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Abstract. The aim of this study is to establish some new Caputo frac-
tional integral inequalities. By applying definition of (h — m)-convexity
and some straightforward inequalities an upper bound of the sum of left
and right sided Caputo fractional derivatives has been established. Fur-
thermore, a modulus inequality and a Hadamard type inequality have
been analyzed. These results provide various fractional inequalities for
all particular functions deducible from (h — m)-convexity, see Remark
1.3.
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1 Introduction

Nobody can deny the importance of fractional calculus in the field of
engineering, fluid mechanics, mathematical analysis etc. Many mathe-
maticians have been introduced many articles using fractional calculus

Received: July 2019; Accepted: May 2020
*Corresponding Author



G. Farid and V.N. Mishra

(see [3, 4, 5, 6] and references therein).

The study on the fractional calculus continued with the contributions
from Fourier, Abel, Lacroix, Leibniz, Grunwald and Letnikov for detail
(see, [7, &]). In the realm of the fractional differential equations, Caputo
fractional derivative and Riemann-Liouville ones are mostly used. They
generalize the ordinary integral and differential operators. However, the
fractional derivatives have fewer properties than the corresponding clas-
sical ones. On the other hand, besides the smooth requirement, Caputo
derivative does not coincide with the classical derivative [9]. For detail
of fractional derivatives readers are suggested [, 2, 7].

Definition 1.1. [7] Let a > 0 and o ¢ {1,2,3,...}, n = [a] + 1,
f € AC™[a,b], the space of functions having nth derivatives absolutely
continuous. Then the left-sided and right-sided Caputo fractional deriva-
tives of order « are defined as follows:

DN = ey | etz ()

(n—«

and

o b )
I e e L

I'n—a) (t — z)ae—ntl 7

If « =n € {1,2,3,...} and usual derivative f(z) of order n exists,
then Caputo fractional derivative (“DZ, f)(x) coincides with f(™(z)
whereas (“DP_f)(z) coincides with f(™(x) with exactness to a constant
multiplier (—1)". In particular we have

(“DYL (=) = (“DY_f) () = f(x) (3)
where n =1 and o = 0.

The aim of this paper is to find fractional inequalities for the Ca-
puto fractional derivatives via (h — m)-convex functions. The (h —m)-
convexity is the generalization of convexity on right half of the real line
including zero (see, [10, 11] and references therein). Moreover, these
fractional inequalities appear as a compact formulation which contain
various induced results for all functions deducible from (h — m)-convex
functions, see Remark 1.3.
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Definition 1.2. Let J C R be an interval containing (0,1) and let
h : J — R be a non-negative function. We say that f : [0,b] — R is a
(h—m)-convex function, if f is non-negative and for all z,y € [0,b],m €
[0,1] and « € (0, 1), one has

flax +m(1 — a)y) < h(a)f(x) +mh(l —a)f(y). (4)

If reverse of the inequality holds, then f is called (h —m)-concave func-
tion.

For suitable choice of h and m, class of (h — m)-convex functions is
reduced to the different known classes of functions defined on [0, b].

Remark 1.3. (i) By setting m = 1 in (4), it reduces to the definition
of h-convex function.

(ii) By setting h(a) = e in (4), it reduces to the definition of m-convex
function.

(iii) By setting h(a) = a and m =1 in (4), it reduces to the definition
of convex function.

(iv) By setting h(a) = 1 and m = 1 in (4), it reduces to the definition
of p-function.

(v) By setting h(a) = a® and m = 1 in (4), it reduces to the definition
of s-convex function of second sense.

(vi) By setting h(a) = 1 and m = 1 in (4), it reduces to the definition
of Godunova-Levin function.

(vii) By setting h(a) = 2 and m = 1 in (4), it reduces to the definition
of s-Godunova-Levin function of second kind.

2 Main Results

Firstly, an upper bound of the sum of left and right Caputo fractional
derivatives (CFD) has been proved by applying inequalities in the re-
sult of the definition of (h —m)-convex function. The established upper
bound of (CFD) via (h — m)-convex function contains upper bounds
in particular for h-convex, m-convex and convex functions, also for s-

convex function of second sense, Godunova-Levin function and p-function.

Further a modulus inequality is established for (CFD) by using (h —m)-

convexity of f(*1. At the end an inequality of Hadamard type is
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obtained. Moreover, presented results have been further studied in par-
ticular points in the domain.

Theorem 2.1. Let f : [0,00) — R be a function such that f € AC"[a,b],
0<a<b If f is (h — m)-convez, then for a, 3 > 1 the following
inequality for the Caputo fractional derivatives holds:

(“De7f) (@) + (“D)7F) (@) (5)
(x—a) ot f @) (b—a)" P (p)
S( Tn—a+1) | Tm-B+1)

o () (F e e m)) 10

Proof. Using definition of (h — m)-convex function for f(™ we have

0 <n(E20) @ mn (20 0 (2), @

r—a r—a m

where we use the identity

x—1 t—a x
a+m
r—a r—am

t =

Also for a > 0 and ¢ € [a, x], we have
(z—8)"" < (z—a)"" (7)
Multiplying (6) and (7) and integrating over [a, x|, we get

x—1

/ax(.%' — Myt < £ (a)(z — a)* /ax , (

+mfm (%) (x—a)"® /azh (;:Z) dt.

Now by using definition of Caputo fractional derivative on left hand side
of (8) and by change of variables on its right hand side, we get

> it (8)

r—a

T )n—a+1

(CDY) (@) < (F(;_M (F7(@) +mf™ (£)) /0 (2.
(9)
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Similarly using (t — z)"? < (z — b)"#, t € [z,b] and definition of
(h — m)-convexity of (™ for the identity

e t—=x bt b—t T
Cb—z b—axm
one can have
C pp-1 (b—a)" P ) (n) ( !

(10)
Adding (9) and (10), we get the inequality in (5). O

Corollary 2.2. By taking o = 5 in (5), we get the following inequality
for Caputo fractional derivatives:

(“Dgitf) (@) + (CDFTH) (@)

<m0 @) + -2y

+mfm (%) ((b— z)"ot 4 (g — a)”—a+1) ) /01 h(z)dz.

Remark 2.3. (i) If we put m = 1 in (5), then bound of Caputo frac-
tional derivative for h-convex function is established.

(ii) If we put h(a) = acin (5), then bound of Caputo fractional derivative
for m-convex function is established.

(iii) If we put h(a) = a and m = 1 in (5), then bound of Caputo frac-
tional derivative for convex function is established..

(iv) If we put h(a) =1 and m = 1 in (5), then bound of Caputo frac-
tional derivative for p-function is established..

(v) If we put h(a) = @® and m = 1 in (5), then bound of Caputo frac-
tional derivative for s-convex function of second sense is established.
(vi) If we put h(a) = 1 and m = 1 in (5), then bound of Caputo frac-
tional derivative for Godunova-Levin function is established.

(vii) If we put h(a) = -5 and m = 1 in (5), then bound of Caputo
fractional derivative for s-Godunova-Levin function of second kind is
established.
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Theorem 2.4. Let f : [0,00) — R be a function such that f € AC"*1[a,b],
0<a<b. If|f"D] is (h — m)-convex, then for a, 8 > 0 the following
inequality for the Caputo fractional derivatives holds:

(=)= (a) , (b— w>n—6f<"><b>> '
I'n—a+1) I'n—p+1)
(1)

(“Dgi f)(@) + (Cfo)(w)—<

F'n—a+1) IF'(n—pB8+1)

x T — q)vatl — p)n—B+1 1
#m [0 (2] <(r(n —)a 0" (rb(n —)B + 1)>> /0 ilz)dz.

Proof. Since |f"*1|is (h — m)-convex, therefore for t € [a, x], we have

)< (EZ0) @) (S22 [ ()],

from which we can write
Dl ) o

—~ <h <‘”” _t> |F" D ()| + mh <t
x—a
—t
Sf(nﬂ)(t)gh(x >|f(n+1( )|+mh( )‘f(nﬂ ( )‘
x—a x— m
We consider the second inequality of (12), that is
—t
7 < b (ZZ0) @ (20 [ ()] as)
Now for a > 0, we have the following inequality
(z—t)"*“<(x—a)" 7 te€la,x]. (14)
Multiplying the last two inequalities and integrating with respect to ¢
over [a, x], we have

AR A0 (15)
<—ay [l @1 [0 (E2) ar ] ()
/ahG:‘;) dt].

_ ((w — @) @) (b= @) )
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The left hand side of (15) is calculated as follows

/& _ t)”_af(”“‘l)(t)dt:—f(n) (a)(x —a)" " 4T'(n —a + 1)(CD3+f)(33)a

while using change of variables in the right hand side of (15), the result-
ing inequality takes the form as follows

£ @)z —
'n—a+1)

e (@) 0 (£)]) [ e

If we consider from (12), the left hand side inequality and proceeding as
we did for the right side inequality, we get

(“D2 f)(x) — (16)

IN

7 (@)@~ a)"=
M'n—a+1)
__a)n—a+1

s (@l m s (D)) [ (e

From (16) and (17), we get

—(“D2, f)(x) (17)

IN

1) (a) (& — )"~
'n—a+1)

(“Dgs f)(w) = (18)

( )n—a+1

< T oy WOV@Im |0 (D)) /0 h(z)dz.

On the other hand for ¢ € [x,b] using (h — m)-convexity of |1, we
have

7)< (22 1@ ({2 [0 (2] 9

Also for t € [x,b] and 8 > 0, we have

(t—z)" P < (b—ax)" P, (20)
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By adopting the same treatment as we have done for (12) and (14), one
can obtain from (19) and (20), the following inequality

FO )b — )

(©DE ) () - NCEESY (21)
< o= (1m0 (2)]) [ oy

By combining the inequalities (18) and (21) via triangular inequality, we
get the required inequality. ([

Corollary 2.5. By taking o = 8 in (11), then we get the following
inequality for Caputo fractional derivatives:

(D2 f)(z) + (D) f (=)

oy (= @ - 20 w)
<m0 @)+ (= ) )
+m ’f(”'i‘l) (%) ) ((x — @)™t 4 (b — z)"~F1) ) /01 h(2)dz.

Remark 2.6. Axioms (i)-(vii) of Remark 2.3 for Theorem 2.1 are valid
for Theorem 2.4.

First of all we prove the following lemma.

Lemma 2.7. Let f : [0,00) — R be a function such that f € AC"[a,b],
0<a<b. If f is (h — m)-concave and f™ (%) = fM(z), then
the following inequality holds:

£ (“ ;r b) > (m+ 1)h (;) F (2, 2 € [a,b]. (22)

Proof. We have

a+b 1 /xz—a b—=x 1 /xz—a b—=x
2 _Q(bab+baa>+2<baa+bab>‘ (23)
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Since f(™ is (h — m)-concave, therefore we have
@ (“ + b) (24)
2
1 T —a b—=z T —a b—=x
o s R (n)
_h<2)[f <b—ab+b—aa>+mf m(b—a)a+m(b—a)b

r ) s (2257)

Now by using the condition f(™ (%) = (" (z), inequality in (22)
can be obtained. O

Theorem 2.8. Let f : [0,00) — R be a function such that f € AC™[a, ],
0<a<b. If f is (h —m)-concave, then for a, 8 > 0 the following
inequality for the Caputo fractional derivatives holds:

(s () + 1@ (25)

D(n—B)(CDI, f)b)  T(n—a)(©Dy f)(a)
e e (I

< (m+11)h(§) (niﬁ+nia>f(n) <a42rb>.

Proof. For o, >0, n —a—1 <0 and

(b—a)" "t < (z—a) L. (26)

Since f( is (b —m) concave, therefore we have

wn (5=2) 10 (2) 40 (1=2) /0@ < /0.

Multiplying (26) with (27) and then integrating over [a, b], we get

o o (3) [3(522)

Ry N e P I R L

9



10

G. Farid and V.N. Mishra

which implies

(—=1)"T'(n — a)(“ Dy f)(a) (28)
1
>(b—a)" (mﬂ") <::L> + f<"><a>> /0 h(z)dz.
Also
(b—a)" Pt < (b—a)" P L (29)

Multiplying (29) with (27), and then integrating over [a, b], we get

(b—a)y"f-1 [mf(") <:1) /ab h (gg :Z) dz
+1™(a) /abh (Z__z) dx} < /ab(b A

which implies
(=1)"T(n — B)(“D., f)(a) (30)
> (b—a)" "’ <m Fm) <:l> + f(")(a)> /O 1 h(z)dz.

From (28) and (30), we get

D(n—B)(EDY f)(b)  T(n—a)(©Dy f)(a)

®—a)y? b—aya (31)
> (mﬂ”) (;) 4 f(")(a)> /0 h(e)de
Now from Lemma 1, we have
o+ 0 (5) 196 < 7 (“57). (32)

Multiplying (32) by (z — a)"*~! and integrating over [a, b], we have

b o f(n)(a;rb) b o
x_anal(n)x ~ J U2 ) a:—a"a1$
[ @mar e < s [ et
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Nn_M&DbﬂM%Sm—aﬂm+Uh@yﬂ)<2 )' (33)

Multiplying (32) by (b — 2)" #~1 and integrating over [a, b], we have

b L f(n) (a+b) b o
e ") (V< N2 ) o .
/a(b y=8=1 ) (24 S(m+1);(§)/a(b )ALy,

n— BYCDP )z (b—a)"F m) (a+Db
M= DA € (et (150)
Adding (33) and (34), we obtain

T(n—B) (DY f)(b)  T(n—a)(©Dy f)(a)
(b—a)n=>F (b—a)r—@

< (m+11)h(§) <n16+nia)f(n) <a;b>.

From (31) and (35), we get required inequality. O

Corollary 2.9. By taking a =  in (25), then we get the following
inequality for Caputo fractional derivatives:

(s () + 1) = 2= (ED2 o) + €D i)

a)nfoc

~ (m+1)(n—a)h(3) 2
Remark 2.10. Axioms (i)-(vii) of Remark 2.3 for Theorem 2.1 are valid
for Theorem 2.8.

Next we give the following results as an application of previous es-
tablished results. First we apply Theorem 2.1, and get the following
result.

Theorem 2.11. Under the assumptions of Theorem 2.1, we have

(“D2 ) 0) + (“D)7 ) (@) (36)
(b—a)" 1 f™a)  (b—a)" P ()
S( Tn-a+tl) | Tm-p+1)

o B (2) B o

11
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Proof. If we take x = a in (5), then we get following inequality

(Cpﬁﬂf)m)giigag;ég(ﬂmao+nﬁm>ai))[fh@m&

If we take x = b in (5), then we get following inequality
_ b—a)" ot b 1
C pa-1 cb=a)" " () m (L
(“De; )(b)_F(n—a+1) (f (a) +mf <m>>/0 h(z)dz.

(38)
Adding (37) and (38), we get required inequality in (36). O

Corollary 2.12. By taking o = [ in (36), then we get the following
inequality for Caputo fractional derivatives:

(D3t ) () + (“Dyf) (a)
< B (10 (10 (5) 0 ()
xA%@M&

Next we apply Theorem 2.4, and get the following result.

Theorem 2.13. Under the assumptions of Theorem 2.4, we have

— a)n@ (n) a — a8 fn)
D2, 1))+ D f)(a>_<<b )" a) | (b—a)" P <b>>

'n—a+1) I'n—pBg+1)

(39)

_ (B @] (b — @B )
= Tn—at1)  Tm-5+1)

(e )l e 1 )

XA%@m&




Caputo Fractional Derivative Inequalities Via (h — m)-Convexity 13

Proof. If we take x = a in (11), then we get following inequality

£ B) b — ay*—"
I'(n—p8+1)

(b—a)" P+ D (n 1)
Sm(” (o H—m}f " /h

(“Dy 1) (a) ~

If we take x = b in (11), then we get following inequality

a (@) —a)
(CDa+f)(b)_ F(TL—O(—I—l)

i (sl ()

Adding (40) and (41), we get required inequality in (39). O

(41)

Corollary 2.14. By taking o = 8 in (39), then we get the following
inequality for Caputo fractional derivatives:

(b—a)"@

(©D2 f)(b) + (CDI?— fla) — Tn—a+l)

(1@ + 1)

n—a+1

< s (@ )

—|—m<f(”+1)< )‘ ’f"“‘l( )D)/Olh(z)dz.

By applying Theorem 2.8, similar results can be established, there-
fore we leave it for reader.

Concluding remarks

This paper have been prepared to address Caputo fractional integral in-
equalities via functions whose nth derivatives are (h — m)-convex. It is
remarkable to mention that the presented results contain Caputo frac-
tional inequalities for h-convex functions, m-convex functions, convex
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functions, Godunova-Levin functions, p-functions and s-convex func-
tions in second sense on the domain of nonnegative real numbers. Fur-
ther in application point of the results of this paper may be useful in
studying uniqueness of solutions fractional differential equations, ana-
lyzing fractional models of different dynamic systems, complex systems
etc. In future we will try to study existence of solutions of fractional
systems under constraints of such fractional derivative inequalities.
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