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1. Introduction

One of the most famous and useful mathematical constants is Euler-
Mascheroni constant which is limit of the sequence

n
k=1

1
k − log(n),

denoted by γ = 0.57722156649... (see [1]). There are many Euler-type
constants and thier generalization some of them were studied in [3, 8]. On
the other hand, regarding to uniqueness of the gamma function, Bohr
and Mollerup proved that the only log-convex solution f of the functional
equation f(x+ 1) = xf(x), for x > 0, satisfying f(1) = 1 is the gamma
function Γ. As a generalization of the theorem, Webster studied Γ-type
functions satisfying the functional equation f(x+1) = g(x)f(x), in 1997
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[9]. In the paper, he coressponded to every function g : R+ → R+, the
following limit function g∗ defined by

g∗(x) := lim
n→∞

g∗n(x) = lim
n→∞

g(n) · · · g(1)g(n)x
g(n+ x) · · · g(x) ; x > 0,

which we call it gamma type function of g. In 2001, M.H. Hooshmand in-
troduced a new concept entitled limit summability of functions [4] and he
proved that Γ-type functions can be considered as an its sub-topic. Also,
in 2016 and 2017 he introduced two others type of such summabilities
entitled analytic and trigonometric summability of functions [6, 7].

2. Limit Summability and Γ-Type Functions

Let f be a real or complex function with N∗ ⊆ Df , where N∗ = {1, 2, 3, ...}
and N = {0, 1, 2, ...}. The summand set of Df is defined by

Σf = {x|x+ N∗ ⊆ Df} = {x|{x+ 1, x+ 2, x+ 3, · · · } ⊆ Df}.

Hence x ∈ Σf if and only if {x + 1, x + 2, · · · , x + n, · · · } ⊆ Df . Also,
for any positive integer n and x ∈ Σf set

Rn(f, x) := Rn(x) = f(n)− f(x+ n),

fσn(x) = xf(n) +
n

k=1

Rk(x).

When x ∈ Df , we may use the notation σn(f(x)) instead of fσn(x). The
function f is called limit summable at x0 ∈ Σf (resp. on S ⊆ Σf ) if the
sequence {fσn(x)} is convergent at x0 (resp. on S). The limit function
of fσn(x) (resp. Rn(f, x)) is denoted by fσ(x) (resp. R(f, x) or R(x))
and it is called the limit summand function of f . Note that the domain
of fσ is

Dfσ = {x ∈ Σf |f is limit summable at x},

and if x ∈ Dfσ and Rn(f, 1) is convergent, then R(f, x) = R(x) =
xR(1). It is important to know that Df ∩ Σf = Σf + 1, fσ(0) = 0 so
0 ∈ Df . Also, if 0 ∈ Df , then−1 ∈ Dfσ , and we have fσ(−1) = −f(0). If
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-

gσn(x) = xf(n−m) +
n

k=1

f(k −m)− f(k + x−m)

= xf(n−m) +
m−1

k=0

f(−k)− f(−k + x) +
n−m

k=1

f(k)− f(k + x)

= x(f(n−m)− f(n)) + fσn(x) +
m−1

k=0

f(−k)− f(−k + x)

−
m−1

k=0

Rn−k(x).

Therefore,

gσn(x) = fσn(x)−
m−1

k=0

f(−k + x)− fσ(−m) + xRn−m(m)−
m−1

k=0

Rn−k(x).

Now, If x ∈ Dfσ + m + 1, then x ∈ Dfσ + m ⊆ Dfσ and considering
R(f, 1) = 0, we conclude that R(f, x) = lim

x→∞
Rn(x) = 0. Thus, g is limit

summable at x as n→∞, and

gσ(x) = fσ(x)−
m−1

k=0

f(−k + x)− fσ(−m)

= fσ(x−m)− fσ(−m),

by Corollary 2.13 of [4]. Therefore, f satisfies (3).

Also, if x ∈ Dfσ − m + 1, then x + m ∈ Dfσ + 1 = Df ∩ Dfσ . Thus
x + m ∈ Df and x + m ∈ Dfσ . Now, putting h(x) := f(x + m), and
similar to the above part, we obtain
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-

hσn(x) = xf(n+m) +
n

k=1

f(k +m)− f(k + x+m)

= xf(n+m) +
n

k=1

f(k)− f(k + x) +
n+m

k=n+1

f(k)− f(k + x)

−
m

k=1

f(k)− f(k + x)

= xf(n+m) + fσn(x)− xf(n)−
m

k=1

f(k)− f(k + x)

+
m

k=1

Rn+k(x).

Therefore,

hσn(x) = fσn(x) +
m

k=1

f(k + x)− fσ(m)− xRn(m) +
m

k=1

Rn+k(x)

= fσn(x)− fσm(x) + xf(m)− xRn(m) +
m

k=1

Rn+k(x).

On the other hand, if x ∈ Dfσ −m + 1, then x +m ∈ Dfσ + 1 ⊆ Dfσ .
Since x +m ∈ Dfσ and considering Rn(x) = Rn(−m) + Rn−m(x +m),
so x ∈ Dfσ and due to R(f, 1) = 0, we conclude that R(f, x) = 0. Thus,
h is limit summable at x as n→∞, and

hσ(x) = fσ(x) +
m

k=1

f(k + x)− fσ(m)

= fσ(x)− fσm(x) + xf(m).

Hence, we arrive at (4) similar to the first case. Therefore, the proof is
complete.

Corollary 3.2. If f be a real or complex limit summable function with
Df = [1,+∞), then

σ(f(x−m)) = fσ(x−m)− fσ(−m); x  m+ 1, (5)
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