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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I — R is a convex function on the interval
I of real numbers and a,b € I with a < b, then

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and .

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I* — R be differentiable function on I*, a,b € I* (I* is
interior of I) with a < b. If f' € Lla,b], then we following equality holds:

b Cal
f(a);f(b)_bia/a f(t)dt:b2 [/O (1—2t)f (ta + (1 —t)b)dt| . (2)

In [19], U. S. Kirmaci give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I* — R be differentiable function on I*, a,b € I* (I* is
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interior of I) with a < b. If f' € Lla,b], then we have

bi@/(ff(t)dt—f(“ékb) (3)

1

— (b—a) l/Qtf’(taJr(lt)b)dtJr/ (1—t) f/(ta+ (1))t .

1
0 3

Over the last twenty years, the numerous studies have focused on to obtain
new bound for left hand side and right and side of the inequality (1). For some
examples, please refer to ([6, 20, 23, 25, 27, 28, 33]).

On the other hand, Sarikaya et al. obtain the Hermite-Hadamard inequality
for the Riemann-Lioville fractional integrals in [31]. Whereupon Sarikaya et
al. obtain the Hermite-Hadamard inequality for Riemann-Lioville fractional in-
tegrals, many authors have studied to generalize this inequality and establish
Hermite-Hadamard inequality other fractional integrals such as k-fractional in-
tegral, Hadamard fractianal integrals, Katugampola fractional integrals, Con-
formable fractional integrals, etc. For some of them, please see ([2, 3, 7, 8, 11,
17, 21, 22, 30, 32, 34, 38, 40]). For more information about fraction calculus
please refer to (]9, 18]).

In this paper, we obtain the new generalized Hermite-Hadamard type inequality
for the generalized fractional integrals mentioned in next section..

2. h-Convexity and New Generalized Fractional
Integral Operators

First we give some definitions:

Definition 2.1. A non negative function f : [a,b] — R is said to be convex
function, if the following inequality holds:

flta+ (1 =1)b) <tf(a)+ (1 —1)f(b),

for all t in [0,1].

Definition 2.2. [1] A non negative function f : [a,b] — R is said to be
s—convex function in second sense, if the following inequality holds:

flta+ (1 —1)b) <t°f(a) + (1 - )" f(b),

for all t in [0,1] and s in (0, 1].
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In [39], Varosanec defined generalization of convex, s—convex, Godunova-Levin
functions and P—convex functions as follows:

Definition 2.3. [39] Let h : J — R be non negative function and h # 0. A
non negative function f : I = [a,b] — R is called h—convex function, if the
following inequalities holds:

flta+ (1 =)b) <h(t)f(a) + h(1 = 1) f(b),
for all t in [0,1]. For more discussion about the h-convex function see [39]. we

denote by SX (h,I) the class of h-convex functions on I.

Now we summarize the generalized fractional integrals defined by Sarikaya and
Ertugral in [29].

Let’s define a function ¢ : [0, 00) — [0, 00) satisfiying the following conditions :
1
/ Mdt < 00.
o ¢t

We define the following left-sided and right-sided generalized fractional integral
operators, respectively, as follows:

oI f(z) = / %f(t)dt, € >a, (4)
b -
oI f(x) = / ‘pitfgj) f(t)ydt, x<b. (5)

The most important feature of generalized fractional integrals is that they gen-
eralize some types of fractional integrals such as Riemann-Liouville fractional
integral, k-Riemann-Liouville fractional integral, Katugampola fractional inte-
grals, conformable fractional integral, Hadamard fractional integrals, etc.

Sarikaya and Ertugral also establish the following Hermite-Hadamard inequal-
ity and Lemmas for the generalized fractional integral operators:

Theorem 2.4. [29] Let f : [a,b] — R be a convex function on [a,b] with a < b,
then the following inequalities for fractional integral operators hold

F(57) < g o Fof©) o Tof@) < HOELE)

(6)
where the mapping A : [0,1] — R is defined by
A(z) = / Mdt.
0

t
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Lemma 2.5. [29] Let f : [a,b] — R be a differentiable mapping on (a,b) with
a < b. If f' € Lla,b], then the following equalities for generalized fractional
integrals hold:

J (a) f(b) f + _1 a
— (1) [a+1¢ (b) b cpf( )]
(b — a)

1
= 2A() /O AL =) = A f (ta+ (1 = 1)b) dt

Lemma 2.6. [29] Let f : [a,b] — R be a differentiable mapping on (a,b) with
a < b. If f' € Lla,b], then the following equalities for generalized fractional
integrals holds:

4
f (“;b> - %(1) (Lo f(0) + oIS (@ f) Sk ®

k=1

where

fo () f" (tb+ (1 —t)a)dt, fo ) f (ta+ (1 —t)b) dt,
J3 = fﬁ( ( ) f b+ (1 —t)a)dt, J4 _f A f’(ta+(1—t)b)dt.

s - [ L=,

and

u

3. Hermite-Hadamard Type Inequalities for h-
Convex Functions

In this Section, we proved Hermite-Hadamard inequality for h-convex functions
via generalized fractional integrals summarized above.

Theorem 3.1. Let f € SX(h,I), a,b € I witha < b and f € Ly[a,b]. Then we
have the following inequalities for h-convex functions via generalized fractional
integrals:

() < A

2

ot Lo f(0) + b1, f(a)] 9)

1
h(3) [f0)+ FO)] '
S AQL) /

(> - DU 1 6) + h(1 — b)]dt.
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Proof. Since f € SX(h,I), we have the following inequality

() <n(3) v+ s, (10)

Forz =ta+ (1 —t)band y = tb+ (1 — t)a with ¢ € [0,1], (10) becomes

h(lé)f<“;b> < flta+ (1 - 1)) + f(th+ (1 - t)a). (11)

Multiplying both sides of the inequality (11) by M
resultant inequality with respect to t over [0, 1], we have

() 22

/ U iy (1 - et + / O 41— e,
0 0

and integrating the

N

As consequence, we get

(£22) <A

and thus the first inequality is proved.
To obtain second inequality in (9), since f € SX(h,I), we have

flta+ A =1)b) + f(tb+ (1 —t)a) < [f(a) + f(O) [R(t) + R(1 =1)] . (12)

Then multiplying both sides of (12) by M and integrating the resultant
inequality with respect to t on [0, 1], we obtain

/1‘Mf(ta+(1—t)b)dt+/l‘w
0

Flth+ (1 — t)a)dt
t 0 t
< @+ o) [ 2O he) 4 n - o)

As sequel, we obtain

lar Lo f (D) + p-I,f(a)] < [f(a)+f(b)]/0 M
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and the second inequality is proved.

The proof is completed. [

Remark 3.2. If we choose h(t) =t in Theorem 3.1, then we obtain the in-
equality (6).

Remark 3.3. Under the assumptions of Theorem 3.1 with p(t) = t, then we
have the following inequalities for h-conver functions via classical integrals:

r(45) <39 [ war <n (3) 1@+ 500 [ o)+ - e,

which proved by Sarikaya et al in [35].

Corollary 3.4. Under the assumptions of Theorem 3.1 with ¢(t) = F(a) then

we have the following inequalities for h-convex functions via Rieman-Liouville
fractional integrals:

f<a;b> S W[I;’;f(b)ﬂs_f(a)]

1
< an(3) @+ 5] [ e o+ n - 0ar

which was given by Budak et al. in [2].

Remark 3.5. If we choose h(t) =t in Corollary 3.4, then we have the following
inequalities for classical convex functions:

(54 < E 0 s < S 0

which proved by Sarikaya et al. in [31].

Corollary 3.6. If we suppose h(t) = t* in Corollary 3.4, we obtain following
inequalities for s-convex functions in second semse:

H"57) < gman s+ 1 )

25(b — a)>
aff(a) + fO)] [ 1
< s+ 1)1
95 i TAles+1)
Remark 3.7. If we suppose o = 1 in Corollary 3.6, then we obtain the in-
equality
215f<a’+b> )—’_f()7
s+1
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which was proved by Dragomir and Fitzpatrick in [6].

a

Corollary 3.8. Under the assumptions of Theorem 3.1 with o(t) = #?(a),
then the following inequalities for h-convex functions via k-Riemann-Liouville

fractional integral holds:

a+b h(l)l—‘k(a—i-k)
f( 2 ) S Tt

(124 f () + I f(a)]

< ah (;) [F(a) + F(0) / #21 [A(t) + h(1 — )] dr.

Remark 3.9. In Corollary 3.8,

i) if we choose h(t) = t, then we get following inequalities for the classical
convex functions:

1(55) <z Sape

[f (@) + £ (b)]
5 :

(12 W fO) + I8 1 f(@)] <

which was proved by Farid et al. in [8].

ii) if we take h(t) = t* in Corollary 3.8, then we have the following inequalities
for s-convex functions in second sense:

a b T'n(a k
F("57) < gt rz )+ 1 S

alf(a) + fO][B(F.s+1) + 56 (F,s+1) +1]
2s '

X

4. Trapezoid Type Inequalities for h-Convex Func-
tions

In this Section, we obtain several trapezoid type inequalities for the functions
whose first derivatives absolutely value are h-convex.

Theorem 4.1. Let h: J CR — R and f : [a,b] — R be positive function with
0<a<bandh e L[1]0,1], f € Li[a,b]. If ’f/) is an h-convex function on
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[a,b], then the following inequality for generalized fractional integral holds:

'f(a) + /() 2A1( 3 lar Lo f(b) + v-I,f(a)]

(14)

< ‘“‘f +‘f ‘/ HIAQL - ) — A(t)] d.

Proof. From Lemma 2.5 and ‘f/‘ € SX(h,I), we have

‘f(a) + /() 2A1(1) lat T f(0) + b- I, f(a)]

N

(;)A_(f)) /0 A= 0) = AW |f (ta+ (1 = t)p)| @t

(;?A—a) /1|A 1—t)—A®)] (h(t) ‘f/(a)‘—kh(l—t)‘f/(b)‘)dt

*GJ

_ ’f ‘/ AL —t) — A(t)| dt

N

(b)‘ /0 B(1— ) |A(1L — t) — A(t)] dt

) (b—a)(’J;j(\a()l)*‘f(b)D /Olh(t) A1 —t) — At)] dt.

This completes the proof. [

Corollary 4.2. Under the assumptions of Theorem 4.1 with o(t) = t, then the
following inequality holds for h-convex functions via classical integrals:

fl@+f) 1 f°
5 _bfa/a f(z)dx

=0 (\f’(;z)\ +|f @) / R

Remark 4.3. In Corollary 4.2,

i) if we take h(t) = t, then we have the following inequality for the classical
convez functions:

f@+re) 1 "
‘ 5 _b—a/a fl@)dz| <

(b—a) (| @]+ |7 ®))
5 ,

X
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which was proved by Dragomir and Agarwal in [5].

ii) if we assume h(t) = t°, then we have the following inequality for the classical
convex functions:

|f(a)+f(b) ) bia/abf(x)dx b-a)e2+1) (|7 @) + |1 W)

(
s > (s + 1)(s + 2) !

2

which was proved by Kirmacu et al in [20].

Corollary 4.4. Under the assumptions of Theorem 4.1 with p(t) = %;), then
the following inequality for h-convex functions via Riemann-Liouville fractional
integral holds:

‘f(a) +/f0)  Tla+1)

- S ) + I f(a)]

2 2(b—a)
=0 (|1 (;o\ +7'm)) /Olh(t)|(1t)“ e

Remark 4.5. In Corollary 4.4,

i) if we suppose h(t) = t, we have the following inequality for the classical
conver functions:

‘f(a) I0)  Tlatl) g +Ig‘f(a)]‘

2 2(b—a)
(b—a) (| (@) + | £ ()
Lol -,

which was proved by Sarikaya et al. in [31].

ii) if we suppose h(t) = t°, we have the following inequality for the s-convex
functions in second sense:

‘ f(a) ;r fo) QF((b@_Jfa%l (15 F(0) + I f (a)]‘

b—a 1 1 20ts
< Sos+latl)-p(Za+l,s+1) 4 ——m
5 [ﬁ(Q s+1,a+ > ﬁ<2 a+1,s+ >+(a+5+1)2a+5

< (| @[ +]£®])-

which was proved by Ozdemir et. al. in [24].
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Corollary 4.6. Under assumption of Theorem 4.1 with o(t) = kF ( L then the

following inequality for h-convex functions via k-Riemann-qumlle fractional
integral holds:

‘f(a) SO Dt D ey e f(@)]

2 2(b—a)*
(b—a) (|f' (@] +]|f @)
2

) /lh(t)|(1t)‘§ —t¥|dt.
0

Corollary 4.7. In Corollary 4.6,

i) if we choose h(t) =t in Corollary 4.6, then the following inequality holds for
classical conver functions:

0 o2t
(b—a) (| @|+]|r'®)) 1
< 2<z+1>’ ’ (1 35¢):

which was proved by Farid et al. in [8].

ii) if we choose h(t) = t* in Corollary 4.6, then the following inequality holds
for s-convex functions in second sense:

‘f(a)Jrf(b) _ De(a+ k)
2(b—a)*

(1% of(0) + I o f(a)] \

b—a 255 — 1

1 « 1
< a0 1u7 1) - 1 1 «
5 {ﬁ<28+ k+) 5<2k+ S+)+(g+s+1)2k+s

< (| @]+ |7 ®))-

Theorem 4.8. Let h: J CR — R and f : [a,b] — R be positive function with
0<a<bandh? € L41]0,1], f € L1]a,b).

[a,b], then the following inequality for generalized fractional integral holds:

'f(a) + /) 2A1( 5 lat Lo f(B) + -1, f(a)]

iy (/] wo-o- (>Pdt>
’ K/o [ |7 @|" + e -0 o)) dt)‘l*] ,

is an h-convex function on

(15)
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1,1 _
where st = 1.
Proof. From Lemma 2.5 and well known Holder inequality, we have the fol-
lowing inequality

‘f(a) +f0) 1
2

(D) e e/ )+ oL f )] (16)

—A()| ‘f/(ta+ (1 —t)b)’dt

A1) Jo
< (;)A_(f‘)) (/01|A(1—t) At |pdt) (/ ‘f (ta + ( 1—t)b)‘ dt>

Since f* € SX(h,I), then (16) becomes

‘f(a)Jrf(b) 1
2A(1)

< Gt ([ ma-o- ()|pdt>
’ K/O (@] @[ +ra -6 |7 o] dt)‘l’l

and the proof is completed. [

la+ Lo F(0) + oL f(a)]

Corollary 4.9. Under the assumptions of Theorem 4.8 with ¢(t) = t, we obtain
following inequality for h-convex functions via classical integrals:

|f(a) L
b-a) [('
< 0D (/O ()

2(p+1)7
Remark 4.10. In Corollary 4.9,

i) if we take h(t) = t, then we get following inequality for classical convex
functions

fla)+ b—a) (|f (a)’qu f/(b))q :
‘ _a/f p+1)’1)( 2 ) 7

which was proved by Dragomir and Agarwal in [5].

’

f (a)’q Fh(1—1) ’f’(b)‘q] dt) 1 :
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ii) if we choose h(t) = t°, then we have the following inequality for s-convex
functions in second sense:

_b-o ([P +lrely
T 2p+ 1) s+1 '

Corollary 4.11. If we suppose o(t) = % in Theorem 4.8, we have the

flay+fm) 1
‘ 5 _b—a/a f(x)dx

following inequality for h-convex functions via Riemann Liouville fractional
integrals:

’ f(a);f(b) _ QF( (b“a;i (12, £(b) +I?f(aﬂ’

_(b-a) </01 [h(t)

2(ap+1)7
Corollary 4.12. In Corollary 4.11,

’

< f (a)’quh(lft) ‘f’(b)ﬂ dt)q] :

1) if we suppose h(t) = t, then we have the following inequality for the classical
convez functions:

‘f(a) +f(b) _ Ilat 11 [12, f(b) +I;?f(a)]‘

2 2(b—a)
b-a (|F@+|Fo\"
T 2ap+1)r 2 ’

which was given by Ozdemir et. al. in [25].

il) if we suppose h(t) = t*, then we have the following inequality for the s-convex
functions in second sense:

‘ f(a) —; fo) ;(g)aja;i (12, f(b) + I;ff(a)]‘

o[l oy
S 2ap+1)r s+1 '

Corollary 4.13. Under the assumptions of Theorem 4.8 with o(t) = @
we obtain following inequality for h-convex functions via k-Riemann-Liouville
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fractional integrals:

‘f(a)+f(b) _Dila+k)
2(b—a)*

(/01 (o] @[ +na -6 |7 )] dt);] .

Corollary 4.14. In Corollary 4.13,

i) if we choose h(t) = t, then we have the following inequality for classical
conver functions:

‘f(a) + /()  Ti(a+k)
2 2(b—a)®

o (el sJrory
T2 4 1)s 2

il) if we suppose h(t) = t°, then we have the following inequality for the s-convex
functions in second sense:

‘f(a)Jrf(b) _ Tila+k)
2(b—a)*

(ol sfropy
T 2% 4 1) s+1

Theorem 4.15. Let h : J C R — R and f : [a,b] — R be positive function
with 0 < a < b and h? € L1[0,1], f € Li[a,b]. If |f'|?, ¢ > 1 is an h-convex
function on [a,b], then the following inequality for generalized fractional integral
holds:

1% oS0+ I8 ()] ]

(b—a)

S o T
29 +1)»

1% oS0+ I8 ()] \

1% o f0) + 15 o f(a)] \

oL R 0) a7)

< b_“ (/ IA(1—t) — ()|dt> o
x</0 |A(17t)fA(t)|[h(t)

’f(a)Jrf(b)

1

’

f (a)’q 4 h(1— 1) ‘f’(b)ﬂ dt) '
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Proof. From Lemma 2.5 and well known power mean inequality, we have

‘f(a)+f(b) 1
2 2A(1)

a4 Lo f (D) + b1y f(a)] (18)

—a 1 )
(QbA(l)) /0 A= &) = A (ta + (1= )b) dt

(;’A_(f;) (/01 AL — 1) — A@)| dt)lé

1 q
x(/ |A(1ft)fA(t)|’f'(taJr(lft)b)‘ dt)
0

N

N

1
q

Since f € SX(h,I), then (18) becomes

' fla)+ f(b)
2

AT eSO+ oo f (@)

1—1

< S ([ na-o-rma)

1 ’ q ’ q
([ 1na -0 - a1 a7 @] + a0 -0 |7 )] )

-

q

which completes the proof. [

Corollary 4.16. Under the assumptions of Theorem /.15 with o(t) = t, then
we obtain the following inequality for h-convex functions via classical integrals:

f@ i) 1
‘ - [ @

2

1

q

< (22? </01 12t [k | @+ 1~ 1) |7 ®)]] dt>

Remark 4.17. If we take h(t) = t in Corollary 4.16, we have the following
established inequality for classical conver functions:

’

o llF@ o
g(b4>[ ’2 \]’

fla+fm) 1
‘ 5 _b—a/a f(x)dx

which was given by Pearce and Pecaric in [27].
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Remark 4.18. If we suppose h(t) = t° in Corollary 4.16, then we have the
following inequality for s-convex functions in second sense:

f()2 b—a/f

b—a (1\'"T7[ s+ (3)
< —
2 \2

(s+1)(s+2)
which was given by Kirmaci et. al. in [20].

el +lrof)

Corollary 4.19. Under the assumptions of Theorem 4.15 with %, then we
have the following inequality for the h-convex functions via Riemann-Liouville

fractional integrals:

f(a) ;L O zf((baja;)l e f0) + I f (a)]‘

1Z:Laa1 (/ (1= ) — ¢ {h(t)‘f/(a)‘q+h(1—t)’f/(b)’q} dt>q

Remark 4.20. In Corollary 4.19,
i) if we take h(t) = t, then we obtain the following inequality for the classical

convez functions

' f(a) ; f(b) QT((baja;i 18, £ (b) + I f(a)]

’ q ’ q %
p-a) (,_ 1\ ][[f @[ +]7®)]
(e +1) < B 270‘> 2 '
which was given by Ozdemir et. al. in [25].
ii) if we choose h(t) = t°, we get following inequality for s-convex functions in

second sense:

f(a) - f(b) _ 2(<baja;> 12, £(6) + 5 f(a)]

1
b—a)[ 2 1\«
< _
= 2 a+1 ! 2a
1
1 1 2ots _ 1 a
= 1 1) -8(= 1 1 -
X|:ﬁ<278+ ,C¥+ ) /8(23a+ ?S+ )+(a+s+1)2a+s

<[|F @[ +|r w[]"
which was given by Set et. al. in [35, 24].

’
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Corollary 4.21. Under the assumptions of Theorem 4.15 with #ﬁa), then
we have the following inequality for the h-convex functions via k-Riemann-

Liouville fractional integrals:

‘f(a);f(b) Fkb<a+a)k>[ & nf )+ I f(a)]

1
q

N

O ([ja=1% et o |7 @[ <51 -0 0] )

201+ 2) %

Corollary 4.22. In Corollary 4.21
) if we take h(t) =t in, then we have the following inequality for the classical

conver functions:

R e A UR )

< g5 0-3) [

) if we choose h(t) = t°, then we obtain the following inequality for the s-

f’(b)]q] “

convex functions in second sense:

~

[I:;*+ O+ I kf(a)]‘

’f(a)Jrf(b) k(a tk

Q
k

2
< 55 L:il@ M *
x[ﬂ(erl,kJrl) (2 k+15+1> = ik:ml Jq
<[|f @] +|r @ }

Theorem 4.23. Let h : J C R — R and f : [a,b] — R be positive function

with 0 < a < b and h? € L1]0,1], f € Ly[a,b]. If ‘fl‘ is an h-convex function
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on [a,b], then the following inequality for generalized fractional integral holds:

@+ fE) 1
2 2A(1)

(b—a) (| @]+ |7 ®))
S 2A(1)

X K(/Oé(m —t))Pdt>; - </0;(A(t))pdt>;)
y ((/j(h(t))%lt)i + (/;(h(t))qdf);)] ,

wherep>1and%+%=1.

ar Lo f () + oI, f(a)]

(19)

Proof. From Lemma 2.5, we have the following inequality

fla)+f(b) 2A1(1) Lot Lo f(b) + v—T,f(a)]

(20)

2
b—a [! ,
s 2A(1)/0 HA(l_t)_A(t)H‘f(ta-i-(l—t)b)‘dt.

Since )f/‘ is h-convex on [a, b], then (20) becomes

F@7®) Ly 1)

2 2A(1) [

{ / C A=) - A() [h®) |7 (@) + (1= 6) |1 ®)]] @t
0

(21)

b—a
= O2A(1)

_ ﬁ [A() = A= 6] [(8) | £ @] + r(L = )| £ )] dt}

b—a

= 2A() {‘fl(a)‘/oé/\(l—t)h(t)dt—‘f/(a)‘/oéA(t)h(t)dt

+‘f’(a)M1 A()h(t)dt — ]f’(a)‘[m—t)h(t)dt
+ ‘f’(b)‘ /: AL — )h(1 — t)dt — ‘f’(b)‘ /: A($)h(1 — t)dt

+ ‘f’(b)‘ /11 A()R(1 — t)dt — ‘f’(b)‘ /11 AL —)h(1 —t)dt}.
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Now applying Holder inequality in right hand side of (21), we have following

inequalities

Using (22)-(25) in

1

/ P A= Oh(t)dt = / AR — 1) (22)
0 :
< < | aa- t))”) ( / 2(h(t))th> ,
/QA(I—t)h(l—t)dt:/lA(t)h(t)dt (23)
0 :
3 % 1 %
<< / <A<1t>>”> ( / <h<t>>f1dt> ,
3 1
/ A(t)h(t)dt:/ A(1 = O)h(1 — t)dt (24)
0 :
< ( I (A(t))”) p ( / 2<h<t>>th> q
1 1
/ A(t)h(lft)dt:/ AL — Hh(t)dt (25)
0 }

(21), we obtain
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f(a) f) 1 [
T 2A()

2A(1) l‘f U\{ / (A1~ t>)” / <h(t))th)

</ e ) < " th) (/ (A1~ W) (/;(hu))wt)é
(o) ()

+[7w)| { ( / Faa- t)),,>5 ( /. l(h(t))th>é

</ “”) </ f”th)l(/o ;(A(lt))p>;</oé(h(t))th>é

2

a+Lpf( )JF b— Isof(a)}

N

1

" < / : (A(t))p> ( / 2<h<t>>qczt) q H

2A(1)

. l\fka)\{((/o %<A<11t>>1’>é<0’ <A<t>>*’> )(( (n(t) )%lt) )
+((/0%<A<1t>)1’)p</ ) )((/ th> )} |
+)f’<b)]{(</ (A(llt ) (/ <1At>)p>p) ((/;m(i))%t)q)
(o) ()

(b=a) (| @]+ ®)])
2A(1)

[ )
(o))
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Hence proof is completed. [

Corollary 4.24. Under the assumptions of Theorem 4.23 with o(t) = t, we
have the following inequality for h-convex functions via classical integrals:

fl@+f) 1 f°
‘ 5 _bfa/a f(z)dz

w—a>Hfmﬂ+¢fwﬂ}[<2m1_l >;_( ) >;1

2 2rtl(p+1) 20+ (p+1)

« [( /0 (h(t))th> +< / (h(t))th> ]

X

2

Corollary 4.25. In Corollary 4.24,

i) if we take h(t) = t, then we obtain following inequality for the classical convex
Sfunctions:

|ﬂ@§ﬂw—bialvmmx
[ R ey
|Gran) + (Fs) |

ii) if we take h(t) = t°, then we obtain following inequality for the classical
convez functions:

|“@;““—bialU@mz
(b—a) || (a)| + | (b) P 1 \3 1
< RPNy ()]

1 i 2sq+1l _ 1 I
X —_— Sl B o e .
(23q+1(8q+1)> <2sq+1(sq+1))
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Remark 4.26. Under the assumptions of Theorem 4.23 with o(t) = %, then
we have the following inequality for the Riemann-Liouville fractional integrals:

f(a) ;f(b) - Qf(g)aja;i [12, F(b) + I f(a)]

(b—a) ||f (@) +|f () aptl 1 N\ 3
(2 )

y {(/;(h@))%t)i + </1(h(t))th)1 ,

2

ol

-

which was given by Tunc in [36].

Corollary 4.27. Under the assumptions of Theorem 4.23 with ¢(t) = #T’(Q),

then the following inequality for h-convexr functions via k-Riemann-Liouville
fractional integral holds:

‘f(a) +f(b)  Tw(a+k) e
2 2(bfa)%

(b—a)[|f @]+

I40I

2% (S + 1) 2 ¥ (%2 4 1)
( / 2<h<t>>qczt> L ( / l(h(t))th) } ,

Corollary 4.28. In Corollary 4.27,

X

i) if we choose h(t) = t, then we obtain following inequality for the classical
conver functions:

‘ flo) £ 1) 12“( b@i Z)’j) 124, oS (0) + I 4 f(a)]

(b=a) [|f @] +]f ®)

2
y 2%+
2 (eE 4 1)
1
" [(wwqﬂ))

=

N
2FHI(%2 1 1)

e+l _ 1 \4
+(srem)

Q=
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ii) if we take h(t) = t*, then we have the following inequality for the s-convex
functions in second sense:

’f(a)Jrf(b) _Tila+h)
2 2(b—a)*
(b—a) |7 @]+ ®)
2

1 1
2%+ 1 7 1 i
X AP 11 m o< - AP 11000 4
2% TSR +1) 2% THSE +1)
1 2 2s5q+1 _q 7
XN ) T\ oo .
(25‘1+1(5q+ 1)) (25q+1(3q—|— 1))

Theorem 4.29. Let h: J C R — R and f : [a,b] — R be positive function
with 0 < a < b and h9 € L1[0,1], f € Li[a,b]. If ‘f/‘ is an h-convex function

on [a,b], then the following inequality for generalized fractional integral holds:

1% o f(0) + 15 o f(a)] \

(b—a) (| @] +| £ ®))
SR (1) [B1 — Ba,
where

B = </0 A(l—t)dt>

x [(/0 A(1—t)[h(t)]qclt> + (/ A(t)[h(t)]th> ]
- (ffa)

! o é
o [(/0 A@)[R(t)] dt) 4 (/; A(1 —t)[h(1)] dt) ] )

and g > 1.
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Proof. From Lemma 2.5, we obtain the following inequality

IO S o)+ 1L, (21)
< ;’A_(f) /01|[A(1—t)—A(t)]| ‘f’(m+(1—t)b)‘dt.
Since ’ f'| is h-convex on [a, b], then (27) becomes
PO IO R e Lo f0) -1 f (@) (29)
< { [ a0 -0 10 @] + 10 0] o) @

1

[A@) = AL = 0] [p(8) £ (@)| + h(L = 1) | @) dt}

- SA_ua) {‘f @[ A - Db - |£ () / gy

@ [ /1A<1—t>h<t>dt

1 I st o]
/é A(lt)h(lt)d}

Applying well known power mean inequality in right hand side of (28), we get

following inequalities

\
o

at)t - |f'(a)

‘f A()R(1 — t)dt — ‘f

/% A(1 — t)h(t)dt = lA(t)h(l — 1) (29)
< A( 1—t> a (/ZA(I—t)( ())th>q
/ A(L= O)h(1 — 1)d /1 AR dt (30)
0 3
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1 1
/ A(t)h(t)dt:/ A1 — t)h(1 — t)dt

1
0 3

(L) (200

/E AOR(1 = t)dt =
0

1
2

1 -7 1
g(/o A(t)) (/ A(lt)(h(t))th>

Using (29)-(32) in (28), then we have our required inequality (26).

th> |

A(l — t)h(t)dt

Q=

O

Corollary 4.30. Under the assumptions of Theorem 4.29 with p(t) = t, we
have the following new inequality for h-convex functions via classical integrals:

flay+fm) 1
5 —b_a/af(a:)dx<

where

s = () (1

=

2

-

(1-— t)[h(t)]th> q + (/1 t[h(t))4d

2

1
q
t)

mo= () () e (o apora)

Corollary 4.31. In Corollary 4.30,

(b—a) (|7 @] +|£ ®)) .

i) if we assume h(t) = t, then we have the following inequality for the classical

convez functions:

<

(b-a) (|1 @]+

fl@+fo) 1 [
5 _b—a/a f(z)dx

where

s - ()
b = <2)1q [(zw«lﬁz))

Q=

( q+3
(q+1)(4q + 8)2¢

+<<

1
)

7o) [
2

(o)

2012 _ g -3

+1)(4q +8)2¢

By

1

q]
1
q

_32]7
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ii) if we take h(t) = t°, then we have the following inequality for s-convex
functions in second sense:

‘f(a)gf(b) - bia/abf(@dx L (- (Z)’+ ro) (B, - By,
where
1-1 s i as+2 _ i
b= @ [(<qs+1§<4253+8>2q5> +(@i+g)21> ]

ao_ (3 =g 1 5+ 9245+2 _ s — 3
> 7 \8 205%2(gs + 2) (gs + 1)(4qs + 8)29°

Corollary 4.32. Under the assumptions of Theorem 4.29,

] |

i) if we take p(t) = %, then we obtain following new inequality for h-convex
functions via Riemann-Liouville fractional integrals:

’f(a) : SO Tt e rq +I§‘f(a)]‘

2(b—a)e
(- (‘f’(;)‘ + |7 ®)) P

where

B = <2a+1(2+1)>1_é 1
x [(/0%(1 —t)o‘[h(t)]th> L (/1 to‘[h(t)]th>

x (/O t"‘[h(t)]th> +</ (l—t)o‘[h(t)}th>

il) if we take o(t) = #E(a), then we obtain following new inequality for h-

-

Q=
—_ 1

Q
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convez functions via k-Riemann-Liouville fractional integrals:

’f(a) + 510 ng(_:)k) (12 0+ T ()]

L b (|7 @|+|r®)) T

where

1 -3
Bl = (o
' (2k+1<?:+1))

X
—
Y
h
N
—~ !
—
\
N
ES)
=
=
P
Q
Q
~
~_
Q=
+
R
\H\
iy
~
?r
=
:
=}
QL
~
~
=
N

o 1—
By = |-
? (wwz + 1))

X
—
7N
:\
el
~
E‘
z
[te)
QL
~
~
Q=
+
/N
M\H\
2.
—
|
N
ES )
=
[te)
W
~
~—
=
LN

5. Midpoint Type Inequalities for /-Convex Func-
tions

In this section, we obtain some generalized midpoint type inequalities for the

functions whose first derivatives absolutely value are h-convex.

Theorem 5.1. Let h: J CR — R and f : [a,b] — R be positive function with
0<a<bandh € [1]0,1], f € Li[a,b]. If ’f/’ is an h-convex function on

[a,b], then the following inequality for generalized fractional integral holds:

]f (“52) - gy b T/ O+ 0o Lof @)

1o (7o) -l w)
2A(1)

1 1

/5 ARt + /i A@OR(L - t)dt

0 0

1
o [ s dH/A ]
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Proof. From Lemma 2.5 and since f € SX(h,I), we have

‘f (‘” ) - a1 SO + Lo (o)

Al) /O|A(t)|‘f/(tb—i—(l—t)a)‘dt—i—/j|A(t)|’f/(ta+(1—t)b)‘dt

X

+/1|At|’f' th+ ( 1—ta dt+/1|A(t)|‘f'(ta+(lt)b)’dt]

/| +h1 ) f’(a)Hdt

+ / 2@ [10) | (@] + h(1 = 1) | )] at
0 1

" / AW [h) |£ ®)] + 10 - D] @)]] de
+/1|At h) |f () +h1—t‘f'bHdt]
(b—a) ‘f ‘ ‘f /A dt—l—/A h(1 — t)dt

+/1 A(t)h(t)dt+[ A(t)h(l—t)dt].

Hence the proof is completed. [

Remark 5.2. If we choose h(t) =t in Theorem 5.1, then we obtain the fol-
lowing inequality

1(*57) - g b 1O + T fia)

< LAl @I ](/A |dt+/‘A dt)

which was proved by Sarikaya and Ertugral in [29].
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Corollary 5.3. Under the assumptions of Theorem 5.1 with o(t) = t, then we
have the following inequality for h-convex functions via classical integrals:

|f(a+b>
< (b—a) (‘f’(a)‘Jr(f’(b)]) VOZth(t)dt+[(1—t)h(t)dt].

Remark 5.4. In Corollary 5.3,

i) if we choose h(t) = t, then we have the following inequality for the classical

convez functions:
ol ol+jro)

‘f<a+b> /'f o |

which was given by Kirmaci in [19].

ii) if we take p(t) = t°, then we have following inequality for s-convex functions
in second sense:

(3) -+

) (b_a)(]f’m)\ : \f@)\) [(s+1)1(5+2) <1_ 2;)] |

Corollary 5.5. Under the assumptions of Theorem 5.1 with ¢(t) = %, then
we have the following inequality for h-convez functions via Riemann-Liouville
fractional integrals:

£(50) - pih o)+ 1 s

< o-a(|[f@|+|r o)) l/o £ h(t)dt + [(1 t)“h(t)dt]

Remark 5.6. In Corollary 5.5,

i) if we suppose h(t) = t, then we have the following inequality for the classical

conver functions:
o) +|f o))

(55) - e o o 2
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which was obtained by Iqbal et al. in [12].

il) If we suppose h(t) = t%, then we have the following inequality for the s-convex
functions in second sense:

‘f(“”’) Sk 15,70+ )|

a

7o)

o

X[a—l—ls—l—lJrﬂ( s+ 1, a+1>+ﬁ( ca+ 1, s+1>}

Corollary 5.7. Under the assumptions of Theorem 5.1 with ¢(t) = #ﬁ(a),

then we have the following inequality for h-convex functions via k-Riemann-
Liowville fractional integrals:

a+b Ti(a+k
’f< 2 > 2?{)(—46;); [Ingv kF(0) + IZ 1f ()]

< (b—a) (‘f/(a)‘—k‘f/(b)‘) [/O;tzh(t)dt#—/ll(l—t)%h(t)dt].

Corollary 5.8. In Corollary 5.7,

1) if we suppose h(t) = t, then we have the following inequality for the classical
convex functions:

5 (““’) - O g0+ 5 @]

b= (£ @]+ [F o)

28 (2 4+ 1)

ii) if we suppose h(t) = t°, then we have the following inequality for the s-convex
functions in second sense:

£(57) - et i, w0+ B 410

(b—a) (|7 @|+|7'®))
2

1 1 a
X[W+ﬁ<2;s - )—l—ﬁ( +1s+1)]
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Theorem 5.9. Let h: J CR — R and [ : [a,b] — R be positive function with

0<a<bandh?® € L1[0,1], f € L1[a,b]. If ’f/’ is an h-conver function on

[a,b], then the following inequality for generalized fractional integral holds:
a+b 1
£(“57) - g b Lo+ 0TS @)

AD)
(A(t))pdt> Ty (

(b—a) (| @] +|£®))
Lol (g
1 a 1 b

x [(/O (h(t))th> +</ (h(t))th> ]

wherep>1and%+%:1.

(33)

(A(t))”dt) ]

N

mw\
2

Proof. From Lemma 2.5 and well known Holder inequality and Minkowski
inequality, we can easily prove the inequality (33). O

Corollary 5.10. Under the assumptions of Theorem 5.9 with o(t) = t, we
have the following inequality for h-conver functions via classical integrals:

|f(a+b>
<waNM+V@D PG
et | wora) e (foora)

Corollary 5.11. In Corollary 5.10

1) if we suppose h(t) = t, then we have the following inequality for the classical
convez functions:

|f<a+b>

o7 \+\f'b>\> Ly
(20+1(p + 1)) [<2q+1(q+1)> +(2q+1(q+1)> ]

il) if we suppose h(t) = t*, then we have the following inequality for the classical

Q
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conver functions:
a+b
(5

_o-a(se Hf’b>D LN e
(20+1(p +1))» [(2q5+1(qs+1>) +<2‘1+1(qs+1)) ]

Corollary 5.12. Under the assumptions of Theorem 5.9 with o(t) = %,

we have the following inequality for h-convex functions via Riemann-Liouville
fractional integrals:

£("50) - gt o)+ 1 ()

(b—a) (‘f’(a)‘+

ro) e
(207+1 (ap + 1)) [( /0 (h(1)) dt)

Corollary 5.13. In Corollary 5.12,

Q=
+
VN
m\»—A\
=
—
>
—
~
=
~—
Q
Q
=
~
-
|—Q|

i) if we take h(t) = t, then we obtain the following inequality for classical convex
functions:

\f (“37) - Jid s+ 1 s(@)

o) ([F' @] +]r o)) ( | ); ( gt _ 1 >;
) |-
207+ (ap + 1)) 7 201 (g +1) 201 (g + 1)
il) if we suppose h(t) = t°, then we have the following inequality for s-convex
functions in second sense:

‘f (“37) - gid s+ 1 p(@)

b—a) (|f' (@] + |7 ®)) L NE g ogmrlg N3
(2071 (ap + 1)) l(%s“(qsﬂ)) +<2qs“(qs+1)> ]

Corollary 5.14. Under the assumptions of Theorem 5.9 with p(t) = #%(a),
we have the following inequality for h-convez functions via k-Riemann-Liouville




HERMITE-HADAMARD TYPE INEQUALITIES FOR ... 219

fractional integrals:

£(57) - et i, S0+ I 4 (@)

_(Za(‘f( p‘H’)f)ib D [(/O (h(t))th>q + </11(h(t))th>q] ,
k

2

Corollary 5.15. In Corollary 5.14,

i) if we take h(t) = t, then we obtain the following inequality for classical convex
functions:

(7)) + 1 (@)

(b—a) (|7 @] +|r ®)) LONE oo\
(2871 (8p 4+ 1)) [(2‘”1((1+1)> +<2q+1(q+1)) ]

ii) if we suppose h(t) = t*, then we have the following inequality for s-convex
functions in second sense:

‘f <a+b> - g(b(ci+>k)

(b—a) (|7 @|+|1'®)) LNE oamn g\
(27P+1(2 p+1))}, [(2q3+1(q8+1)> + <2qs+1(qs+1)) 1

Theorem 5.16. Let h : J C R — R and f : [a,b] — R be positive function
with 0 < a < b and b9 € L,[0,1], f € L[a,b]. If ‘f’

on la,b], then the following inequality for generalized fractional integral holds:

[I§+, pf(0) + I kf(a)]

is an h-convex function

7(“52) - o e el )+ L)

(34)

’

f ()

D [B1 — Ba],
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where

-

By, = (
« </11A(t)[h(t)]th>q + </11A(1—t)[h(1—t)]th>q ,

Q=

+ (/0 A(t)[h(l—t)]‘%it) ] :

|=

and q > 1.

Proof. From Lemma 2.5 and well known power mean inequality, we can easily
prove our desired inequality (34). O

Theorem 5.17. Let h : J CR — R and f : [a,b] — R be positive function
with 0 < a < b and h? € L1[0,1], f € L1]a,b]. If

on [a,b], then the following inequality for generalized fractional integral holds:

q
/ . .
f ‘ 18 an h-convex function

(35)

]f (“52) - gagsy b TofO) + -5

< S5 ([ wora)” ([Two ol + ol
A ([ o) (f o

1,1 _
where;—k;—l.

Q=

=

Proof. From Lemma 2.5 and well known Holder inequality, we obtain the
following inequality



<

HERMITE-HADAMARD TYPE INEQUALITIES FOR ... 221

]f (‘L+ b) o eSO + oIS (36)

- )a)‘dH—/f IA()] ‘f/(ta+(1 —t)b)‘dt

N

+/;1'A“"f' (tb+ (1~ t)a) di +
(SA(S){(/o pdt) [(/ [+ (1~ 1)a )
+</j(f (ta+ (1— )b dt)“]

+ (/ (INOVE dt>’17

XK/;”“’“ 0 ) ([ 1o d”}

Since ‘f/‘q € SX(h,I), we have

[NE

1 ’
|At|‘f ta—s—(l—t)b)‘dt
1
q

[V

N

£(452) - g b e @+ oI
(S/C(f)) {(/j(m(t))f’dt)p [(/%[ )7 @) +ra =15 @]] dt>q

1

+ </02 [h(t) ]f’(@]ﬁh(kt)‘f’(b)‘q] dt> ]
! (/11 [h(t) (f’(b))q (1 —1) ‘f/(a)‘q] dt) !
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and thus the proof is completed. O

Corollary 5.18. Under the assumptions of Theorem 5.17 with ¢(t) = t, then
we obtain the following inequality for h-convex functions via classical integrals:

(55) et o
S (2p+(1b(;z)1))é (/02 h(t) {

+ (/1 a(t) [ s (b)m dt)

Corollary 5.19. In Corollary 5.18,

i) if we take h(t) =t, then we have the following inequality for classical convex
functions:

a+b 1 b
’f< D) )b—l/a f(z)dz
q
_|_

1

| +|r o] dt) q

|=

q
/

/@] +

1
’ ’ ‘ q q ’

- a) fof +rof\* (a(r@ +
(201 (p+ 1)) 8 8

rof)y’

ii) if we take h(t) = t°, then we have the following inequality for s-convex
functions in second sense:

(55) et e

b0
2+ (p+ 1))
F@ +lro " ety (@ +ro))
X +
25t1(s 4+ 1) 25t (s +1)

Corollary 5.20. Under the assumptions of Theorem 5.17 with ¢(t) = %,
then we obtain the following inequality for h-convex functions via Riemann-
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Liouwille fractional integrals:

£("57) - g 20+ 1 s

(b—a) 3
s (20r+1(ap + 1)) [</0 (t) {

+ </11h(t) £ @] +|r @[] dt)q] .

Corollary 5.21. In Corollary 5.20,
i) if we suppose h(t) =t, Then we obtain the following inequality for the clas-

"(b) ‘q] dt) '

’

7@+

=

sical convex functions:

1("50) - g S0+ 1 f@)]

(b—a)
(20741 (ap + 1)) 7

) (3 faf + f’<b>\q>"+ (3(f(a) - f’(b))q))‘l‘
8 8

<

il) if we choose h(t) = t*, then we obtain the following inequality for s-convex

functions in second sense:

£(50) - g [0+ @]

(b—a)
(207+H (ap +1))

Faf +lro[ " (er -y (r@l e
8 25+ (5 4 1) * 95+ (5 + 1)

-3

<

D=

Corollary 5.22. Under the assumptions of Theorem 5.17 with ¢(t) = #’“(a),
then we obtain the following inequality for h-convez functions via k-Riemann-
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Liowville fractional integrals:

‘f <a+b> Fk(azk%) I hf(b) + I kf(a)]‘
(b—a) 3
< G [(/O w) [ (@)

([l

Corollary 5.23. In Corollary (5.22),

i) If we suppose h(t) = t, then we obtain the following inequality for the classical
convez functions:

£(57) - et i, S0+ B w10

’

/@ +

2(b—a)*
< (b—a) 1
(2%p+1(%p+1))5
ral +lFo| N (3(f @] +|re))
8 g * 8

ii) if we choose h(t) = t*, then we obtain the following inequality for s-convex
functions in second sense:

(50) - S

[Ing, k() + Iy wf(a)]
(b—a)
@Erri(gp 1)

<

=

(f’<a>\q+ f’(b)q)é (<2S+l—1>(f’<a>\q+ f’(b)q)>;
(s 1 1) * 251 (s + 1)

Theorem 5.24. Leth: J CR — R and f : [a,b] — R be positive function with
/|9
0<a<bandh e Li[0,1], f € Lia, b]. If‘f . q

on [a,b], then the following inequality for generalized fractional integral holds:

> 0 is an h-convez function
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(55 - sy b0+ oI f (@)

< G [(/O A(t)dt) a
X { (/02 A(t) [h() (f’(b)\q +h(1—1) ‘f/(a)‘q] dt) ’
o ——
+(§A7(f)) (/1 |A(t)ldt> h

1 ’ q ’ q {11
x / A [ ] ® +r0 - o|f @] a
1 ’ q ’ q %
+( [ a0 [po]rf @]+ -0 |f 0] @
where  + 1 =1.
Proof. From Lemma 2.6 and power mean inequality, we have the following

inequality

7 (550) - ga TS O) + o-ofa)

< (SA_(f)) [/05|A(t)|‘f/(tb+(1—t)a)‘dt+/05|A(t)|‘f'(ta+(1—t)b)‘dt

N

(38)

+/§1 |A(t>|\f’(tb+(1—t)a)\dt+/;A(t)|]f/(m+(1_t)b)‘dt}
e (/O |A(t)|dt>lé { (/0 A@I[£ b+ 1 —t)@]th)é
+ (/ IA(t)I‘f/(ta+(1—t)b)‘th>é}

T (/ |A<t>|dt>1_; {(/ A @+ —t)a))th>;
+</;|A<t>)f’(m+<1—t>b>]th> }

N

Q=
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Since ‘f/‘q € SX(h,I), then (38) becomes

‘f(%“’) A1 e LI 0) + 0TS0
s (o)
x { (/ A [ [£ @ +ra -] @] dt) !
+ (/ AW [ | @]+ n -0 |£ 0] dt)é}
T (/ 1 |A(t>|>l_é
. { (/ AW [ |f ) +10 =07 @] dt)
+ (/ ) [ro]s @]+ -n]s o) dt)é}

which completes the proof. [

Corollary 5.25. Under the assumptions of Theorem 5.24 with ¢(t) = t, we
have the following inequality for h-convex functions via classical integrals:

(a—2i—b>
< 2((8)1)1{</01t[h(t)‘f(b)‘ +h(17t)’f,(a)’q] dt)

1
q

1

q

1

+ t[h(t) ’f'(a)’quh(l —1) ‘f/(b)‘q] dt> '

c\H

+( [ a- t[(t)‘f/(b)q—i—h(l—t)‘f/(a)‘q}dt)q

W=

[
|

/1(1 ) [h (t)(f’(a)(qm(ut)]f’(b)]q] dt)q].

at
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Corollary 5.26. In Corollary 5.25,

i) if we take h(t) = t, then we have the following new inequality for the classical
convex functions:

‘f<a+b) —a/f
(sl w2l @)+ Clrof +lr@])]

ii) if we take h(t) = t°, then we have the following new inequality for the s-
convex functions in second sense:

|f(a+b>
o [ O] e
< +
8)' v |\ 272(s +2) 25F2(s + 1)(
’ q ’ q
ff @ -s-3)|f o)
o262 T e )G )|
Corollary 5.27. Under the assumptions of Theorem 5.24 with ¢(t) = %,

then we have the following inequality for h-convex functions via Riemann-
Liouville fractional integrals:

’f <a+b> ;((ba:ra;‘)" (12, f(b) +I§“_7f(a)]‘
(b—a) 1 .
) 2(20+1(a + 1)) 77 [(/0 ! [h(t)
([ e polr @] aa ol of )
+</%L% GIFAC \+hﬂ—ﬂ“ﬁwﬂﬁ>

+</:<1—t[ (t)|£ (@ \+h<1—t>|f'<b>|q}dt)1.

<

MT
+/-\\
ARG

[te)

v

1
q

f’(b)’q 4 h(1—1) ‘f'(a)’q] dt)

Q=
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Corollary 5.28. In Corollary 5.27

i) if we suppose h(t) = t, we obtain the following inequality for classical convex
functions:

1(50) - S 2 0+ @)

(b—a) rol (a+3)|f' (@)
et )t |\ 7@+ 2Par D+

1
’ q '

Fa  @+3)|f )
2012 (ar + 2) * 2002 (o + 1) (a + 2)

_|_

ii) if we suppose h(t) = t°, then we obtain the following inequality for the

s-convex functions in second sense:

1("57) - gt 1250+ 5 @]

2 2(b — a)°
< (b_a’)

(22 (a4 1)

rolf e (1 :
X 25+a+1(8+a+1) .f (a)‘ ﬂ(2,5+1,a+1>

’ q %

f'(a) w1
+ 25+(x+1(8+a+1) f (b)‘ ﬂ<2,5+1,04+1)

Corollary 5.29. Under the assumptions of Theorem 5.24 with ¢(t) = #%(a),
then we have the following inequality for h-convex functions via k-Riemann-

Liowville fractional integrals:
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) (o3 «@
20 —a)F Lo 1l O+ I, ] (a)]

/Oé s [h(t) \f’(b))q Fh(1—t) ’f/(a)ﬂ dt) '

+ '/:(1 —t)k [h(t) )f/(b)‘q +h(1—t) ‘f/(a)‘q] dt) !

+ (/11(1 ~0F [0 | @] + -0 |F o] dt) q] ,
Corollary 5.30. In Corollary 5.27,

i) if we suppose h(t) =t, we obtain the following inequality for classical convex
functions:

1(“50) - Bt e w0+ 1 (@)
§ (b—a)

il) if we suppose h(t) = t°, then we obtain the following inequality for the
s-convex functions in second sense:
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’f(aer) ~ Tyla+k)

2 2(b—a)® (L, 1 (0) + I kf(a)]‘

1

— f,(b)‘q ’ q 1 % !
) (2z+1((bg ﬁ))lé ey 1 ﬂ(ﬁ“’k“)
q 1
f’(a)‘ N 1 o '
P TEH(s 121 1) | f(b)’ ﬂ(2;s+1’k+1>
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