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Abstract. The article studies the concept of a (ϕ,ψ)− biprojective
and (ϕ,ψ)−pseudo amenable Banach algebra A, where ϕ is a continuous
homomorphism on A and ψ ∈ ΦA. We show if A is (ϕ,ψ)− contractible,
then A is (ϕ,ψ)− biprojective. The converse holds, whenever A is either
unital or commutative and there exists ao ∈ A such that ϕ(a0) = a0.
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1. Introduction

Amenable Banach algebra was introduced by Johnson in [6]. He showed that A
is amenable Banach algebra if and only if A has a approximate diagonal that is,
a bounded net (mα) in ( ˆA⊗A) such that mαa−amα −→ 0 and π(mα)a −→ a
for every a ∈ A. The notion of a biflat and biprojective Banach algebra was
introduced by Helemskii [4, 5]. Indeed, A is called biprojective if there is a
bounded A-bimodule map θ : A −→ ˆA⊗A such that π ◦ θ = idA.
He considered a Banach algebra A is amenable if A biflat and has a bounded
approximate identity [3, 5]. In fact, A is called biflat if there exists a bounded
A-bimodule map θ : ( ˆA⊗A)∗ −→ A∗ such that θ ◦ π∗ = idA∗ .
Given a continuous homomorphism ϕ from A into A, authors in [9, 10] are
defined and studied ϕ-derivations and ϕ-amenability.
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Recall that a character on A is a non-zero homomorphism from A into the
scalar field. The set of all characters on A is called the character space of A
and is denoted by ΦA.

This article studies (ϕ,ψ)− contractible Banach algebras, where ϕ is a con-
tinuous homomorphism on A and ψ ∈ ΦA. We show that if A is (ϕ,ψ)−
contractible, then A is (ϕ,ψ)− biprojective. The converse holds, whenever A
is either unital or commutative and there exists ao ∈ A such that ϕ(a0) = a0.

2. (ϕ, ψ)− Biprojective Banach Algebras

Suppose that A is a Banach algebra. Let Hom(A) denotes the set of all con-
tinuous homomorphisms from A into itself.

Definition 2.1. Let A be a Banach algebra, ϕ ∈ Hom(A) and ψ ∈ ΦA. We
say that A is (ϕ,ψ)− biprojective if there exists a bounded A-bimodule map
θ : A −→ ( ˆA⊗A), where ψ ◦ π ◦ θ ◦ ϕ = ψ ◦ ϕ.
If A is a biprojective Banach algebra, then A is a (ϕ,ψ)− biprojective Banach
algebra for every ϕ ∈ Hom(A) and ψ ∈ ΦA.

Theorem 2.2. Suppose that A is a (ϕ,ψ)− biprojective Banach algebra. If I is
a closed deal of A with one sided bounded approximate identity and ϕ(I) ⊂ I.
Then I is (ϕ|I , ψ|I)− biprojective.

Proof. Assume that θ : A −→ ( ˆA⊗A) is a continuous A-bimodule map such
that ψ ◦ π ◦ θ ◦ ϕ(a) = ψ ◦ ϕ(a) (a ∈ A). Let ι : I → A be the inclusion map.
Then θ|I = θ ◦ ι : I −→ ( ˆA⊗A) is I-bimodule homomorphism. If I3 denotes
span {abc : a, b, c ∈ I}−, then I3 = I, because I has a one sided bounded
approximate identity and

θ|I = θ(I)
= θ(I

3)

⊆ span{a · θ(b) · c}−

⊆ span{a ·m · c : a, c ∈ I,m ∈ ˆA⊗A}− ⊆ ˆI ⊗ I.

So for every a ∈ I,

ψ ◦ π ◦ θ|I ◦ ϕ(a) = ψ ◦ π(θ(ϕ(a)))
= ψ ◦ ϕ(a). 

Proposition 2.3. Let A be a (ϕA, ψA)− biprojective Banach algebra, and let
B be a (ϕB , ψB)− biprojective Banach algebra with ϕA ∈ Hom(A),
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ψA ∈ ΦA, ϕB ∈ Hom(B) and ψB ∈ ΦB. Then ˆA⊗B is (ϕA ⊗ ϕB , ψA ⊗ ψB)
-biprojective.

Proof. There exists an A-bimodule map θ1 : A −→ ( ˆA⊗A) with ψA ◦πA ◦θ1 ◦
ϕA = ψA◦ϕA and B-bimodule map θ2 : B −→ ( ˆB ⊗B) with ψB◦πB◦θ2◦ϕB =
ψB ◦ ϕB . Let θ0 : ( ˆA⊗A)⊗̂( ˆB ⊗B) −→ ( ˆA⊗B)⊗̂( ˆA⊗B) be the isometric
isomorphism given by (a1 ⊗ a2) ⊗ (b1 ⊗ b2) → (a1 ⊗ b1) ⊗ (a2 ⊗ b2) (a1, a2 ∈
A, b1, b2 ∈ B). We let θ = θ0 ◦ (θ1 ⊗ θ2) : ˆA⊗A −→ ( ˆA⊗B)⊗̂( ˆA⊗B). Then
for a⊗ b ∈ ˆA⊗B we have

π ˆA⊗B ◦ θ ◦ (ϕA(a)⊗ ϕB(b)) = π ˆA⊗B ◦ θ0 ◦ (θ1 ⊗ θ2) ◦ (ϕA(a)⊗ ϕB(b))
= πA ⊗ πB ◦ (θ1 ⊗ θ2)(ϕA(a)⊗ ϕB(b))
= πA ◦ θ1 ◦ ϕA(a)⊗ πB ◦ θ2 ◦ ϕB(b).

Thus (ψA ⊗ ψB) ◦ π ˆA⊗B ◦ θ ◦ (ϕA(a) ⊗ ϕB(b)) = ψA ◦ πA ◦ θ1 ◦ ϕA(a) ⊗ ψB ◦
πB ◦ θ2 ◦ ϕB(b) = (ψA ◦ ϕA)⊗ (ψB ◦ ϕB)(a⊗ b) = (ψA ◦ ϕA)(a)(ψB ◦ ϕB)(b) =
(ψA ⊗ ψB) ◦ (ϕA ⊗ ϕB)(a⊗ b).
Therefore, ˆA⊗B is (ϕA ⊗ ϕB , ψA ⊗ ψB)− biprojective. 
The proof of the following result is similar to that of Proposition 2.3.

Proposition 2.4. Let A be a (ϕA, ψA)- biprojective Banach algebra, and let B
be a (ϕB , ψB)− biprojective Banach algebra with ϕA ∈ Hom(A), ψA
∈ ΦA, ϕB ∈ Hom(B) and ψB ∈ ΦB. Then A⊕B is a (ϕA ⊕ ϕB , ψA ⊕ ψB)−
biprojective.

Proposition 2.5. Let A be a unital Banach algebra, and B be a Banach al-
gebra containing a non-zero idempotent b0. If ˆA⊗B is (ϕA ⊗ ϕB , ψA ⊗ ψB)−
biprojective, then A is (ϕA, ψA)−biprojective.

Proof. There is an ˆA⊗B-bimodule θ : ˆA⊗B −→ ˆ(A⊗B)⊗̂ ˆ(A⊗B) with
(ψA⊗ψB) ◦ π ˆA⊗B ◦ θ ◦ (ϕA⊗ϕB) = (ψA⊗ψB) ◦ (ϕA⊗ϕB). We regard ˆA⊗B
as an A−bimodule with the actions given by

a1 · (a2 ⊗ b) = a1a2 ⊗ b, and (a2 ⊗ b) · a1 = a2a1 ⊗ b (a1, a2 ∈ A, b ∈ B)

Then for a1, a2 ∈ A we have

θ(a1a2 ⊗ b0) = θ((a1 ⊗ b0)(a2 ⊗ b0))
= (a1 ⊗ b0) · θ((a2 ⊗ b0))
= a1 · (eA ⊗ b0) · θ((a2 ⊗ b0))
= a1 · θ((eA ⊗ b0) · (a2 ⊗ b0))
= a1 · θ(eA · a2 ⊗ b20)
= a1 · θ(a2 ⊗ b0).
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Similarly, we can show a right-module version of this equation. Hence we get

θ(a1a2 ⊗ b0) = a1 · θ(a2 ⊗ b0) = θ(a1 ⊗ b0) · a2 (a1, a2 ∈ A).

Let ψB(b0) = 1 and we define

ρ : ˆ(A⊗B)⊗̂( ˆA⊗B) −→ ˆ(A⊗A), (a1 ⊗ b1)⊗ (a2 ⊗ b2) → ψB(b1b2)a1 ⊗ a2,

where a1, a2 ∈ A and b1, b2 ∈ B. Clearly ρ is a bounded linear operator.
We now define θ̃ : A −→ ˆ(A⊗A) by

θ̃(a) = ρ ◦ θ(a⊗ ϕB(b0)) (a ∈ A).

Then θ̃ is an A-bimodule morphism. It follows from the identity

πA ◦ ρ = (idA ⊗ ψB) ◦ π ˆA⊗B .

So

ψA ◦ πA ◦ θ̃ ◦ ϕA(a) = ψA ◦ πA ◦ ρ ◦ θ(ϕA(a)⊗ ϕB(b0)
= ψA ◦ (idA ⊗ ψB) ◦ π ˆA⊗B ◦ θ(ϕA(a)⊗ φB(b0)
= (ψA ⊗ ψB) ◦ π ˆA⊗B ◦ θ(ϕA(a)⊗ ϕB(b0)
= (ψA ⊗ ψB) ◦ (ϕA ⊗ ϕB)(a⊗ b0)
= (ψA ◦ ϕA)(a)(ψB ◦ ϕB)(b0)
= (ψA ◦ ϕA)(a).

That is, A is (ϕA, ψA)−biprojective. 

Definition 2.6. Let A be a Banach algebra, ϕ ∈ Hom(A) and ψ ∈ ΦA. We
say that A is (ϕ,ψ)− contractible if it has a central (ϕ,ψ)− diagonal, i.e., a
(ϕ,ψ)- diagonal m ∈ ˆA⊗A satisfying ϕ(a) ·m = m · ϕ(a) for all a ∈ A and
also ψ ◦ π(m) = 1.

Proposition 2.7. Let A be a Banach algebra, ϕ ∈ Hom(A) and ψ ∈ ΦA. If
A is (ϕ,ψ)− contractible, then A is (ϕ,ψ)− biprojective. The converse holds,
whenever A is either unital or commutative and there is ao ∈ A such that
ϕ(a0) = a0.

Proof. Suppose that m ∈ ˆA⊗A is a central (ϕ,ψ)-diagonal for A. We define
θ : A −→ ˆA⊗A by θ(a) := a ·m. Then for every a ∈ A we have

ψ ◦ π ◦ θ ◦ ϕ(a) = ψ ◦ π(ϕ(a) ·m)
= ψ ◦ (ϕ(a))ψ ◦ π(m) = ψ ◦ (ϕ(a)).

Thus, A is (ϕ,ψ)− biprojective.
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Conversely, since A is (ϕ,ψ)− biprojective, there is a bounded A- module
morphism θ : A −→ ˆA⊗A such that ψ ◦ π ◦ θ ◦ ϕ(a) = ψ ◦ (ϕ(a)) (a ∈ A). Let
eA be an identity for A and let m = θ(eA). Then m is a central (ϕ,ψ)−diagonal
for A.

In the commutative case, let ao ∈ A be such that ϕ(a0) = a0. Suppose that
ψ(a0) = 1 and define m = θ(a0), then m is a central (ϕ,ψ)−diagonal for A.
Therefore, A is (ϕ,ψ)− contractible Banach algebra. 

Example 2.8. Consider the semigroup N∧ with the operation semigroup m ∧
n = min{m,n}, m, n ∈ N. Φl1(N∧) = {ψn : l1(N∧) → C|ψn(Σ∞i=1ciδi) =
Σ∞i=1ci, n ∈ N}. Then l1(N∧) is not biprojective [11]. But if we choose ψ1 ∈
Φl1(N∧), ϕ ∈ Hom(l1(N∧)) and define m = δ1 ⊗ δ1, then ϕ(a) ·m = m · ϕ(a)
for all a ∈ l1(N∧) and also ψ1 ◦ π(m) = 1. Terefore l1(N∧) is a (ϕ,ψ1)−
contractible. By Proposition (2.7), l1(N∧) is a (ϕ,ψ1)−biprojective.

Definition 2.9. Let A be a Banach algebra, ϕ ∈ Hom(A) and ψ ∈ ΦA. A
is called (ϕ,ψ)− biflat if there exists a bounded A-bimodule map θ : A −→
( ˆA⊗A)∗∗ , where ψ̃ ◦ π∗∗ ◦ θ ◦ ϕ = ψ ◦ ϕ.
i) Let A be a biflat Banach algebra. Then A is (ϕ,ψ)− biflat Banach algebra
for every ϕ ∈ Hom(A) and ψ ∈ ΦA.

ii) Let A be a (ϕ,ψ)−biprojective Banach algebra. Then A is (ϕ,ψ)− biflat
Banach algebra for every ϕ ∈ Hom(A) and ψ ∈ ΦA.

The following result can be found in [9].

Lemma 2.10. Let A be a Banach algebra. Then there exists an A-bimodule
homomorphism γ : ( ˆA⊗A)∗ −→ ( ˆA∗∗ ⊗A∗∗)∗ such that for any functional f ∈
( ˆA⊗A)∗, elements ϕ,ψ ∈ A∗∗ and nets (aα), (bβ) in A with w∗ − limαaα = ϕ
and w∗ − limβbβ = ψ we have

γ(f)(ϕ⊗ ψ) = limαlimβf(aα ⊗ bβ).

If ψ ∈ ΦA, then ψ has a unique extension on A∗∗ which it by ψ̃ and defined
by ψ̃(F ) = F (ψ) for every F ∈ A∗∗.

Theorem 2.11. Suppose that A is a Banach algebra, ϕ ∈ Hom(A) and ψ ∈
ΦA. If A∗∗ is (ϕ∗∗, ψ̃)−biprojective, then A is (ϕ,ψ)−biflat.

Proof. Let κ : A −→ A∗∗, κ1 : A∗ −→ A∗∗∗ and κ∗ : A∗∗ −→ A∗∗∗∗ denote
the natural inclusions, π (∗∗π, respectively) the product maps on A (A∗∗, re-
spectively) and let γ be defined as in Lemma 2.10. Then the following diagram
commutes:
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A∗∗∗

A∗ ( ˆA⊗A)∗

( ˆA∗∗ ⊗A∗∗)∗
∗∗π∗

π∗

κ1 γ

for each a∗ ∈ A∗, elements a∗∗1 , a
∗∗
2 ∈ A∗∗ and nets (aα), (bβ) ⊂ A with w∗ −

limα aα = a∗∗1 , w
∗ − limβ bβ = a∗∗2 , we have

(γ(π∗(a∗)))(a∗∗1 ⊗ a∗∗2 ) = lim
α

lim
β
π∗(a∗)(aα ⊗ bβ)

= lim
α

lim
β
a∗(aαbβ)

= w∗ − lim
α
w∗ − lim

β
κ(aαbβ)(a∗)

= κ1(a∗)(a∗∗1 a
∗∗
2 )

= κ1(a∗)(∗∗π(a∗∗1 ⊗ a∗∗2 ))
= (∗∗π∗(κ1(a∗)))(a∗∗1 ⊗ a∗∗2 ).

Thus γ ◦ π∗ =∗∗ π∗ ◦ κ1. Hence π∗∗ ◦ γ∗ = κ∗1 ◦∗∗ π∗∗. Since A∗∗ is (ϕ∗∗, ψ̃)−
biprojective, there is an A-bimodule map θ0 : A∗∗ −→ ( ˆA∗∗ ⊗A∗∗), such that
ψ̃ ◦ π ◦ θ0 ◦ϕ∗∗ = ψ̃ ◦ϕ∗∗. Putting θ := γ∗ ◦ θ0 ◦ κ, then for each a ∈ A we have

ψ̃ ◦ π∗∗ ◦ θ ◦ ϕ(a) = ψ̃ ◦ π∗∗ ◦ γ∗ ◦ θ0 ◦ κ ◦ ϕ(a)
= ψ̃ ◦ κ∗1 ◦ π∗∗ ◦ θ0 ◦ κ ◦ ϕ(a)
= ψ̃ ◦ κ∗1 ◦ π∗∗ ◦ θ0 ◦ ϕ∗∗(a)
= ψ̃ ◦ π∗∗ ◦ θ0 ◦ ϕ∗∗(a) = ψ ◦ ϕ(a).

That is, A is (ϕ,ψ)−biflat. 

3. (ϕ, ψ)-Spseudo Amenable Banach Algebras

Suppose that A is a Banach algebra, ϕ ∈ Hom(A) and ψ ∈ ΦA. Let X be a
Banach A-bimodule. A linear operator D : A −→ X is a (ϕ,ψ)−derivation if it
satisfies D(ab) = D(a) · ψ(b) +ϕ(a) ·D(b) for all a, b ∈ A. A (ϕ,ψ)−derivation
D is (ϕ,ψ)-inner derivation if there is x ∈ X such that D(a) = ϕ(a) · x −
x · ψ(a) for a ∈ A. Let Z1

(ϕ,ψ)(A,X) be the set of all continuous (ϕ,ψ)-
derivations and N 1

ϕ(A,X) be the set of all (ϕ,ψ)-inner derivations from A
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into X. The first cohomology group H1
(ϕ,ψ)(A,X) is defined the quotient space

Z1
(ϕ,ψ)(A,X)/N 1

(ϕ,ψ)(A,X).

A Banach algebra A is called (ϕ,ψ)-amenable if H1
(ϕ,ψ)(A,X

∗) = {0}, for all
A-bimodules X.

Let A be a Banach algebra and X, Y be Banach A-bimodules. Then A-
bimodule morphism from X to Y is a morphism ϕ : X −→ Y such that

ϕ(a · x) = a · ϕ(x), ϕ(x · a) = ϕ(x) · a (a ∈ A, x ∈ X)

Theorem 3.1. Assume that A is a Banach algebra with a bounded approximate
identity and a · b = ψ(a) · b, ψ ◦ ϕ(a) = 1 for every a, b ∈ A. If A is (ϕ,ψ)−
amenable, then A is a (ϕ,ψ)− biflat.

Proof. Let (eα) be a bounded approximate identity forA andE be a w∗−cluster
point of (ϕ(eα)⊗ϕ(eα)) in ( ˆA⊗A)∗∗. We define a (ϕ,ψ)− derivation D : A −→
( ˆA⊗A)∗∗ by D(a) = ϕ(a) · E − E · ψ(a). Then

π∗∗(D(a)) = w∗ − lim
α
π[(ϕ(a)(ϕ(eα)⊗ ϕ(eα))− (ϕ(eα)⊗ ϕ(eα))ψ(a)]

= lim
α
ϕ(a)ϕ(e2α)− ϕ(e2α)ψ(a)

= lim
α
ϕ(ae2α)− ϕ(e2α)ψ(a)

= lim
α
ψ(a)ϕ(e2α)− ϕ(e2α)ψ(a) = 0.

Therefore, D(A) ⊆ ker(π∗∗) = (kerπ)∗∗. So there exists N ∈ (kerπ)∗∗ such
that Da(a) = ϕ(a).N −N.ψ(a). Put M = E −N . Then

ψ̃ ◦ π∗∗(M) = ψ̃ ◦ π∗∗(E −N) = ψ̃ ◦ π∗∗(E)
= w∗ − lim

α
ψ̃ ◦ π(ϕ(eα)⊗ ϕ(eα))

= lim
α
ψ ◦ ϕ(e2α) = 1.

We now define θ : A −→ ( ˆA⊗A)∗∗ by a → ψ(a) ·M (a ∈ A). Hence, for every
a ∈ A,

ψ̃ ◦ π∗∗ ◦ θ ◦ ϕ(a) = ψ̃ ◦ π∗∗(ψ(ϕ(a)) ·M)
= ψ(ϕ(a)). 

Definition 3.2. Let A be a Banach algebra, ϕ ∈ Hom(A) and ψ ∈ ΦA. We
say that A is (ϕ,ψ)−approximate biprojective if there is a net θα : A −→
( ˆA⊗A)(α ∈ I) of continuous A-bimodule homomorphisms such that ψ ◦ π ◦
θα ◦ ϕ(a)→ ψ ◦ ϕ(a).



150 Z. GHORBANI AND J. BARADARAN

Let A be a biprojective Banach algebra. Then A is (ϕ,ψ)−approximate bipro-
jective Banach algebra for every ϕ ∈ Hom(A) and ψ ∈ ΦA.

Theorem 3.3. Let A be a (ϕ,ψ)−approximate biprojective Banach algebra. If
I is a closed ideal of A and ϕ(I) ⊂ I, then I is (ϕ|I , ψ|I)− approximate bipro-
jective.

Proof. Suppose that θα : A −→ ( ˆA⊗A)(α ∈ I) satisfies ψ ◦ πA ◦ θα ◦ ϕ(a) →
ψ ◦ ϕ(a) (a ∈ A) and i0 ∈ I such that ψ(i0) = 1. Let T : A⊗̂A −→ I⊗̂I
be defined by a ⊗ b → ai0 ⊗ i0b (since I is ideal, for every a, b ∈ A, then
ai0, i0b ∈ I). We define ρα = T ◦ θα|I . Therefore

ψ ◦ πI ◦ ρα ◦ ϕ(i) = ψ ◦ πI ◦ T ◦ θα ◦ ϕ(i)
= ψ ◦ πA ◦ θα ◦ ϕ(i)
→ ψ ◦ ϕ(i) (i ∈ I).

Hence the proof is completes. 

Theorem 3.4. Suppose that A is a Banach algebra, ϕ ∈ Hom(A) and ψ ∈
ΦA. If A is (ϕ,ψ)−biflat, then A is (ϕ,ψ)−approximate biprojective.

Proof. Assume that θ : A −→ ( ˆA⊗A)∗∗ is a continuous A-bimodule map such
that ψ̃ ◦π∗∗A ◦ θ ◦ϕ(a) = ψ ◦ϕ(a) (a ∈ A). By Goldstine’s Theorem, there exists
(θα) ⊂ B(A, ˆA⊗A) such that θ = w∗ − limα θα. For every a ∈ A we have

w∗ − lim
α
πA ◦ θα ◦ ϕ(a) = w∗ − lim

α
π∗∗A ◦ θα ◦ ϕ(a) = π∗∗A ◦ θ ◦ ϕ(a).

So
ψ ◦ πA ◦ θα ◦ ϕ(a)→ ψ̃ ◦ π∗∗A ◦ θ ◦ ϕ(a).

Given ε > 0 and take F = {a1, a2, ..., ar} ⊂ A. We put M = {ψ ◦ πA ◦ T ◦
ϕ(ai) − ψ ◦ ϕ(ai)|T ∈ B(A, ˆA⊗A)}i=1,...,r. Applying Mazur’s Theorem, we
obtain a net (θ(F,)) ⊂ B(A, ˆA⊗A) such that

ψ ◦ πA ◦ θ(F,) ◦ ϕ(a) −→ ψ ◦ ϕ(a)

So, A is (ϕ,ψ)−approximate biprojective. 

Definition 3.5. Let A be a Banach algebra, ϕ ∈ Hom(A) and ψ ∈ ΦA. We say
that A is (ϕ,ψ)− pseudo amenable if A admit a (ϕ,ψ)− approximate diagonal,
i.e., there is a net (mα) ⊂ ˆA⊗A (not necessary bounded) such that mα ·ϕ(a)−
ϕ(a) ·mα −→ 0 and ψ ◦ π(mα) −→ 1 (a ∈ A).

Theorem 3.6. Suppose that A is a Banach algebra, ϕ ∈ Hom(A) and ψ ∈
ΦA. If A∗∗ is (ϕ∗∗, ψ̃)− pseudo amenable, then A is (ϕ,ψ)− pseudo amenable.



(ϕ,ψ)− BIPROJECTIVE BANACH ALGEBRAS 151

Proof. Let (m̃α) be a (ϕ,ψ)−approximate diagonal for A∗∗. Then for every
a ∈ A we have (m̃α · ϕ(a)− ϕ(a) · m̃α → 0 and ψ ◦ π(m̃α)→ 1. By Goldstine’s
Theorem there is a net (m̃α) in ( ˆA⊗A), and we can replace weak∗ convergence
in the above two limit by weak convergence. This implies, by Mazur’s Theorem,
that A is (ϕ,ψ)− pseudo amenable. 

Theorem 3.7. Suppose that A is a Banach algebra with an approximate iden-
tity. Then A is (ϕ,ψ)− pseudo amenable if and only if A is ϕ− approximate
biprojective.

Proof. Let (eβ)β∈I be an approximate identity for A and suppose that θα :
A −→ ( ˆA⊗A) (α ∈) satisfies ψ ◦ π ◦ θα ◦ ϕ(a) → ψ ◦ ϕ(a) (a ∈ A). Let
E = I× I be directed by the product ordering and for each λ = (β, α) ∈ E,
define mλ = θα(ϕ(eβ)). Using the iterated limit theorem [7, Theorem 2.4], we
get

lim
λ

(mλ · ϕ(a)− ϕ(a) ·mλ ) = 0 (a ∈ A),

and also

lim
λ
ψ ◦ π(mλ) = lim

λ
ψ ◦ π(θα(ϕ(eβ)))

= lim
λ
ψ ◦ ϕ(eβ) = 1.

That is, A is (ϕ,ψ)− pseudo amenable. Conversely, let (mβ) be a (ϕ,ψ)−appro-
ximate diagonal for A and define θβ : A −→ ( ˆA⊗A) by a → a ·mβ . Then for
every a ∈ A we have

ψ ◦ π ◦ θβ ◦ ϕ(a) = ψ ◦ π ◦ (ϕ(a) ·mβ)
= ψ ◦ ϕ(a)ψ ◦ π(mβ)
→ ψ ◦ ϕ(a). 
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