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Abstract. The norm of a Hilbert’s type linear operator T : L?(0, c0) —
L? (0, 00) is given. By introducing some parameters, we give the norms
of two extensions of Hilbert’s integral operator. Also, we obtain two
new extended Hilbert’s type inequalities with constant factors and the
equivalent forms are obtained.
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1. Introduction

Let H be a real separable Hilbert space, and T': H — H be a bounded
self-adjoint semi-positive definite operator. Then (see[6]),

T|?
@102 < (ap2pp + @v?) . @bem:
where (a,b) is the inner product of a and b, and |ja| = /(a,a) is the

norm of a.
In particular, set H = L?(0,00) and define T : L?(0,00) — L?(0,0) by

T = [ ot e felt.). (@)
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Then by (1), one has the sharper form of Hilbert’s integral inequality as

6, p. 292 ],
[ f(z)g(y) B
/0 /0 vty TS

¥ { | P [~ e+ ( s f(w)g(w)dw)z}; RNE)

Also, by using Cauchy’s inequality in the term ([;° f(x)g(x)dz)? of (3),
the Hilbert’s integral inequality is obtained as follows:

/0°° /000 dedy s {/Ooo fA(@)dz /OOO 92(1:)dx}

Another inequality of the same type is given by Li, Wang and He:
oo o0
/ / ' f(@)g(y) dedy <
0 0 A mln{xa y} + B max{x, y}

s { [ f2(fv)dz}é { Oog%cmas}é ; (1)

where the constant factor D(A, B) [3, Theorem 2.2 | is the best possible
constant and ||T|| = D(A, B). By introducing a parameter A\ > 0, Jokar
and Behboodian gave a general case of inequality (4):

(29)
/ / Amln{x y} + Bmax{x y}])\ f(l’)g(y)dl‘dy <

o [ f?(a:)dx}2 {r 92<x>dx}%; 5)

where the constant factor wy(z) is the best possible and ||T|| = wy(x)
[1, Theorem 3.1 |.

In this paper, by introducing some parameters, we study the norm of

|x,\—1_yx—1|

[Amin{z,y}+B max{z,y}|*

D=

Hilbert’s type linear operators with the kernels

A
(min{(£),(1)})
and Amin{z,y}+B max{z,y}
new extended Hilbert’s type inequalities with constant factors and the

equivalent forms.

for the continuous forms. Also, we obtain two
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2.

Main Results and Applications

Lemma 2.1. Suppose that, x >0, and 0 < e < 1,
i) Forany A >0, A # 1, % ,and A > B > 0 ,define the weight function:

00 ’a,)‘_l _ y)\—1| T 135 J 6

@a(E ) /0 [Amin{z,y} + Bmax{z, y}]* (y> v 0
and put wx(z) = wxr(0,z) ,then 0 < wyr(zx) = E\(A,B) < o0 is a
constant.

ii) For any A >0, and A > 0, B > 0, define the weight function:

A

wr(e,z) = /OOO (mm{(ﬁ)v (i)})

- AN dy; (7
Amin{z, y} + B max{z,y} <y> v
Then 0 < wy(z) = F)\(A, B) < 00 is a constant.

Proof. For a fixed z, letting v = 8 (%), u= 5(¥), we get
i) if A > 1 then

9] ’xk—l _ y>\—1| T 1J2re
wy(e,x) = —
0 [ Yy

Amin{z,y} + Bmax{z,y}*

1—e—2X\ A 1+e A —3—e+2X\
B 5 .~ (5%) B 5 (TSR
- /BUQAmkmy*/BUQM
A3 o (I+u) A 0

(14 u)?
+A175272)\ (A))\l/oo /U(73726+2)\)d /OO vi(l;i) dv
- - - dv -
B3 | B 5 (14+0)! 5 (1+v)
Blfz-:f)\ _ Al*&*A
<

oo, — (1)
/ LI
(AB)'z° o (I+u)
Aflfer)\ _ B,1,€+/\

0o u_(73725+2)\)

du.
(AB) 2 /o Trur
By Beta function [4 |, one has

+

A1 pa-1
0 < () < 24 B> 1

1
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Furthermore if 0 < A < 1, and \ # % then in the same way

2B AT L

@(2) (AB))‘_% 2’7 9

Thatis,forany)\>0,)\7§%,1,andA>B>0,

2(AM1 - BAM y oL

0<my(z) < — A — =) < o0.
o) € PG A )
Hence 0 < w)(x) = wy(y) = Ex(A, B) < 0
ii) for any A > 0,
o (mind(2).(4) .
@a(e,7) :/0 Amin{z,y} + Bmax{:v y} (y)
B/\7;75 % u71725+>\ 00
_A/\SH/O 1+u ,\s+1/ 140
< B>\72176 0o u71725+>\ d >\+1+s 0o >\+1+s
~ A>\7;+1 /0 1+u 7>\ s+1 0 1—‘1‘?}
By Beta function, one has
2 1—X 1+
O<w/\(x)<(A% %)ﬁ( 5 ' 9 )<OO.

Hence 0 < wy(z) = wa(y) = FA(A,B) < oo. O

Note: If A = 0 in (7), then wy(x) = D(A, B) which is given in [3,
Lemma 1.2].

Theorem 2.2. Let Ty, Ty : L?(0,00) — L?(0,00) be defined as follows:
i)forany/\>0,)\7é%,1 ,and A> B >0,

|2A =1 — 1

@0 = | s e O e 0. ®)
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ii) forany A\ >0, and A>0, B >0

A

o= [ Amfmﬂ)(%n f@)de, (y e ©0,). O

n{z,y} + Bmax{z,y}

Then, ||Th|| = Ex(A, B), and ||T|| = F\(A, B); furthermore, if f,g €
L?(0,00) and f(z),g(x) >0, then

(T1f,9) < Ex(A, B)||l2llgll2; (10)

and
(Txf, 9) < FA(A, B)||fll2llgl2; (11)

where the constant factors Ex(A, B) and Fy\(A, B) are the best possible
choices.

Proof. For A > B > 0, , applying Holder’s inequality, we obtain

00 :L‘/\fl _ a1
0159~ ([t e () )

< {/OOO EA(AvB)fQ(x)dx}é {/OOO EA(AvB)QQ(y)dy}

= Ex(A, B)|[fll2llgl2; (12)

[NIES

hence HT1H E)\(A B)
For A >0, B > 0, Applying Holder’s inequality and using an argument
similar to the preceding paragraph, we obtain

(Taf.9) = /OOO (mm{(%)’ (%») f(z)dz, g(y)

Amin{z,y} + Bmax{x,y}

Fx(A, B)|[fll2llg]l2; (13)
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and hence ||T»|| < FA\(A, B).
If (12)and (13) take the form of the equality, then by [2] there exist
constants a and 3 , not both zero such that

of(@) <‘;) IOR (14)

X

Therefore, we have

af?(x)x = Bg%(y)y a.e. on (0,00) x (0,00).
That is there exists a constant ¢, such that
af?(z)r = B (y)y = ¢ a. e. on (0,00) x (0,00).
Without loss of generality, suppose « # 0. Then we obtain f2(z) = -
a.e. on (0,00), which contradicts the fact that 0 < [ f(z)dz < oco.
Hence (12) and (13) take the form of a strict inequality.
e —(+4e)

For any a,b > 1, and a sufficiently small ¢ > 0, set f.(x) = a2z~ 2z, if
~(i+e)

z € [a,00), and f.(x) =0, if x € (0,a). Similarly, g-(y) = by 2, if
y € [b,00) , and g-(y) =0, ify € (0,b). Assume that the constant factors
E\(A,B), F\(A,B) in (10) ,(11) are not the best possible choices, then
there exist positive real numbers k, k¥ with k¥ < E)(A4,B) and k" <
F\(A, B) such that (10),(11) are valid by changing Ex(A, B), Fa(A, B)
to k, K. On one hand,

G /\_1| dxd
/ / Amln{x y} + Bmax{z, y}],\fa(x)ga(y) xdy <

k
k||f5“2||9€”2 = g (15)

Similarly

(min{(2),(1)})* .
/ / Amin{z, y}—f'Bmax{g; y}f( z)ge(y)drdy < = (16)

On the other hand, setting t = <, we have

)\71 )\71’ o
/ / Amln{x y} + B max{z, y}]/\fg(:n)ge(y) zray
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o0 00 A—1
_ e —(14¢) |1 — M D)
(ab)> /a v [7 [Amin{1l,¢} + Bmax{1, t}] didz

00 [e’e) A—1
:(ab);/ l’_(H_E)/ : |1_t | t_(+)
a o [Amin{1,¢} + Bmax{1,¢}]*

. [ : |1 — A1 (
—(ab)? / g~ (1+e) / . t
a o [Amin{1,t} + Bmax{1,t}]*

For x > band0<6<2,weget

b
T

/z 11— M1 (1;a>dt_/ (1_t)\_1)t_¥
o [Amin{l,¢} + Bmax{1,¢}* —Jo [At+ B

22—1 40—3
- 4 b% =1 b 2z x4
SA\B v Mm-3 |
Thus

0 < ( b)g/oo _(HE)/QIZ Lt =5 dtd
“ a v o [Amin{l,t} + Bmax{1,t}]* v

4X—1
< ﬁ aib + @t o < 00
B> (4\ — 3)2 '
Note that

) b A—1
£ —(14e) [ * 1t | —(te) —0(1
(“b>2/a g /0 Amin{L,{} + Bmax{L, ]} o).

So we have

ildetamd dad
/ / Amm{w y} + Bmax{z, y}pfa(w)ge(y) zdy

— €
a2 b2

=~ lwa(@) +0(1)] - 0(1)

dt,
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Also by setting t = £ | we have
A

(min{(2).(1)})*
/ / Amin{z, y}+Bma3<{:v y}

— (ab)? /Oo z (e /°° (init))* ]
a b Amin{l,t} + Bmax{l,t}

o [Faee [¢ming )
= (ab) / o )/ Amin{l,t} + Bmax{l t}

o 1
—(ab)? / prtive) (7 (min{t” ) dtdz.
a 0 Amln{l,t}+BmaX{1,t}

For x > band0<5<2,weget

fe(2)ge(y)dzdy

2 (min{t_l, t}) B <1+s)
Amin{l,t}—i—Bmax{l,t} At+B

NG
<(=) == — ).
B 220 +1
Thus
00 L ; -1
o< Gayi [Ta [ (min{t ™, 1})* ¢
“ o Amin{l, ¢} + Bmax{l,t}
16\ (a5 b5
“\B)\ @2 ) =™
Note that

[e.¢] b y - 3
(ab)? / p—0+e) [ 7 (min{t,t})*
a o Amin{l,t} + Bmax{l,t}

0

—0(1).

So we have
A

(min{(2).(1)})*
/ / Amin{z, y}+Bma2<{w y}

fe(®)ge(y)dzdy
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—€
az2b

= 2 foa@) + o) (18)

o

Now from (15), (17) we get @[EA(A,BH—O(I)] < g , and from (16),

(18), 282 [F\ (4, B) + o(1)] < ¥ that is, Ex(A, B) < k , Fy(A,B) < k¥
when ¢ is sufficiently small and a,b > 1 , which contradicts the hypothe-
sis. Hence the constant factors Ex(A, B) , Fa(4, B) in (10), (11) are the
best possible choices and ||T1]|2 = Ex(A, B) , ||Tz]|l2 = F)(A, B). This
completes the proof. [

Note: If A= B =1and A =0 in (11), then by theorem 2.2 , one has

// Sl d:vdy<7r{/ (x dx}é{/ooog%)dx};. (19)

IfA:O,leand)\:O,thenonehas

/ / max{x y}dﬂcdy<4{/ e dm}é {/Ooogz(:v)dx}%7

where the constant factors m and 4 are both the best possible choices.
Inequality (19) is the Hilbert’s integral inequality [5].

Theorem 2.3. Suppose that 0 < [° f?(z)dz < co. Then
i) for any A >0 , /\752, ,and A>B >0

o0 o e PSS N o 2
/0 [/0 [Amir‘l{m y}fgnﬁi{i y}pdfc} dy < E}(A4, B)|If|13; (20)

i1) for any A >0, and A >0,B >0

A 2

/oo o (min{(2),(1)})" f(2)
0 0

Amin{z,y} + Bmax{z,y}

dz| dy < F2(A,B)|fI3 (21)

where the constant factors E3(A, B) and Fi(A, B) are the best possible
choices. Furthermore, inequalities (20), (10) and similarly (21), (11)
are equivalent.
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Proof. Let

_ [ 2 — A f ()
9(y) = /0 [Amin{z,y} + Bmax{z, y}]Adx'

Then , by (2.5), we get

2

00 ) [eS) o0 |$)\—1 A—l’f( )
o< [atwa= [ | [Amm{a: v} + Bumax{eyn ] ¥
/ / i f(z)g(y)dzdy

Amm{x Yy} + Bmax{x yHA

< Ex(4, B)[[£li2llgl2; (22)

Hence, we obtain

0 < /0 G (y)dy = EX(A, B)| £} < . (23)

By (10), both (22) and (23) take the form of a strict inequality, so we
have (20). On the other hand, suppose that (20) is valid. By Holder’s
inequality, we find

-y (@)9(y)
/ / Amln{m y} + Bmax{z,y}]* xdwdy

N /o [/0 [A mh’l{:;}_f;li?x?y}pdx} 9(y)dy

AL it o a} ([ s}

By (20), we obtain (10). Thus (10) and (20) are equivalent. If the
constant E3(A, B) in (20) is not the best possible choice, then so is
E\(A,B) in (10) . Also in the same way

[N

2

w| o (minf2).2))° 1@
Iy

2 ® o
Amin{z,y} + Bmax{z,y} dz | dy < FX(4, B)/O f(x)dz
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and FZ(A, B) is the best possible. Inequality (21)is equivalent with (11).
This completes the proof. O
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