0 s
—FQ:MMA+ 1

7 1

(2 —p) 1 T e (6 ds

+ nku[A+rm—uyé<" ) f(s)dslt

. 1

= gy = s s [

e 00 [ s

AT(2 — p)
7}1—#“ (1 - t)a

SO

t 1
u(t) = —F(la)/o(t—s)alf(s)ds—irl/ (1— 5)°1f(s)ds

I(a) Jo
@2 —p)

1y [ omr=Lf(s)ds + H(t
—m( - )/0(77—3) f(s)ds + H(t),
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where

If t <n <1 then

w) = —p [ s
+r<1a/ / o [ oo

e n([ [ s+

and if n <¢ <1 then

ut) =~ + = s

1 K ! ! a 1
“wall ), */t e
o F(Q—,u _ — 5o -1 $)ds
—nwr@_,ﬁ)(l " /0 (— $)°~#~" f(s)ds + (1),

so we can write u( fo s)ds + H(t), where

—(t—s)* 14 (1—s)>!
'«

(@)
(2= a—u—
~ S (p— syt 0<s<t<l1, s<u,

i) et ) e <p<s<t<
G(t,s) = (o) 0<n<s<t<l1,

1—s)a—1 1-H(2— a—p—
( F(L) _1(71—%((@_3(#—3) et 0<t<s<n<l
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Now we can gain %—?(t, s) as follow:

—(t—s)*2

I'(a—1)
I'(2— —y—
+77175r7(am_m(u—8)0‘“1 0<s<t<1, s<n,
aG 7(t75)a72
(t,s) =< Tla=1) 0<n<s<t<l,
ot
I'(2—
nlf;gr(o'éuz“)(,u_s)a pot 0<t<s<n<l,
0 0<t<s<1, n<s

\

One can see G and %G are continuous respect to t. Consider the space
X = C0,1] with the norm ||.|[« and the space X2 with the norm ||.||.«
where [|(z,y) [« = max{||z|, [[yll«}, 2]« = max{||z|,[|2"||} and ||.| is
the supremum norm on C[0,1]. Let fi, fo be two maps on [0,1] x X8
such that are singular at some points of [0, 1]. For ¢ = 1,2, let

A2 = )
H;(t) = _W(l — 1),
( —(t—s)% 14 (1—s)> !
(o)
_W(Mi_s)ai—m—l 0<s<t<l1, s<m,
n; T (oi—p)
—(t— )ai—l_,'_(l_ )aifl
T 0<m<s<t<l,
Gq,(t,s) =
(1—s)®i—1!
I(as)
= () L 0<t<s<m <1,
n; (e —pa)
1— a;—1
Moo 0<t<s<l, m<s,

and define F : X2 — X2 as

é1(z, y)(t)
P, y)(t) = )
d2(x, y)(t)
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where

QZ%SUZ/ t)

/ Gy (b, ) fi(5, 2(5), (), @' (5), ¥ (5), DV a(s), D%y ),

/ dg/hQ €)d€)ds + Hy(t)

_ 1 )/ (t—s)™ 1f,(5 x(s),y(s), 2’ (s), y’(s),Dﬁlx(s),DBQy(s),
° 1 ! a—1
/0 mi©)e(e)de. [ (e e / (1= ) fi(s, (),
(). 2'().5/(5), DM a(s), D2y (s / e, [ hate
(2 — i)

=) [T (), (5).(5). ),

1 i F(Oéz—

DPa(s), D2y /m €)de, / 2E)y(€)de)ds + Hi(t),

¢ (,y)(t)
Fla,y)(t) =

o)1)

where

(@, y)(t) =

LG, (o). D
[ 8l (5),0(5), ' (5), 1/ (), D),

/ dg/hQ €)d¢)ds + Hi(t)

1

D) / (t = )72 fils,2(5), y(s).2/(s), 5/ (s), DV a(s),

DP2y( / €)de, / ho (&

n 5(1%@1%)%)/0 (i = )™ fils, (), w(s), (), 4/ (5),
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Dﬁlx(s),DfB?y(s),/ §)dg, / ho(€)y(§)dE)ds + Hj(t),

for all t € [0, 1]. It’s obvious that the singular pointwise defined equation
(1) has a solution if and only if the map F has a fixed point. In the next
theorem, we provide our main result about the existence of a solution
for the problem (1).

Theorem 3.2. Fori = 1,2, let a; > 2, [a;] =n — 1, Bips,mi € (0,1),
i >0, hy € LY[0,1] with ||h]; :== my, fi : [0,1] x X8 — R be mappings
that are singular on some points [0,1] such that

8
filts w1,y m8) = filtyr, s ys)| < ai (8|2 — yy 7
j=1

for all x1,...,x8,y1,...,ys € X and almost all t € [0,1] and

ko

filt 21, 28)] < bi (DT k(@1 ons 28) + Mi(21, ..oy 28)
k=1

where kg € N, a;;,b; i, : [0,1] — R, b;k,a;j € LY0,1], ai(s) = (1 —
$)*2a; ;(s), Tik, M; : X® — RT for each 1 < k < ko are nondecreasing

mappings respect all their components with lim,_, . W = pik and

lim, oo M;(2,...,2) < 00 for somep;, € RT and all1 <i<2,1<j<8
and 1 < k < ky.

Also let
ko
1 I - ) : 1
b, . il
1H<1?’<XQ{( ( o — 1) + 7’]3 IJM'F(O&L' _ Mz))kzl || l,kH[O,l]pz,k} € [07 A)
where
A = max{1 ! ! mi, ma}
71—\(2_61)7F(2_62)7 1,7762¢.
If

1 D'(2 — i)
)(F(ai -1) * niliuir(ai — 1)

)P <1

8
EeADES]



Existence of a solution for a multi singular pointwise defined fractional

differential system

where A; j = A7i then the pointwise defined system

Da(t) + fi(t, x(t), y(t),2'(t),y/ (t), DPra(t), DP2y(t),
J5 ha(€)z(&)de, [5 ha(€)x(€)dE) = 0,

De2y(t) + fa(t, a(t), y(t), o' (t), 5/ (t), DM x(t), DPy(t),
Jo B1(©)z(&)de, [y ha(€)x(§)dS) =0,

with boundary contions DMz (1) = A1, D*2y(n2) = \a, (1) = 2)(0) =
0 and y(1) = y9(0) = 0 for j > 2 has a solution.

Proof. First we will prove that F is continuous on X2. Let 0 < € < 1 be
artibary and {(z,, Yn)}n>1 — (7, y) in X2, then there exists ng € N such
that n > ng implies that |[(z,, yn) — (z,9)]|+«« < €, hence ||z, — 2|« <€
and ||yn, — yl|« < €, then we have

|9i(Tns yn) (1) — iz, y) (1)
1
= |/0 Gai(ta S)(fi(&xn(3)>yn(s)vx;(3)ay;(s)aDﬁlxn(3)>Dﬁ2yn(S)>

/ () (), / " ha(E)un (€)dE) — fils,x(s), y(s), (), 4/ (5),
0 0

D (s), Dy (s), /0 I (€)z(e)de, /0 " ha(€)y(€)de))ds|

1
['(evi)

D%y (s), / () (€) e, /  ha€)yn(€)dE) — fi(s, 2(s). (s),
0 0

IN

/0 (= )2 fi(5, 20 (5), yn(5), 21y (5), 4 (5), D (s),

#'(3),/(5), DPa(s), DP2y(s), / I (€)z(e)de, /  ha(E)y(€)de) | ds
0 0

! 1 — ) (s, (s s), 2l (s). 4. (s), D a, (s
e 0= 9 A (60,60, 9). ). D o),
/0 ha(€)un (€)dE) — fi(s2(5), y(s), 2'(5), 5/ (), DO (),

DP2y(s), D%y, (s), /0 " (€2 (€)de /0  ha(€)y(€)de) | ds

11



12

A. H. Malekpour, M. Shabibi and R. Nouraee
(2 — ) " e P AN s), (s
e (1= 0) [ = ) s (9,909,205,
Y (5), DPn(s), DP2ya(s), / i (€) (€,
0
/ Bo(€)yn(€)E) — (s, 2(s), y(s), 2'(5), 4/ (5), DP1e(s), D2y (s),
/ m(€)2(£)ds, / ha(€ (1 )/Ot(t_s)ai_l[am(S) X
[2n() — 2(5) + a1.2(8)lm(5) — y(5) "2 + ais(8)|ra(s) — 2/ (5) ]
s a()[a(5) — o (5)[ P + a1 5(5)| D ( — )(3) [0
15 6(5) D (g — 1)(5)75 + as7(5) /0 [ — 2] (€)de )T
’ V4,8 1 ' a—
tass(s)( /0 = 9l 1 + /0 (1 - )2 Yai1(s) x
2n(8) — 2(5)[ ™ + as2(8) ym(s) — Y2 + as(s)|y(s) — /()12
+a; a(8)|yn(s) — ¥ (8)[74 + ai5(s)| D7t (2, — 2)(5)[17 + a6(s) x
D%y — ) () + agn(s / [0 — |(€)AE)™ + agp(s) X
/ [Yn = yl(€)dE)™2)ds + 1(2u I“M(Zo)zz<1 _Mg /Om (m; — s)Hi=1 x
s () (s) — 2 + ang(6)lon(s) — p + asals) %
[21y(5) — 2/ ()% + a4 (3)[Wa() — ¥ ()]
a5 5(5) D% (n — 2) () + ai6()| D% (g — 4) ()55
tag2(s)( /0 [ — 2|(E)dE)™ + i (5)( /0 lyn — yl(€)dE)"#)ds.
Now since |Dix(s)| = 1“‘(962/(—85)1) and
/ " hi€)2(©)lde < |1z / " hi(€)de = mila]
0 0

we have

s )6 = i) 0] < s [ (=9 awalo)x
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|Zn(s) = ()" + ai2(s)lyn(s) — y(s)["? + ais(s)]al,(s) — a'(s)["

|27, (s) — 2'(s)]

I'e-p6)

)78+ aiz(s)(mal|zn — 2[])77 + a;s(s) %

+aia(s)|yn(s) — ' ()74 4 ais(s)( )75 + ajg(s) x

[Yyn(s) —4'(5)]
T'(2—3)

(mallyn — yll)%]ds +

(

L 1 =g 1(8)|zn(s) — x(s)|!
o L =9 e (@)leas) — et
Faia($)ymls) — (5) 2 + aus()a(s) — 2/ () + aials) x

(o)~ O + (o) (R =2y
()~ ¥'(5)

+ai,6(8)< F(2 - ﬁ2) )’Yi’G + ai,?(*s)(ml”wn - I‘H)%ﬁ X
+a;g(s)(mallyn — yl)7%]ds

U2 — ) B ai—pi—1y, Vi1
s (=) [ = 9 s 9en(9) — a(s)

1208 lun(5) — y(8)5 + aua(3)]a(s) — ()5 + aza(s) x
W (5) — Y ()74 + aga(s) (12l =T G)]

(
2 - p1)
(’ynl“(é) :Z;)S)‘ )70+ ai g (s)(mallen — )"

+ai,8(s)(mallyn — yl|)7"%]ds
t
/ (t = $)* Hag i (s)|on — 2" + as2(8) || yn — yl|7
0

[y, — '

)%’5 + ai,ﬁ(s) X

['(a;)

+aig(s)llan, — 217 + aia(s)lyn — ¥/ + ais(s)

(2 — )75
lyp — 'l ; .
+a¢76(s)m + a;7(s)m)"" |zn — |7
V4,8

+ais(s)my |y — yl| 78] ds
1 1 _ _ .
() / (1= )" Maia(8)lan — 2] + as2(s)|lyn — y "
7 0
|z, — 2’3
[(2 = By)7es

+

+aiz(s)lley, — 2|72 + aia(s)llyp, — ¥l + ais(s)

yy, — o' |76
['(2 — Ba)7i6

Vi, 7

+ai6(s) +aig(s)my " |z, — 2|7
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Fass()my [y — vl )ds

I'(2— i i ,
+ 1—M( b (L=t [ (=) aga(s)||zn — 2|
n; (e — 1) 0
+ai2(8)|yn — Y2 + aiz(s)ll2f, — 217 + aza(s)lly, — o'l
£ —m’H“ lyn — o/l
+a; 5 +ais() ry govie
1 ( ) ( ) Z ( ) (2_62)%’6
+az7 s) Y lzn — 77 + a; 8 (s)my"* |y — yl|*]ds (4)

“Hagn (s)(Allzn — @) + ai2(s)(Allyn — yll) 2

+a’Z )<AHxn — )7 + 4 aig(8)(Allyn — yll«)"8]ds

F(ai) /0 (1= 5)* a1 () (Allan — ][ )7 + ai2(s)(Allyn — yll) 72

+ai3(5) (Allzn — 2[2)7 + ... + aig(s)(Allyn — yll«)75)ds

P10 [T 9t e () A, —

_l’_

nl_ﬂir(ai _
+. + aig(8)(Allyn — yll+) " ]ds
1oy e [ .
T(oy) ZWMA%”/O (t = 8)"  aij(s)ds]
j=1
8 1
’ / (1= )" ai;(s)ds]
7 j=1 0
F(2 ’I_L 8 0
7 ’WJA'W] / L o — g — d
_ € n S a ; S
T - O 2] (i = 5) 5(5)ds]
1 8 1 8
7F(O<i) ]Z_; €13 A Gy o) + T%) ]Z_; €103 N3 (| 4170,
8
(2 — ) o
1-—1¢ eVd AVid || Qs
nl=ml (o — ,ui)( )]Z; | w”[o,u

8
A 2 (2 —pu)(1—1t)
EAY A'\/z,j Qi i 4 ‘
jz; 83l [F(%’) il — )

]
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where A = max{1, ﬁ, m,ml,mg} and
v =min{v;;, j=1,...,8, i =1,2}, hence

16i(2n, yn) — ¢i(2, y)|| < aZm il g Tlay)

2 D2 — )

i=1 i) oy —Mi)]'

Also we have

IN

IN

|64 xn,yn )(t) — (@, y)(t)]

| (5,20(3), Un (), 24(5), 4 (5), DP1 20 (5), D ypn(s),
/0 h (€)n (€) e, /0 B (€)yn(€)E) — fi(s,2(5), u(s), 2'(5), 4/ (5),
DAx(s), Doy (s), /0 b ()2(€) /0 " ha(€)y(€)de)) s

7t—s°‘i72~3x8 s), x(s),yl (s
)/Oos Y52 £33, 2 (5), g (5), a(5), 4 (5),
D% an(s), DPyn(s), /0 B (€)a(€)d, /O B €y (€) )
—fi(s,:z:(s),y(s),x'(s),y'(s),Dﬁlx(s),DBQy(s),/O hl(f)x(é)d&
/0  ha(E)y(€)de) | ds

ChD) " = )R (s (s s),xl (s
o ps [ = T ) (), ),
(), DP1 2 (5), DBy (s), /0 (€ (€) e, / B (€)yn(€)de)

—fi(s,2(s),y(s),2'(8),9/(s), Dﬁ1 Dﬁ2 / hi(&)x(&)d¢,
| ra@mterdias

1 t Qi i,1 )
et € 9 P @)~ 26+ aias)

15

lyn(s) = y()["> + aia(s)|an,(s) — 2'(s)["* + aia(s)lyn(s) — /' (s)"*

+ai5(8)[ D7 (wn — 2)(5)[° + ai6(s)| D (yn — y) ()7
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+ai7(s) /0 " om — 2l(E)dE)™ + ais(5)( /0 "l — l(€)dE)5)ds

(2 — i) K ai—pi—1y,, i1
it [ = 9 N 6)(s) — e

+a;2(5)[yn(s) — y(s)[72 + a; 3(s)|a7,(s) — 2'(s)]7"2 + aja(s) x
Y () — ¥/ (8)["4 + a; 5(8)| D™ (2, — ) (5)| 7

+ai6(8)| D™ (yn — ) ()¢ + ai(s)( OS |20 — 2|(§)d€)7

ass(s)( /0 g — yl(€)de)o)ds

: t i i1
o | = e ()l = ol
+...+ ai’g(s)(AHyn — yH*)’Yi,g]dS

F(Q _Mi) /"7i ai—pi—1 ;
— ni — 8)“ T a1 (s) (Al zy — z]]6)70?
ST O — 9 asa (5) (Al — 211.)
+az8( )(Allyn — yll+)"%]ds
8 t
Fam LA [ =5
] 1 0
P@-pm)
4 4 v G%'JA%‘,J'/ N — 8 ai*uﬁlai (s)ds
nt L0 — ;) ;[ 0 ( ) 9(s)ds]
1 8
T(o;—1) ]Z:; A faisloy
r@-—m)
+ v €703 AVod ||y
T 2B sl
1 ['(2 — )
0l A'ng
€ Z Haz,JH[O 1][ ( 1) + Ul_“iF(Oéz‘ _ Nz‘)L

7=1



Existence of a solution for a multi singular pointwise defined fractional
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165(2n, yn) = &2, )

8
R 1 (2 — pq)
< 7 Yi,j .. .
S € ]Z_; A Haz’JH[O’H[F(ai — 1) nlfﬂif(ai _ ,U/Z)]
Therefore
|9i(Tn, Yn) — @iz, Y«
= maX{H@(wm Yn) — Gi(@, y) |, H¢’(xmyn) — ¢i(x,y)|}
['(2— p)
(7 AT || a; max ,
]Zl ” JH[O 1]) { ( ) nl—ﬂif(ai _ ,Uz)
1 (2 — ;)
(o — 1) " nt=HiT (o — Mz‘)}
8
o 1 (2 — p4)
— Y Yi,j ..
(6 ;A ”aZ,JH[O,I])(F(ai — 1) + 171*“1‘1“(047; — ,Uz))’
so we have

1 F (@ns yn) = F(@, y) [
= max{"¢1(xn7yn) - ¢1(az,y)H*, H(ﬁg(l’n, yn) - ¢2($,y)H*}

8
s 1 (2 — w;)
< Y 7, .. .
‘ 112a<X2{ le SR ])(F(ai -1) + nl=#(a; — Mz))}

Now since € > 0 was arbitary, we have ||F(xy, yn) — F(z,y)|/+ tends to
zero as ||(zn, yn) — (2, y)]|+« — 0, so we conclude that F' is contiuous on
X2. Because of

1 L(2 — )
lrgzaSXQ{(F(aZ — 1) + ,,71 Hip ,Uz ; H ’Lk()lpz k} € [ )

we can choose € > 0 such that for all i = 1,2

ko
e+ (! LOZ ) S iy ikt (5)

[ —1) nz'l_mr(ai —1) k=1

1 T@— ! 1
INGH) * I —pi + 1) ) el Z)

+¢(
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Now since lim,_, W = pi k. then there exists 71 > 0 such that
for z > rq,
Tik(Az, ..., Az) < (pig + €)Az. (6)
Also since lim,_ o, M;(Az,...,Az) < oo hence lim,_, w =0
so there exists 7o > 0 such that z > r9 implies
M;(Az,...,Az) < eAz (7)
. . )\2-1—‘(2—/,”) _ .
and since lim,_, o T = 0, so there exists r3 > 0 such that z > rj3
zn;
implies
NI(2
iL'( - M) < ens. (8)
Azni Hi

Let r = max{ri,r2,r3} then by (6), (7) and (8) and by putting z = r
we have

T k(A7 ..., Ar) < (pig + €)Ar, 9)
M;(Ar,...,Ar) < eAr (10)
and
M@ 1) on, (11)
Azn Hi

= {(z,y) € X% : ||[(x,9)|ls+ < r} and define o : X2 — R as
((w y) (u, )) = 1 when (z,y), (u,v) € C, other wise put a((z,y), (u,v)) =
0. Let a((z,y), (u,v)) > 1 then (z,y), (u,v) € C, hence ||(x,y)||w <7
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and so ||z]|« < r and [|y|« < r, then for all ¢ € [0, 1], we have

IA

IN

1
iz, 9) ()] < | / Gy (t,5)fi(s,2(5), y(s), 2'(s), 4/ (3), DPx(s),
DPy(s), / T h(©)a(e)de, / " ha(€)y(€)de))ds| + [Hi(t)]
0 0

1 ¢ ai—1 , , ) ]
F(a)/o (t — 8)% 7Y fils, 2 (s), y(s), 2/ (5), 5/ (5), DP'ax(s), DP2y(s),

/ ¢)de, / ho(€)y(€)de)|ds

1 oa— / / 1 »
m)/ (1= ) fils,2(5), y(5), 2/ (5),9/ (), DPa(s), Doy (),

/ ¢)de, / ho(€)y(€)de)|ds

(2~ i) aimpi=l (s x(s), y(s), 2/ (s
e /m“‘t)/o O — 51 s, 2(5), (), /(9)

_l’_

y’<3),D51 (s), Dﬁ2 / d{/ ha(€)y(€)dE)|ds
AL(2 — i)
nl—ﬂilu (1_t)

1 ¢ I ko I / ;
r()/ (1= ) [ bp(e) i (a(6). (), (0), 3 (2 D),
DP2y( / dé/ ha (&)y(€)dE) + M;(x(s), y(s), 2'(s),
y'(s), DPa(s), D7y (s / d{/ ha (€

1 ! _ / / 1
e A= 1[2 bik(5)Tin(a(5).y(5), (), (5), D7 (),

Dy / €)de. / ha(€)y(€)dE) + Mi(x(s), y(s), 2/(s),

(), DP(s), Dy (s / )i, / ha(e
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i ko
+ o 5(1%( MZ)MZ) (1—-1) /0’7 (ni — 3)0”7’“71[2 bi k()T k(2(s),

k=1

y(s),2/(5),y/(5), DPra(s), DPy(s), /0 b ()a(€)de, /0 " halE)(€)de)

L Mi(x(s), y(s), 2 (5), 4/ (), DPix(s), DPy(s), /0 () (€)de,

/O " ha(€)y(€)de))ds + A“Fn(f;“") (1-1)

ko

)Z/ (t = )% bin(s) Tz ()], [y ()], [ ()], 1y ()],

P(ed) =
|2'(s)] \y
v ﬁ) NE / h(€)de, [y / ha(€)dg)d

/ M) [y s), ' (5), b )], F(';%,
el / MO ol [ ha(e)de)a

)
ko r1
>Z/ (1= )" i) T (s [y(s) ], 2/ ()] 1/ (5)],

k=

v e
o el [ @ ol [ ha(épdera
1

11—8‘“M (a6 Jy(s)s |2/ (5) I ()], =)
0 "T(2-p1)

h1 €)de, |y||/ ho(€)de)ds

1

F(Q i) Joi—i
R 1—tZ/ ) ) T ()]

LG 1) o solal [ e

2
Il /0 o (€)d€ ) ds
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F(27:U’Z) " oG — i —
+,,1Mr(ai_m)<1—t>/ (0 = ) M)l ) ()]
VO g Ty lol [ m©de. ol [ mae)deya
A2 i

#(1—1@

7;

< Ty Z/ - b Tl ol 191 11

Iy L e
r gy el mallyds + s [0 =)=k o,
121151 73 5+ T g el el

e Z/ (1= 0 bia (O Toalell Il 11 1 iy
Iy L e
F(2_ﬁQ),mlII:c|,mg||y|)ds+F(%)/0 (1 —s)* (||, |yl
/1, 11, (2”:”_“5)7 (”y_”@),mlnxr,mzuyn)ds

T2~ .

N 2/ (1= 5y ()Tl
C e i
21191 5 5y T gy el el

F(z_/j‘l) n Qo — i — / /
ey (0 =) o
1yl AL 1)
re- ﬁl)’ 2 — 62)7m1‘|$||7m2Hy”)d5 + s (1—1)

1 ¢ ! a;—1

< o 2Tk Alrl o Al /0 (1 — )b, (s)ds]

1 1
+——M;(Al|x||«, ..., Ally||« / 1—5)% s
o) (Al [yll+) 0( )
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ko 1
1
+ T; (A4, e, Al Y]]« / 1 — )% b, 1 (s)ds
F(ai);[ (All|| HH)O( ) (s)ds]
1 1 .
+——M;(A||z||«, ..., Ay« / 1—3s5)%""ds
(o) (Allz|| | II)O( )
ko
L2 — pi)
(1=1) ) [Tik(Allz]ls; s Allyll+)
T (o — ) ,;
1
/ (1= s)% 1, (5)ds]
0
I'(2 - i K o —
+ l—m( ) (1—t)Mi(Allfcl*,--~,Allyll*)/ (i — )% tds
n; F(Oéz‘ - Mz‘) 0
ANl (2 — p;
7(1 - )(l—t)
m
. 1
< — N Tiu(Ar, ..., Ar)||b; — _M;(Ar, ..., A
= F(al); Z,k‘( LS T)||bz,k||[0,1]+r(ai+1) ( r ’l“)
1 0 . 1
+w;ﬂ,k(m,...,m)nb~7 0+ g, 1) MilAr s Ar)
r2- .
+ Tk (Ar, .., Ar) b,
o “T( m Z
re— o
— Q=) g, Ar)
n; (0 — pi + 1)
AT(2 —
+7(1 = )(l—t)
n;
hence

2 (2
lgi(z, y)ll < (F(ai)+ T D (o o) ZHbzkH[Ol ik(Ar, . Ar)
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2 (2 = pi)n ™
+(
Pl +1)  T(og—pi+1)
Al (2 — i)
nil—/ii
2 (2 — w)
(I‘ . + 1—p;
(O‘Z) ; F( z)
2 + F(2 Nz)nf !
Pl +1) Tl —pi + 1)

(F(Oéi) - n “p(a ,) ZHbzka (pik +€)Ar
2 — ) za 1
o — i + 1))
1 1“(2 4:)
[(F(Oéi -1) —Hi T(oy Z)
1 F(2 - NZ)U? -1
Do) | Tl —pi+1)

YM;(Ar, ..., Ar)

IN

ZHbzka (Pij + €)Ar
k=1

JEAT + eAr

IN

S
E

eAr + eAr

=
E
E

ZHbzka (pig +€)

Je + €]Ar < ZAT’ =r

also we have

(s,2(s), y(s),2'(5),/(5), DM ax(s), D™y s),

/ h1<£>x<s>ds, / ha(€)y(€)d€))ds| + | H(t)|
0 0

1 ' Qj— / / 1
p(a_l)/o (t = )% 2| fils, 2(s),y(s), 2'(s), 9/ (s), D" (),

Do ys), /0 " (€)e(6)de, /0  hal€)y(€)de)|ds

T F@“”)M) /0 " s — 8 fils, 2(5), y(s), 2 (5), 4 (5),

’1717“111(0[1' —
1 ] s s AT(2 = 1)
DPas). D*ys). [ a(©a(€)de, [ ha@ylepde)ias + 2L

IN
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. t =2 3 / / B1
S Tam=D / (8= 5)" Ebw(smk(x(s),y(s),x<s>7y<s>,p (),
D%y( / df/ ha(€)y(€)d€) + M;(z(s), y(s), 2'(s),
y'(s), D7a(s), D™y(s / d§/ ha(€

IN

L@ — ) " — g) il 1 (8)Ts . (x(s s),x'(s
s [ [;zm VT (r(5), 9(5), /().
y(s), DP1c(s), D2y / i (€)2(6)de, /0 ha(€)y(€)de)
+M;(2(s), y(s), 2'(5), o/ (s), DP1ac(s), DPay(s), /0 b (€)z(€)de,
/0  ha(©)y(©)de))ds + M E 1)

nl=#

T Z / ) =2b, 4 () Tae (2(3)) [y, [/ (5)], /(5.

(5 :
ol O /0 m(€)de. Il [ hale)ae)is

1 ' = / /
+p(_1)/ (t =) 2Mi(|z(s)], [y ()], [" ()], [y ()],

()
To—fi el [ @ ol [ nate)de)a

- ﬂ(ﬁ(af”wz /0 (= )% ()T (2 (5), )]
OO g g T el [ e

ol [ ma(e)ae)s + 11;(13( i Z)/ O — )% M (s)],
()L () 15/ 5), ('“ Solel [ e

)\P2 ;
\yu/h2 dé)d “)
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k‘o 1
1
< -0 1— )% 20, ()T (||, 2,
< rmr—wggﬁ( )~ 20; () Tl w12

. 1]l
, , ,mil|lz|[,m ds
IV 55 T8 g bl mal )
1 ! -~ [l
e 1— )4 2M; (|||, [yl 2], 11y, ,
e SRR (N PIN EN PR S
1]l
- d
ro L mlel mallyl)ds
ko 1
F(Z—ui) / —1 !
5 > [ (=) T () Tr el lyll, 127
771'1 M (i — i) k=170 Z 1

T Iy
VI TR = 8) T2 - B)

(2 — ) i R
) AUEE R N

n; [(ov — p
[l 1Y
[2-751) T'(2-p)

1 1
_1)Z[Ti,k(AHwa-‘-AHyH*)/O (1= )% *bin(s)ds]

F(ai 1

smallz]l, mellyl))ds

)\ZF(Q — ,U,i)
T

sz, mallyl))ds +

IN

1
™~ 1\ 3 Ky oee « 1— a;—2
T Ml Allll) [ (1= 972

T2 —
b Co ) g (Al Allyll) %
n; (o — pi)

1
/0 (i — )b, (s)ds]

['(2 — i)
m M (e — )

1—p;
n;

ko
1 .
< = E E,k’(Ar?'“?AT)Hbi,M
Do) i

i
Mi(AHxH*,...,AHyH*)/O (i — )%~

1
0.1+ 7oy (ai)Mi(Ar, oy AT)
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<

+ais(s)lle — ull: + aia(s)ly — vl + ais(s)

+ai76(s)
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ko
D'(2 — i) -
— > Tik(Ar, ., Ar)[biklloy
N (TR et

_ o AT(2 = g
17N4F(2 K ) 771.7. #zMi(AT,...,AT) + %
n; (o — pi +1) n
ko
1 (2 — p4) :
( + ) ) ikl
F(ai - 1) 7711 “T(ai — Z) ;

1 n T(2— po)n™!
D(ei)  T(oi—pi+1)
1 I'(2 — uy;

( TG L
Plai =1) 0 7T (i — i)
1 T@—p)n!

P(a;)  T(og —pi+1)

_l’_

_l’_

0,1 (Pik + €)Ar

+(

JeAr + eAr

ko
Z Hbi,kH[o,u (pig +e€)
k=1

+( Je+ e]Ar < %Ar:r.

So for all ¢ = 1,2 we have

(2, )l = max{||gi(z, y) I, [|¢5(, )1} <,

= : <
1Pl = max{llos(ay)l.} <.

therefore F'(z,y) € C. By the same reason we conclude that F(u,v) € C
so we have

a(F(z,y), F(u,v)) > 1. Also it’s obvious that C' # ¢, and we know
for (zo,y0) € C, F(xo,y0) € C, so a((xo,v0), F(x0,y0)) > 1. Now let
(x,y), (u,v) € C then by (4) we have

1 /1(1 = 8)% Haga(s)lle =l + aip(s)lly — ol
].—‘(Oél) 0 i,1 * ©,2 Yy *

R

F(Q _ ﬁl)%‘,s

ly — vl
['(2 — By)7is

+ai7(s)my" o — ull:”
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differential system
+aig(s)my |y — vl[3*%]ds
1 ! . _
1 _ a—1 . _ :Zz,l s s — Z’L,Q
+F(a,;)/0 (1= 5)* air(s)llz — ulli" + aiz2(s)lly — v
Yi,5
, ; T — U«
tasalo)ll =~ + aa(s)ly — ol + (o) iy —
ly — ol i :
+az‘,6(5)m +ag7(s)ym)""[|lz —
+aig(s)my"* ly — ol[3%]ds
F(Q ,u) K L — i
T : (i — ) Haga () o — i
n; (i — i) Jo
+aip(s)|ly — vlli + aig(s) e — | + aga(s)lly — ol
|l — af ly — v[f+*°

+ ai6(s) + aiz(s)my" || — w7

)T — By)is T(2 — fo)tis

)T
symy *(|ly — v][3°]ds

1
F(;») /0 (1= ) Haia(8)Ainl(z,y) = (w, )3 + ..
+ais(8) sl (2, y) — (u,v)[4%°]ds

' a—1 Yi1
() /0 (1—5)"ai1(s)Ai1ll(z,y) — (u,v)|lis" + ..
+aig(s)Aigll(z,y) — (u,0)[[1%]ds

(2 — i i ) )
1—u.( th) / (i — 8)* M ag (s)Aia
1; Zr(az - ,ui) 0

7

—i—...—{—aig( VA gl (z,y) — (u ) |18 ds

Iz, y) — (u,v)|]79 ZA 7]/ (1 —8)% 2a, ;(s)ds

/—\

«2

() — (u,v) ]34

i
o)~ ol ZAJ [ oo

RACEZ) 1) - ol ZA,J / — 5)%2q,(s)ds

m T (g —

27



28 A. H. Malekpour, M. Shabibi and R. Nouraee

[ee]

2 I'(2 — p)
a; + ) Z, —\u,v Zga
= Yttt gy 1)~ w0

where

Y0 = V(zy), (uw) =
1 other wise

and A; ; = A7, By the similar way we conclude that
165(2, ) — di(w, v)|

i 1 T(2 — ) i
; 1,J (ai _ 1) + 171'17’”11(011' _ ,UJZ))H(mvy) - (u,v)\ 1*,

hence
||¢@(£L', y) - d)l(uv U)H*

8
(2 — )
<) A — :
az; ’ Dlea) — ;™" T(ai = i)
1 (2 — )
+ HZ, u v kk )
T(a; — 1) ml_mr(ai_m)}\l( y) — (u,0)[| 18

ai jll[0,1) max{

— MNas s 1 (2 — p4) " v
= <§:3 Besloisllon) (g, =35 + e, - 1)~ (- 0IR

50 [|F'(2,y) = F(u, )|l < All(2,y) = (w,v) ][22, where

I'(2— )
071])(P(ai —1) T - M))}

1<:<2

8
A= max{ ZAZ‘JHQ;J"[
j=1

therefore

a((z,y), (u,v)d(F(z,y), F(u,v)) < Y(d(F(z,y), F(u,v))),
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differential system

where 9 : [0,00) — [0,00) define as ¥ (t) = A" when ¢ € [0,1) and
¥(t) = At when ¢ € [1,00). It’s obvious that ¢ is nondecreasing, also if
t€[0,1) then

D i) = A0 4 N0 4 < Z Mo = Tt <o

and if t € [1,00) we have Y50, ¥i(t) = 125t < oo, hence >3, 1(t)
is convergence for all ¢ > 0, so ¢ € ¥. Now by using lemma (2.6) we
conclude that the problem (1) has a solution in X2. [

4 Example

The following example illustrates our last result.

Example 4.1. Consider the pointwise defined problem

D3a(t) + fi(t.x(t), y(t), 2'(t), y'(t), D3a(t), D2y(1),
[y x(€)de, [ 2y(€)de) = 0,

(12)
Diy(1) +fz(t #(1), (1), 2/ (1), (1), D= (1), D2y (h)
Jo M (&)€x(€)de, [y €y(&)de) =0,
where
1
f(tl‘la 5 8)_Zt0 "1"]|+]‘
j=1
8 8
c(t) 1 |7,
t = —= i —
7=1 7j=1
with boundary contions D3$( ) =1, D2y(%) 0, z(1) =2"(0) =0
and y(1) = y”(0) = 0 where c(t) = 1 and p(t) = 0 whenever ¢ €
[0,1]NQ,c(t) = 0 and p(t) = 1 whenever ¢ € [0,1]NQ°, o1, ...,08 € (0,1)
8 1 1
and Zk:l g S 3
then

1 1
my = /0 h(€)d(€) = /0 £d(e) = =

29
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1 1
o — /0 B (€)d(€) = /O €2d(¢) =

8

’fl(taxla'“'IS)_fl(t7y17"'7y8 Z ‘xk yk‘7

8
c(t)
|fa(t, @1, ow8) = falt,yr, s ys)] < %Z‘xk_yk‘
k=1
8

IR yil ) 1N~
o T S G * 10) 2l — el

7j=1
Let ko = 8, big = a1 = &=, 7ij = 1, byy = S0 gy, = 40
et o » 01k = G1,5 770 Vi v D2k = ) 92, 0 T 107

T17k($1, ) T2 k(ZL‘l, .. ) ‘l‘k‘ Ml(SCl, .. ) = 1,
Mg(azl,... 8) =18, 1'+f' for 1 < j,k <8, then

1
oy = / (1— 5)2a ;(s)ds

1
- /(1—8)321ds§ L
0 s%i ].—0"7

01] = 0, llaz ][, = 2. T; x, M; are nondecreasing respect to

162,11}
] 3 T; 300y
their components, p; ;, = lim._, M =1,

lim, oo M;i(2,...,2) < oo foralll1 <i<2 1<j<8andl <k <k
One check we can calculate that

1 1
[(2~-p1) T2~ pB2)’
! 111, 2
re-i)yre-1422° o

mi, ma}

AiJ = A%’j =A = max{l,

= max{l,
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1i<2 Doy — 1) ! "0 (a; — )

ko .
Z Hbi,k[OJ]pi,k}

k=1
8

and

ma {(fojucr At TCom)
ax ik i, —
1< A=A (o — 1) R (g — )

so by using Theorem (3.2), the problem (12) has a solution in X?2.
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