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a2 ∈ (N :R M). We extend this concept to semi-n-absorbing submodule,
where n is a positive integer greater than 1. A proper submodule N of
an R-module M is called a semi-n-absorbing submodule of M if when-
ever a ∈ R, x ∈ M and anx ∈ N then ax ∈ N or an ∈ (N :R M). As a
new class of submodules, we would like to compare it with the class of
prime submodules. The main purpose of this paper is to get new results
about semi-n-absorbing submodules. Some examples are given as well.

The organization of this paper is as follows. In section 2, we introduce the
notion of semi-n-absorbing submodules and investigate some results of
them. It is proved that a proper submoduleN in anR-moduleM is semi-
n-absorbing if and only if for every a ∈ R we have (N :M an) = (N :M a)
or (N :M an) = M . Also, we show that in a multiplication R-module
M , a submodule N is semi-n-absorbing in M if and only if (N :R M)
is so in R. In proposition 2.23, it is seen that the inverse image of every
semi-n-absorbing submodule is semi-n-absorbing. However, proposition
2.20 shows that this conclusion is not always true for the images of
semi-n-absorbing submodules. In example 2.5, we characterize all semi-
n-absorbing submodules of Z. Also, in example 2.4, we prove that Zp∞
as a Z-module does not have any semi-n-absorbing submodule, for every
prime number p. In section 3, we focus on direct sums and tensor prod-
ucts of modules in order to find semi-n-absorbing submodules of them. It
is shown that if N is a semi-n-absorbing submodule of an R-module M
and F is a flat R-module such that F ⊗ N is proper in F ⊗M then
F ⊗N is semi-n-absorbing in F ⊗M . We prove that the converse holds
when F is faithfully flat.

2. Basic Properties of Semi-n-Absorbing Sub-
modules

In this section, we first define the concept of semi-n-absorbing submod-
ules. Then some examples and properties of these submodules are given.

Definition 2.1. Let M be an R-module and n a positive integer greater
than 1. A proper submodule N of M is called a semi-n-absorbing sub-
module of M if for each a ∈ R and x ∈M , anx ∈ N implies that ax ∈ N
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or an ∈ (N :R M).

Particularly, a proper ideal I of a ring R is called semi-n-absorbing in
R if, for each a, b ∈ R, anb ∈ I implies that ab ∈ I or an ∈ I.
Recall that a proper submodule N of an R-module M is called prime
if for every a ∈ R and every x ∈ M , ax ∈ N implies that x ∈ N or
a ∈ (N :R M). Obviously, every prime submodule is semi-n-absorbing,
for each positive integer n greater than 1.

Most of the results below are the same as ones in [6] when n = 2.

Clearly, every proper subspace in a vector space is semi-n-absorbing,
where n is a fixed positive integer graeter than 1.

Lemma 2.2.Let N be a proper submodule of an R-module M and n a
positive integer greater than 1. The following statements are equivalent.
(i) N is semi-n-absorbing in M ;
(ii) For every a ∈ R and every submodule L of M , anL ⊆ N implies
that aL ⊆ N or an ∈ (N :R M).

Proof. It is clear. 

Example 2.3 Let p be a prime number and n a positive integer greater
than 1. The zero submodule of Zpn as a Z-module is a semi-n-absorbing
submodule. For it, let a, x ∈ Z be such that anx̄ = 0̄ ∈ Zpn . Then
pn | anx and so p | a or pn | x. If p | a then an ∈ (0 :Z Zpn). Otherwise,
pn | x which implies that ax̄ = 0̄ ∈ Zpn .

Example 2.4. Let p be a fixed prime number and n a positive integer
greater than 1. Each proper submodule of the Z-module Zp∞ is of the
form Gk = ( 1

pk
+Z), for a non-negative integer k. Furthermore, for each

k  0, (Gk :Z Zp∞) = 0. Note that pn( 1
pn+k

+ Z) = 1
pk

+ Z ∈ Gk, but
neither pn ∈ (Gk :Z Zp∞) = 0 nor p( 1

pn+k
+ Z) ∈ Gk. Hence Zp∞ does

not have any semi-n-absorbing submodule.

In the following example we characterize all semi-n-absorbing ideals of
Z.

Example 2.5. For a positive integer n greater than 1, the only semi-
n-absorbing ideals in Z are 0, pZ, p2Z,..., pnZ, where p is an arbitrary
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prime number. Clearly, 0 is semi-n-absorbing. Now, we show that pαZ
is semi-n-absorbing for 1  α  n. To see this, let a, x ∈ Z and anx ∈
pαZ. If p | a then an ∈ pαZ. Otherwise, pα | x which implies that
ax ∈ pαZ. Let α > n. Then pα = pnpα−n ∈ pαZ. But ppα−n /∈ pαZ
and pn /∈ pαZ. In this case, pαZ is not semi-n-absorbing. Finally, let k
be a positive integer such that k = pα11 p

α2
2 · · · pαrr , where k > 1, r > 1

and pi’s are distinct prime numbers. Suppose that αi  n, for some
i. Then without loss of generality, we can assume that i = 1. Note that
k = pn1p

α1−n
1 pα22 · · ·pαrr ∈ kZ. But p1pα1−n1 pα22 · · ·pαrr /∈ kZ and pn1 /∈ kZ. If

αi < n, for each i, then pn1 (p
α2
2 · · · pαrr ) ∈ kZ but p1pα22 · ··αrr /∈ kZ and

pn1 /∈ kZ. Therefore we proved our claim.

This example shows that, for each positive integer greater than 1, there
are semi-n-absorbing submodules which are not prime.

Let M be an R-module. Recall that the idealization R(+)M = R ×M

is a ring with identity (1, 0) under addition defined by (a, x) + (b, y) =
(a+ b, x+ y) and multiplication defined by (a, x)(b, y) = (ab, ay + bx).

Lemma 2.6.Let n be a positive integer greater than 1. Suppose that I
is a proper ideal of the ring R and M is an R-module. Then I is semi-
n-absorbing in R if and only if I(+)M is semi-n-absorbing in R(+)M .

Proof. Suppose that I(+)M is semi-n-absorbing inR(+)M . Let a, b ∈ R
be such that anb ∈ I. Then we have (a, 0)n(b, 0) ∈ I(+)M . Since I(+)M
is semi-n-absorbing in R(+)M so (a, 0)(b, 0) ∈ I(+)M or (a, 0)n ∈
I(+)M . This yields that ab ∈ I or an ∈ I. Thus I is semi-n-absorbing.
Similarly, one can prove the other direction. 

Lemma 2.7.Let n be a positive integer greater than 1. If I is a semi-n-
absorbing ideal of a ring R, then

√
I is also semi-n-absorbing.

Proof. Let a, b ∈ R, anb ∈
√
I and ab /∈

√
I. There exists a positive

integer k such that (anb)k ∈ I. Since I is semi-n-absorbing and (ak)nbk ∈
I so akbk ∈ I or (ak)n ∈ I. But ab /∈

√
I. Thus akbk /∈ I and hence

(ak)n ∈ I which shows that an ∈
√
I. 

Example 2.8. Consider the idealization Z(+)Z = Z×Z Lemma 2.6. Let
n be a positive integer greater than 1, p a prime number and take
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I = pn+1Z. It is seen that


0(+)I = 0(+)Z is semi-n-absorbing in
Z(+)Z. But, note that (p, 0)n(0, p) ∈ 0(+)I while (p, 0)(0, p) = (0, p2) /∈
0(+)I and (p, 0)n = (pn, 0) /∈ 0(+)I. Therefore 0(+)I is not semi-n-
absorbing.

This example shows that the converse of Lemma 2.7 is not true.

Lemma 2.9. Let n be a positive integer greater than 1 and M an R-
module. Let N and K be two submodules of M such that N ⊆ K. If N is
a semi-n-absorbing submodule of M then N is semi-n-absorbing in K.

Proof. It is clear. 

Next, we give an example of a module which shows that the converse of
the above lemma is not correct.

Example 2.10. Take N = 0 and K = (12 + Z) in the Z-module
Z2∞ . Then it is easily checked that N is semi-n-absorbing in K while N
is not so in M (Example 2.4).

Lemma 2.11. Let n be a positive integer greater than 1 and N a semi-
n-absorbing submodule of an R-module M . Then, for each submodule L
of M , either L ⊆ N or L


N is semi-n-absorbing in L.

Proof. Suppose that L  N . Then L

N is proper in L. By the defini-

tion, we can easily show that L

N is semi-n-absorbing in L. 

Lemma 2.12. Let n be a positive integer greater than 1, M an R-
module and {Nλ}λ∈Λ be a chain of semi-n-absorbing submodules of M . If
N =


λ∈ΛNλ is proper, then N is semi-n-absorbing.

Proof. It follows immediately from the definition of semi-n-absorbing
submodules. 

The above result is to somehow similar to one in [2].

Example 2.8 shows that the converse of Lemma 2.12 is not true in gen-
eral.

Let N and K be two isomorphic submodules of an R-module M and
n a positive integer greater than 1. If N is semi-n-absorbing, it is not
necessary that K is so. As an example, consider Z as a Z-module. Note
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that 2nZ and 6nZ are isomorphic submodules in Z. But 2nZ is a semi-
n-absorbing submodule while 6nZ is not.

In general, the intersection of two semi-n-absorbing submodules is not
essential to be semi-n-absorbing. See the following example.

Example 2.13. Let M = Z as a Z-module, N = 2nZ and K =
3nZ. We know that N and K are semi-n-absorbing submodules of M
but N


K = 6nZ is not semi-n-absorbing.

The following lemma will give us a characterization of semi-n-absorbing
submodules.

Lemma 2.14. Let n be a positive integer greater than 1 and N a proper
submodule of an R-module M . Then N is semi-n-absorbing if and only
if for every a ∈ R we have (N :M an) = (N :M a) or (N :M an) = M .

Proof. Suppose that N is a semi-n-absorbing submodule of M and
a ∈ R. If (N :M an) = M then we are done. Otherwise, let x ∈ M and
anx ∈ N . Since N is semi-n-absorbing and (N :M an) = M so ax ∈ N
which shows that x ∈ (N :M a). Therefore (N :M an) ⊆ (N :M a).
Clearly (N :M a) ⊆ (N :M an). Consequently (N :M a) = (N :M an).

Conversely, let a ∈ R, x ∈ M and anx ∈ N . If (N :M an) = M , then
an ∈ (N :R M). Otherwise (N :M a) = (N :M an). Since x ∈ (N :M an)
so x ∈ (N :M a) i.e., ax ∈ N . Thus N is semi-n-absorbing submodule in
M . 

Lemma 2.15. Let N be a proper submodule of an R-module M and n

a positive integer greater than 1. The following are equivalent.
(i) N is semi-n-absorbing;
(ii) (N :M I) is semi-n-absorbing, for each ideal I of R with IM  N ;
(iii) (N :M (r)) is semi-n-absorbing, for each r ∈ R with rM  N .

Proof. (i) =⇒ (ii) Assume that I is an ideal of R with IM  N . Let
a ∈ R, L be a submodule of M and anL ⊆ (N :M I). Then anIL ⊆
N . By Lemma 2.2, aIL ⊆ N or an ∈ (N :R M). If aIL ⊆ N then aL ⊆
(N :M I). Consequently, aL ⊆ (N :M I) or an ∈ (N :R M). Therefore
(N :M I) is semi-n-absorbing.

(ii)=⇒ (iii) It is clear.
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(iii) =⇒ (i) Take r = 1. Then (N :M (1)) = N . So N is semi-n-
absorbing. 

Lemma 2.16. Let N be a proper submodule of an R-module M and n

a positive integer greater than 1. If N is semi-n-absorbing in M then
(N :R Rx) is a semi-n-absorbing ideal of R, for all x ∈M \N .

Proof. Note that (N :R Rx) = R, for each x ∈M \N . By the definition
of semi-n-absorbing ideals, we can get the result. 

Lemma 2.17. Let N be a proper submodule of an R-module M and n

a positive integer greater than 1. If N is a semi-n-absorbing submodule
of M then (N :R M) is semi-n-absorbing as an ideal.

Proof. Let a, b ∈ R and anb ∈ (N :R M). Then an(bM) ⊆ N . Since N
is semi-n-absorbing, so by Lemma 2.2, abM ⊆ N or an ∈ (N :R M). The
rest of the proof is clear. 

The following proposition shows that for multiplication modules the con-
verse of the above lemma is true.

Proposition 2.18. Let N be a proper submodule of a multiplication
R-module M and n a positive integer greater than 1. If (N :R M) is a
semi-n-absorbing ideal of R then N is semi-n-absorbing as a submodule
of M .

Proof. Let anx ∈ N , for some a ∈ R and x ∈M . Then anRx ⊆ N . Since
M is multiplication so Rx = IM , for some ideal I of R. Hence we get
anIM ⊆ N i.e, anI ⊆ (N :R M). By Lemma 2.2, aI ⊆ (N :R M) or
an ∈ (N :R M). The relation aI ⊆ (N :R M) implies that aIM ⊆ N

and so aRx ⊆ N . Therefore ax ∈ N or an ∈ (N :R M). As a result, N
is semi-n-absorbing. 

Corollary 2.19. Let M be a finitely generated faithful multiplication R-
module, N a proper submodule of M and n be a positive integer greater
than 1. Then N is a semi-n-absorbing submodule of M if and only if
N = IM , for a semi-n-absorbing ideal I of R.

Proof. Let N be a semi-n-absorbing submodule of M . Since M is mul-
tiplication so N = IM for I = (N :R M), by [5]. Lemma 2.17 shows
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that I is semi-n-absorbing as an ideal.

Conversely, let N = IM , for a semi-n-absorbing ideal I of R. Suppose
that a ∈ R, x ∈ M and anx ∈ N . Then anRx ⊆ N . Since M is mul-
tiplication so Rx = JM , for an ideal J of R. In this case, we have
anJM ⊆ N = IM . But M is finitely generated, faithful and multipli-
cation. Thus anJ ⊆ I, (see [5]). Since I is semi-n-absorbing, by lemma
(2.), aJ ⊆ I or an ∈ I. Thus aJM ⊆ IM = N or an ∈ I. If aJM ⊆ N

then aRx ⊆ N and so ax ∈ N . Otherwise an ∈ I which implies that
anM ⊆ IM = N . 

Proposition 2.20. Let n be a positive integer greater than 1, f : M −→
M  an R-module epimorphism and N be a semi-n-absorbing submodule
of M such that Kerf ⊆ N . Then f(N) is a semi-n-absorbing submodule
of M .

Proof. It is clear. 

Corollary 2.21. Let n be a positive integer greater than 1, N a semi-
n-absorbing submodule of an R-module M and K be a submodule of M
such that K ⊆ N . Then N

K is a semi-n-absorbing submodule of M
K .

Proof. Let f : M → M
K be the canonical epimorphism. Then K =

Kerf ⊆ N . By the above proposition, the result follows. 
Note that the condition of being epimorphism in Proposition 2.20 is
essential. See the following example.

Example 2.22. Let n be a positive integer greater than 1. Define
f : Z→ Z by f(k) = 3nk, for all k ∈ Z. Then f is a Z-module homomor-
phism which is not onto. Take N = 2nZ. We have N is semi-n-absorbing
but f(N) = 6nZ is not.

Proposition 2.23. Let n be a positive integer greater than 1, f : M →
M  be an R-module homomorphism and N  a semi-n-absorbing submod-
ule of M . Then f−1(N ), the inverse image of N , is semi-n-absorbing
in M .

Proof. It is clear. 

Corollary 2.24. Let n be a positive integer greater than 1 and N and
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K be two submodules of an R-module M such that K ⊆ N . If N
K is

a semi-n-absorbing submodule of M
K , then N is semi-n-absorbing as a

submodule of M .

Proof. By considering f : M → M
K to be the canonical epimorphism,

Proposition 2.23 shows the result. 

Recall that a submodule N of an R-module M is called relatively divis-
ible, denoted RD, if rN = N


rM , for all r ∈ R.

Proposition 2.25. Let n be a positive integer greater than 1, N a
semi-n-absorbing submodule of an R-module M and K be a proper RD-
submodule of M such that N ⊆ K. Then K

N and K are semi-n-absorbing
submodules of M

N and M , respectively.

Proof. First we show that K
N is a semi-n-absorbing submodule of MN . Let

a ∈ R, x+N ∈ M
N and an(x+N) ∈ K

N . Then anx+N = k+N , for some
k ∈ K, and so anx − k ∈ N ⊆ K. Therefore anx ∈ K. As anx ∈ anM

and K is RD, anx ∈ anM

K = anK which implies that anx = any, for

some y ∈ K. Hence an(x−y) = 0 ∈ N . But N is semi-n-absorbing. Thus
a(x− y) ∈ N or an ∈ (N :R M).

If a(x − y) ∈ N , then ax + N = ay + N and a(x + N) = a(y + N) ∈
K
N . Otherwise an ∈ (N :R M) ⊆ (KN :R M

N ). Therefore K
N is semi-n-

absorbing.

Then, we show that K is semi-n-absorbing in M . Let a ∈ R, x ∈ M

and anx ∈ K. Thus an(x + N) ∈ K
N . Since K

N is semi-n-absorbing so
a(x + N) ∈ K

N or an ∈ (KN :R M
N ). Hence ax ∈ K or an ∈ (KN :R M

N ) =
(K :R M) and we get the result. 

Remark 2.26. Being RD in the above proposition is necessary.

Example 2.27. Let n be a positive integer greater than 1. Take M = Z
as a Z-module, N = 0 which is semi-n-absorbing in M and K = 6nZ. We
have K


3Z = 6nZ


3Z = 6nZ. So 3K = K


3Z which shows that K

is not an RD submodule. Also, K
N and K are not semi-n-absorbing in

M
N and M , respectively.

Proposition 2.28. Let n be a positive integer greater than 1. Assume
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that N is a semi-n-absorbing submodule of an R-module M and S a
multiplicatively closed subset of R such that S


(N :R M) = Ø. Then

S−1N is semi-n-absorbing in the S−1R-module S−1M .

Proof. Since S


(N :R M) = Ø so S−1N is proper in S−1M . Now we
show that S−1N is semi-n-absorbing in S−1M . For this, let a

t ∈ S
−1R,

x
s ∈ S

−1M and an

tn
x
s ∈ S

−1N . There exists an element u ∈ S such that
uanx ∈ N . As N is semi-n-absorbing, aux ∈ N or an ∈ (N :R M). If
aux ∈ N , then a

t
x
s = aux

tus ∈ S−1N . In other case, an ∈ (N :R M) and
so an

tn ∈ S−1(N :R M) ⊆ (S−1N :S−1R S−1M). Consequently, S−1N is
semi-n-absorbing in S−1M . 

Example 2.29. Consider the Z-module M = Q × Q, where Q is the
field of rational numbers. Take N = Z × 0 and S = Z − {0}. Then
S is a multiplicatively closed subset of Z and S−1Z = Q is a field. So
S−1(Q×Q) is a vector space over S−1Z = Q and the proper submodule
S−1N is a semi-n-absorbing submodule of S−1(Q × Q), where n is a
positive integer greater than 1. But N is not semi-n-absorbing in the
Z-module M . To see this, Note that 2n( 12n , 0) = (1, 0) ∈ N but neither
2( 12n , 0) = ( 1

2n−1 , 0) ∈ N nor 2n ∈ (N :Z Q×Q) = 0.

3. Direct Sum, Tensor Product and Semi-n-Abs-
orbing Submodules

In this section, we first characterize semi-n-absorbing submodules in the
R-module M = M1⊕M2. Then we find a condition under which F ⊗N
is semi-n-absorbing in F ⊗M if and only if N is semi-n-absorbing in M .

Proposition 3.1. Let n be a positive integer greater than 1, M1 and M2

be R-modules and M = M1 ⊕M2. Moreover, let N1 and N2 be proper
submodules of M1 and M2, respectively. Then
(i) N1 is a semi-n-absorbing submodule of M1 if and only if N1⊕M2 is
semi-n-absorbing in M = M1 ⊕M2.
(ii) N2 is semi-n-absorbing in M2 if and only if M1 ⊕ N2 is semi-n-
absorbingin M .

Proof. (i) Let N1 be semi-n-absorbing in M1 and a ∈ R, (x1, x2) ∈ M
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be such that an(x1, x2) ∈ N1 ⊕M2. Thus anx1 ∈ N1. By hypothesis,
ax1 ∈ N1 or an ∈ (N1 :R M1). If ax1 ∈ N1, then a(x1, x2) ∈ N1⊕M2. In
other case, an ∈ (N1 :R M1) and so an ∈ (N1 ⊕N2 :R M) which shows
that N1 ⊕M2 is semi-n-absorbing in M .

Conversely, assume that N1 ⊕M2 is semi-n-absorbing in M . Let a ∈ R,
x1 ∈ M1 and anx1 ∈ N1. Then an(x1, 0) ∈ N1 ⊕M2. But N1 ⊕M2 is
semi-n-absorbing. So a(x1, 0) ∈ N1 ⊕M2 or an ∈ (N1 ⊕M2 :R M). If
a(x1, 0) ∈ N1 ⊕M2, then ax1 ∈ N1. Otherwise an ∈ (N1 ⊕M2 :R M)
which shows that anM1 ⊆ N1. Therefore N1 is semi-n-absorbing in M1.
(ii) It is similar to part (i). 

Proposition 3.2. Let n be a positive integer greater than 1, M1 and
M2 two R-modules such that annM1 + annM2 = R and N be a semi-n-
absorbing submodule of the R-module M = M1 ⊕M2. Then one of the
following holds.
(i) N = N1 ⊕M2 and N1 is semi-n-absorbing in M1.
(ii) N = M1 ⊕N2 and N2 is semi-n-absorbing in M2.
(iii) N = N1 ⊕ N2, where N1 and N2 are semi-n-absorbing in M1 and
M2, respectively.

Proof. By the proof of Theorem 2.4 in [1], N = N1 ⊕ N2, for some
submodules N1 of M1 and N2 of M2. Now if N = N1 ⊕M2 or N =
M1 ⊕ N2, by Proposition 3.1, we are done. Otherwise, N = N1 ⊕ N2,
where N1 and N2 are proper in M1 and M2, respectively. Now let a ∈ R,
x1 ∈M1 and anx1 ∈ N1. Then an(x1, 0) ∈ N = N1⊕N2. By hypothesis,
a(x1, 0) ∈ N = N1 ⊕ N2 or an ∈ (N1 ⊕ N2 :R M). In the first case, we
get ax1 ∈ N1 and in the second an ∈ (N1 :R M1). Therefore N1 is semi-
n-absorbing in M1. Similarly, we can show that N2 is semi-n-absorbing
in M2. 

Lemma 3.3. Let N be a submodule of an R-module M and r ∈ R. Then
for every flat R-module F , we have F ⊗ (N :M r) = (F ⊗N :F⊗M r).

Proof. See [3]. 

Theorem 3.4. Let n be a positive integer greater than 1, N a semi-n-
absorbing submodule of an R-module M and F be a flat R-module. If
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F ⊗N is a proper submodule of F ⊗M then F ⊗N is a semi-n-absorbing
submodule of F ⊗M .

Proof. As N is a semi-n-absorbing submodule of M , by Lemma 2.14,
we have either (N :M an) = (N :M a) or (N :M an) = M , for all
a ∈ R. Assume (N :M an) = (N :M a). By the above lemma, we have
(F⊗N :F⊗M an) = F⊗(N :M an) = F⊗(N :M a) = (F⊗N :F⊗M a). If
(N :M an) = M then (F⊗N :F⊗M an) = F⊗(N :M an) = F⊗M . Hence
F ⊗N is a semi-n-absorbing submodule of F ⊗M , by Lemma 2.14. 
Here, we give an example satisfying Theorem 3.4.

Example 3.5. Q is a flat Z-module ([4]). By Example 2.5, 0 is semi-
n-absorbing in Z, where n is a positive integer greater than 1. Also, we
have Q⊗Z Z ∼= Q and Q⊗Z 0 = 0. Therefore Q⊗Z 0 is proper in Q⊗Z Z
and so is semi-n-absorbing, by Theorem 3.4.

Theorem 3.6. Let n be a positive integer greater than 1 and F be a
faithfully flat R-module. Then N is a semi-n-absorbing submodule of M
if and only if F ⊗N is semi-n-absorbing in F ⊗M .

Proof. Let N be a semi-n-absorbing submodule of M . If F⊗N = F⊗M
then 0 → F ⊗ N → F ⊗ M → 0 is an exact sequence. Since F is
faithfully flat so 0 → N → M → 0 is exact which shows that N = M ,
a contradiction. So F ⊗ N = F ⊗M . By the above theorem, we have
F ⊗N is a semi-n-absorbing submodule of F ⊗M .

Conversely, suppose that F ⊗ N is semi-n-absorbing in F ⊗M . Thus
F⊗N = F⊗M and soN = M . Let a ∈ R. By Lemma 2.14, (F⊗N :F⊗M
an) = (F ⊗ N :F⊗M a) or (F ⊗ N :F⊗M an) = F ⊗M . Suppose that
(F ⊗ N :F⊗M an) = (F ⊗ N :F⊗M a). Then, by Lemma 3.3, we get
F ⊗ (N :M an) = F ⊗ (N :M a) and so 0→ F ⊗ (N :M an)→ F ⊗ (N :M
a) → 0 is an exact sequence. But F is faithfully flat. Therefore 0 →
(N :M an)→ (N :M a)→ 0 is exact. Thus (N :M an) = (N :M a). Now,
suppose that (F ⊗N :F⊗M an) = F ⊗M . In this case, F ⊗ (N :M an) =
(F ⊗N :F⊗M an) = F ⊗M . Hence 0→ F ⊗ (N :M an)→ F ⊗M → 0 is
an exact sequence. Since F is faithfully flat so 0→ (N :M an)→M → 0
is exact i.e., (N :M an) = M . Consequently, N is semi-n-absorbing in
M . 
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4. Conclusion

The class of semi-n-absorbing submodules is a new one which is compa-
rable with the class of prime submodules. In fact, every prime submod-
ule is semi-n-absorbing, for each positive integer n greater than 1. But
the converse is not true, in general. The definition of semi-n-absorbing
submodules is a tool which gives many good information.
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