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Düzce University

A. Kashuri
University Ismail Qemali

Abstract. The purpose of this paper is to establish some Hermite-
Hadamard type inequalities for h-convex functions utilizing generalized
fractional integrals. We also obtain some generalized trapezoid and mid-
point type inequalities for the mapping whose first derivatives absolutely
value are h-convex. The results proved in this paper generalize the sev-
eral inequalities obtained earlier works

AMS Subject Classification: 26D15; 26B25; 26D10

Keywords and Phrases:Hermite-hadamard integral inequalities, trape-
zoid inequality, convex function, general fractional integrals

Received: August 2019; Accepted: November 2019
∗Corresponding author

187

Journal of Mathematical Extension
Vol. 14, No. 4, (2020), 187-234
ISSN: 1735-8299
URL: http://www.ijmex.com
Original Research Paper

Hermite-Hadamard Type Inequalities
for h-Convex Functions Via Generalized

Fractional Integrals

M. Aamir Ali
Nanjing Normal University

H. Budak∗
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex func-
tions are considerable significant in the literature (see, e.g.,[4], [10], [26, p.137]).
These inequalities state that if f : I → R is a convex function on the interval
I of real numbers and a, b ∈ I with a < b, then

f


a+ b

2


 1
b− a

 b

a

f(x)dx  f (a) + f (b)
2

. (1)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of con-
vexity and it follows easily from Jensen’s inequality.

The Hermite-Hadamard inequality, which is the first fundamental result for
convex mappings with a natural geometrical interpretation and many applica-
tions, has drawn attention much interest in elementary mathematics. A number
of mathematicians have devoted their efforts to generalise, refine, counterpart
and extend it for different classes of functions such as using convex mappings.

The overall structure of the study takes the form of five sections including
introduction. The remainder of this work is organized as follows: we first men-
tion some works which focus on Hermite-Hadamard inequality. In Section 2,
we present h-convexity and generalized fractional integrals defined by Sarikaya
and Ertugral along with the very first results. In section 3 we proved new
Hermite-Hadamard type inequalities for h-convex function by using general-
ized fractional integrals given Section 3. In Section 4 and Section 5 midpoint
and trapezoid type inequalities for functions whose first derivatives in absolute
value are h-convex via generalized fractional integrals are presented, respec-
tively. Moreover many corollaries and remarks are given for the special cases
of the functions h and ϕ.

In [5], Dragomir and Agarwal establish the following identity and using this
identiy, present some bounds for the right hand side of the inequality (1).

Lemma 1.1. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
interior of I) with a < b. If f  ∈ L [a, b] , then we following equality holds:

f(a) + f(b)
2

− 1
b− a

 b

a

f(t)dt =
b− a

2

 1

0

(1− 2t)f (ta+ (1− t)b)dt

. (2)

In [19], U. S. Kırmacı give the following identity and using this identity, obtain
some bounds for the left hand side of the inequality (1)

Lemma 1.2. Let f : I∗ → R be differentiable function on I∗, a, b ∈ I∗ (I∗ is
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