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ABSTRACT. In this paper, we study weakly compact left multipliers on the Banach algebra
LUC(G)*. We show that G is compact if and only if there exists a non-zero weakly compact left
multipliers on LUC(G)*. We also investigate the relation between positive left weakly completely
continuous elements of the Banach algebras LUC(G)* and L*°(G)*. Finally, we prove that G is finite
if and only if there exists a non-zero multiplicative linear functional ;1 on LUC(G) such that u is a
left weakly completely continuous elements of LUC(G)*.
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1 INTRODUCTION

Throughout this paper, G denotes a locally compact group with a fixed left Haar
measure \. Let L'(G) be the group algebra of G defined as in [5] equipped with the
convolution product * and the norm ||.||;. Let L*>°(G) be the usual Lebesgue space as
defined in [5] equipped with the essential supermum norm ||.||.o. Then L*(G) is the
dual of L*(G). We recall that the first dual L>(G)* is a Banach algebra with the first
Arens product “” defined by (F' - H, f) = (F, Hf), where

(Hf,¢0) = (H,fo)  and  (fo,¢) = (f,¢* 1)

for all F,H € L*(G)*, f € L*(G) and ¢,v € L'(G). Let C(G) be the space of
all bounded continuous complex-valued functions on G and Cy(G) be the space of all
continuous functions on G vanishing at infinity. The space of left uniform continuous
function on G, denoted by LUC(G), is the set of all bounded continuous complex-valued
functions f on G for which the mapping

T 0 f

from G into C(G) is norm continuous, where ¢, denotes the Dirac measure at z.
The Banach space LUC(G) is a left introverted subspace of L>°(G); that is, for each
v € LUC(G)* and f € LUC(G), the function vf defined by

(vf,x) = (v, 0,1 % f) (x € G)
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is also an element in LUC(G). This lets us to endow LUC(G)* with the first Arens
product “o” defined by

for all u,v € LUC(G)*, f € LUC(G). Then LUC(G)* with this product is a Banach
algebra.

Let 7 denote the natural continuous operator that associates to any functional
in L*(G)* its restriction to LUC(G). It is easy to see that 7 is a homomorphism
and 7|g.pe ()« is an isometric isomorphism from £ - L*°(G)* onto LUC(G)* for all
E € A(L>*(G)*), the set of all mixed identities £ with norm one in L>(G)*; that is,

0-E=E-¢=0

for all ¢ € L'(G). Also, observe that 7|1 is identity on L'(G). Note that the group
algebra L'(G) can be embedded into LUC(G)* via

(6.f) = [ 6(x) (@) dA(@) (6 € L'(G).f € LUC(C).

Let A be a Banach algebra; a bounded operator T : A — A is called left multiplier
if T'(ab) = T'(a)b for all a,b € A. For any a € A, the left multiplier b — ab on A is
denoted by A,; also a is said to be a left (weakly) completely continuous element of A
if \, is a (weakly) compact operator on A.

Sakai [11] has shown that if G is a locally compact non-compact group, then zero is
the only left weakly completely continuous element of L!(G). Akemann [1] has proved
that if G is compact, then any ¢ € L'(G) is a left weakly completely continuous element
of L'(G). He also has characterized weakly compact left multiplier on L'(G). In fact,
he has shown that any weakly compact left multiplier on L'(G) is of the form A, for
some ¢ € LY(G). Weakly compact left multipliers on the Banach algebra L>(G)* of a
locally compact group G have been studied by Ghahramani and Lau in [3, 4]. In the
same papers, they have obtained some results on the question of existence of non-zero
weakly compact left multipliers on L>°(G)*. Losert [8] among other things, has proved
that if G is non-compact, then there is no non-zero weakly compact left multipliers
on L*(G)*. Medghalchi [9] has studied compact and weakly compact right multiplier
on LUC(S)*, where S is a left cancellative foundation semigroup. He has proved that
the existence of a non-zero compact or weakly compact right multiplier on LUC(S)* is
equivalent to left amenability of S.

In this paper we study weakly compact left multipliers on the Banach algebra
LUC(G)* of a locally compact group G.

In section 2, we show that G is compact if and only if there exists a non-zero
weakly compact left multipliers on LUC(G)*. In section 3, we investigate the relation
between positive left weakly completely continuous elements of the Banach algebras
LUC(G)* and L*>(G)*. We show that F'is a positive left weakly completely continuous
elements of L>°(G)* if and only if F € L'(G) and it is a positive left weakly completely
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continuous elements of LUC(G)*. Finally, we prove that G is finite if and only if there
exists a non-zero multiplicative linear functional p on LUC(G) such that u is a left
weakly completely continuous elements of LUC(G)*.

2 The existence of weakly completely continuous
elements

Before we give the main result of this section, let us remark that any left multiplier
T on LUC(G)* is of the form A, for some p € LUC(G)*; indeed, T = Ap(s,), where e
denotes the identity element of G.

Theorem 2.1 Let G be a locally compact group and p € LUC(G)*. Then u is a non-
zero left weakly completely continuous element of LUC(G)* if and only if G is compact
and p € L'(G).

Proof. Let u be a non-zero left weakly completely continuous element of LUC(G)*.
Choose E € A(L*(G)*). Then there exists F' € L>®°(G)* such that p = w(E - F). If
o — 7T|E-L°°(G)*7 then

—1
)\E-F =Ty )\Hﬂ-

on L>®(G)*. Hence F - F' is a non-zero left weakly completely continuous element of
L>*(G)*. Thus G is compact and so L'(G) is an ideal in L>(G)*. Thus Ap.r|pi(q) :
LY(G) — LY(G) is a weakly compact left multiplier. Hence there exists ¢ € L'(G) such
that Ag.r = Ay on LY(G). Set r:= E - F — ¢. For every ¢ € L'(G) and f € C(G), we
have

(rgf) ={E-F—=¢)-¢,f) =0.

From this and the fact that L'(G)C(G) = C(G), we see that (r,g) = 0 for all g € C(G).
Therefore, 7(r) = 0; see Theorem 2.3 of [7]. We thus have

p=r(E-F)=r(¢)+n(r)=¢ € L(G).

Conversely, let G be compact and p € LY(G). Then p is a left weakly completely
continuous element of L'(G); see Theorem 4 of [1]. So, i is a left weakly completely
continuous element of LUC(G)* by [2]. O

In the following, we give some corollaries of this theorem.

Corollary 2.2 Let G be a locally compact group. Then the following assertions are
equivalent.

(a) G is compact.

(b) LUC(G)* has a non-zero positive left completely continuous element.

(¢) LUC(G)* has a non-zero left completely continuous element.

(d) LUC(G)* has a non-zero left weakly completely continuous element.
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As an immediate consequence of Theorem 2.1 and Corollary 2.2, we have the fol-
lowing result.

Corollary 2.3 Let G be a locally compact group. Then the following assertions are
equivalent.

(a) G is compact.

(b) Any ¢ € LY(Q) is a left weakly completely continuous element of LUC(G)*.

(¢) LUC(G)* has a non-zero positive left weakly completely continuous element in
LY(G).
d)LUC(G)* has a non-zero left weakly completely continuous element in L'(G).
e) LUC(G)* has a non-zero left weakly completely continuous element.

—~

In the following, for Cyp(G) C X C L>*°(G), let
Co(G) > ={reX*:(r,f)=0 forall feCyG)}.
As a consequence of Theorem 2.1, we present the next result.

Corollary 2.4 Let G be a locally compact group and r € Co(G)* rve@ . If r is a left
weakly completely continuous element of LUC(G)*, then r = 0.

Akemann [1] proved if u € L'(G) is a left weakly completely continuous element,
then it is a left completely continuous element. In this case, Ghahramani [2] showed
that p is a left weakly completely continuous element of M (G). These results together
with Theorem 2.1 prove the following corollary.

Corollary 2.5 Let G be a locally compact group and pn € LUC(G)*. Then p is a left
weakly completely continuous element of LUC(G)* if and only if u is a left completely
continuous element of LUC(G)*.

Let I be a subset of LUC(G)*. The left annihilator of I in LUC(G)* is denoted by
lan(7) and is defined by

lan(I) = {p € LUC(G)" : po I ={0} }.

Proposition 2.6 Let G be a locally compact group and I be a closed right ideal in
LUC(G)* such that lan(I) = {0}. Then G is compact if and only if there exists a

non-zero weakly compact left multiplier on I.

Proof. Let T be a non-zero weakly compact left multiplier on /. Then there exists £ € T
such that T'(&) ¢ lan(I). Hence T(£ o ¢) # 0 for some ¢ € I. For every u € LUC(G)*,
we have

TEoQou=T()oCopn=T(o(opu).
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Therefore,
T{€oCop: e LUC(G)", |lull <1} € T{e: v e LIl < €I SIS

This shows that Apeoc) is a non-zero weakly compact left multiplier on LUC(G)*.
Therefore, GG is compact.

Conversely, let G be compact. Then LUC(G)* has a non-zero left weakly completely
continuous element, say p. Since lan(/) = {0}, we have p ¢ lan(I). Hence ), is a
non-zero weakly compact left multiplier on I. O

3 Positive weakly completely continuous elements

In this section, we study positive weakly completely continuous elements of the Banach
algebras LUC(G)* and L*°(G)*. The main result of this section is the following.

Theorem 3.1 Let G be a locally compact group and F € L>®(G)*. Then the following
assertions are equivalent.

(a) F' is a positive left completely continuous element of L= (G)*.

(b) F' is a positive left weakly completely continuous element of L>(G)*.

(c) F € LYG) and F is a positive left weakly completely continuous element of
LUC(G)*.

(d) F € LY(G) and F is a positive left completely continuous element of LUC(G)*.
Proof. The implication (a)=(b) is clear. By Corollary 2.5, (¢)=-(d). Now, if (d) holds,
then F is a positive left completely continuous element of L'(G). The proof of Theorem
2.1 implies that F' is a positive left completely continuous element of L*°(G)*. Hence
(d)=-(a). To complete the proof, let F' be a positive left weakly completely continuous

element of L>*(G)*. Then 7(F) is a left weakly completely continuous element of
LUC(G)*. Choose E € A(L*(G)*). From Theorem 2.1 and the fact that

7(E-F) = n(F)

we see that m(E - F) € L*(G@). Since w : E - L®(G)* — LUC(G)* is an isometry and
7 is identity on L'(G), we have E - F € L'(G). Set r := F — E - F. We show that
r = 0. Suppose r is non-zero. Let g be a continuous complex-valued functions on G
with compact support C' such that ||g|| < 1 and

(E-Fgl = E-Fl = 6/12)|r].
Choose an element f in the unite ball L>(G) such that
[{r, /)] = (23/24)[|[|

Let V' be an open set with compact closure for which C' C V. Let h be a continuous
complex-valued functions on G such that 0 < h(z) <1 for all x € G, h(z) = 1 for all
x € C and h(x) =0 for all x ¢ V. Define the complex-valued function j on G by

)(x) = f(z) = h(z)g(x) + g(x)
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for all z € G. There exists a complex number 1 such that ||n(f — hg) + g|| < 1 and
(E-Fon(f —hg)+g)l = KE-F.f—hg)|+ [(E-F,g)|.
Since (r, k) = 0 for all k € C(G), it follows that (r, ) = (r, f). Thus

[(F,J)] [(r )+ KE - Fog)l = [(E - F, f = hg)]
[ A+ 2(E - Fog)| - [|E- F|
A/8)rll + £ - FI.

(AVARAVARV]

Note that ||y|| < 1. Therefore,
IEN = (1/8)[lr |l + 1£ - £

Let x¢ be the characteristic function of G. Since F is positive and (r, xg) = 0, we
have

IF|| = (F.xa) = (E- F,xe) = |E- FJ|.
Thus ||r]| = 0 and so r = 0, a contradiction. Therefore,
F=E -FelLl(G).

Now, if F' # 0, then G is compact; see [8]. Therefore, F' is a positive left weakly
completely continuous element of LUC(G)* by Theorem 2.1. That is, (b)=-(c). O

As an immediate consequence of this theorem, we have the following result.

Corollary 3.2 Let G be a locally compact group andr € Co(G)2=@ . Ifr is a positive
left weakly completely continuous element of L>*(G)*, then r = 0.

Let X be a closed C*—subalgebra of L>*(G). We denote by Q(X*) the set of all

non-zero multiplicative linear functionals on X*.

Theorem 3.3 Let G be a locally compact group. Then the following assertions are
equivalent.

(a) G is finite.

(b) L*(G)* has a left weakly completely continuous element in Q(L>*(G)*).

(c) LUC(G)* has a left weakly completely continuous element in Q(LUC(G)*).

Proof. 1t is trivial that (a) implies (b). Let F' € Q(L>(G)*) be a left weakly completely
continuous element of L>(G)*. Then F is a positive left weakly completely continuous
element of L>°(G)*. By Theorem 3.1, F € L'(G) and it is a positive left weakly
completely continuous element of LUC(G)*. It is clear that

F € QLUC(G)).
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That is, (b) implies (c¢). Let p € Q(LUC(G)*) be a left weakly completely continuous
element of LUC(G)*. Then G is compact and p € L'(G). Thus p = pleye). Hence
p = 0, for some z € G; see [6]. So 0, € L'(G); equivalently, G is discrete. Therefore,
G is finite; that is (c¢) implies (a). O

We conclude the paper with the following result.

Proposition 3.4 Let G be a locally compact group. Then the following assertions are
equivalent.

(a) G is finite.

(b) Any element F € L*>°(G)* is a left weakly completely continuous element of
L>(G)*.

(c) Any positive element F' € L>®(G)* is a left weakly completely continuous element
of L>*(G)*.

(d) Any positive element p € LUC(G)* is a left weakly completely continuous ele-
ment of LUC(G)*.

(e) Any element p € LUC(G)* is a left weakly completely continuous element of
LUC(G)*.

Proof. The implications (a)=-(b)=-(c) are clear. Let u be a positive left weakly com-
pletely continuous element of LUC(G)*. By Hahn-Banach theorem, there is positive
element F' € L*(G)* such that u = 7(F'); see [10]. If (¢) holds, then F'is a positive left
weakly completely continuous element of L>*°(G)*. In view of Theorem 3.1, we have
F € LY(G). Tt follows that

p=m(F)=F e LY(Q).

Therefore, 11 is a positive left weakly completely continuous element of LUC(G)* by
Theorem 2.1. That is, (c)=-(d). To prove (d)=-(e), we only need to note that if
p € LUC(G)*, then u = S, ayp; for some positive elements y; of LUC(G)* and
a; € C (1 =1,2,3,4). Finally, by Theorem 3.3, (e¢)=(a). O
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