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of G is 2. A flow graph (FG) is a triple (V,E, s), where (V,E) is a digraph,
s ∈ V is the unique start vertex of the digraph and there is a path from s to
each vertex of G [6]. If G = (V,E) is a digraph and vi ∈ V , then a flow graph
can be formed with start vertex vi by the removal of every vertex of G (and
its adjacent edges) which is non-reachable from vi. A complete flow graph is
a quadruple G = (V,E, s, f), where (V,E, s) is a flow graph with the unique
start vertex s and f ∈ V is the unique final vertex of G; there is a path from s
to each vertex of G and there is also a path from each vertex of G to f [1]. The
edge e = (vi, vj) of the flow graph (V,E, s) is a back edge if every path from s
to vi goes through vj . A flow graph is said to be reducible if the removal of its back

edges leads to an acyclic digraph where each vertex can be reached from s.

Let G = (V,E) be a digraph with positive edge weights and vi, vj ∈ V . The
marking problem (MP) is how to assign marks T and F to some edges of G
where every path starting at source vi will reach target vj . When the digraph
is being traversed and a vertex vk is visited, these marks find the following
interpretations: (a) If some outgoing edges of vk are marked with T , then
we must pass through one of these edges; (b) If some outgoing edges of vk are
marked with F , then these edges must not be chosen; (c) If some outgoing edges
of vk are not marked, then any of these edges may be chosen. The optimization
problem involves minimizing the total weight of the marked edges [1].

A solution to the marking problem MP = (G, s, t) is a partial function from
domain E(G) to co-domain {T, F}. In a pure (non-labeled) digraph, marking
an edge e with F means removal of the edge while marking e with T signifies the
removal of every sibling edge of e. If G denotes the flow graph of a computer
program, marking e with T/F is equivalent to making TRUE/FALSE the
label (logical expression) of e. Let G = (V,E, s) be a flow graph,MP = (G, s, t)
be an instance of the marking problem, and vi be an arbitrary vertex of G. In
an optimal solution to the MP , we have [1] : (a) The outgoing edges of vi
cannot be marked with both marks T and F ; (b) If vi has only one outgoing
edge, it cannot be marked with F ; (c) At most one outgoing edge of vi can
be marked with F ; (d) If G is unweighted, the MP has a solution using only
T -mark.

The MP is a problem in reachability context. It is interesting to know whether
such a reachability problem can be reduced to and solved by a corresponding
problem in unreachability context, such as cut problem. This topic has been
discussed in [7].
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This is demonstrated by an example using n = 3 and m = 5. Figure 3.a
displays the DAG G of HS(S) with n = 3 and m = 5. First, the weight
of every outgoing edge of each vertex si (i = 1, · · ·n) in G is changed to the
out-degree of si. So, the weight of every outgoing edge of s1 in Figure 3.a will be 3.

Then, the outgoing edges of s in G are substituted with the binary DAG given
in Figure 3.b. The reachability cost of any si from s in Figure 3.b is greater
than mn|E(G)|, implying that no solution to the MP = (G, s, t) marks the
edges of Figure 3.b. So, replacement of the outgoing edges of s with the binary
DAG presented in Figure 3.b will not change the solution to MP in G.

Thirdly, for each vertex si ofG (i = 1, · · · , n), its outgoing edges are substituted
with the binary DAG given in Figure 3.c. Let i = 1. In order to guarantee
reaching t, we should reach an aj from each si (in this case s1) where aj ∈ si
in HS(S) and j = 1, · · · ,m. The binary DAG represented in Figure 3.c is
constructed in a way that the reachability cost of any aj from an si is the same
and equals the weight of any outgoing edge of si in G. Figure 4.b illustrates
how to convert outgoing edges of an si to binary mode when si has more
outgoing edges, e.g., 4 outgoing edges including 3 vertices aj ’s and 1 vertex
k. For arbitrary values of n and m, only the height of the binary DAG given
in Figure 4.b grows polynomially.

Finally, for each vertex aj of G (j = 1, · · · ,m), its outgoing edges are substi-
tuted with the binary DAG given in Figure 4.a. The binary DAG presented in
Figure 4.a is constructed such that the reachability cost of the vertex t (or k)
from each vertex aj is the same and equals mn.

Thus, substituting the outgoing edges of s, si’s and aj ’s with the unit-weighted
binary DAGs given in Figure 3.b, Figure 3.c (or Figure 4.b) and Figure 4.a
does not change the cost of marking to reach t, implying that (G, s, t) =
(G, s, t). Hence, digraph G can be considered instead of G in the proof of The-
orem 3.2, so the theorem holds. Obviously, G can be constructed in polynomial
time whose size is O(E(G)|)+O((mn|E(G)|)2)+m∗O((mn)2))+n∗O(m2) =
O(m4 ∗n4). Also, the term α1 log(n∗m) is replaced with α1 log(n4 ∗m4) which
equals α1 log(n ∗m) where α1 = 16α1. 

Lemma 3.4. Let G be an unweighted binary DAG and s and t be two vertices
of G. The lower bound of the optimal solution to the marking problem (G, s, t)
is min− cut(s, k) where k is the representative of all vertices unreachable to t.

Proof. Let K be the set of all vertices of G which are not reachable to t. We
condense all vertices of K and their adjacent edges in a new vertex called k
and call G the new digraph. Consider any edge e = (vi, vj) of G such that
vi /∈ K but vj ∈ K. We replace the head of every such an edge e with the
vertex k in G. Now, we claim that M = min− cut(s, k) in G is a lower bound
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4. Marking Problem in Program Flow Graphs

4.1 Complexity of the marking problem in program flow
graphs

There are two types of the reachability problem: syntactic reachability vs. se-
mantic reachability [2]. The semantic reachability problem is studied in the
context of program flow graphs. An edge of a program flow graph has a la-
bel indicating a Boolean expression. Unlike the pure flow graphs, we cannot
mark any two arbitrary edges of a program flow graph with T/F as their la-
bels (Boolean expressions) might be contradictory. The main complexity of the
semantic reachability problem originates from the feasibility problem. An arbi-
trary path of a program flow graph is not necessarily feasible and it might be
semantically infeasible. The feasibility problem was proven to be undecidable
by Goldberg et al. [9] and DeMillo and Offutt [10]. Some partial solutions have
been presented by Gallagher et al. [11], Goldberg et al. [9], R. Jasper et al. [12],
and Offutt and Pan [13].

This section indicates that the reachability problem is NP-Complete even when
the label of each edge of the underlying flow graph is a Boolean variable. The
decision versions of the one-variable feasible path problem (1-VAR-FP) and 3-
DNF-SAT problem are shown in Tables 3-4. We use the later problem to prove
NP-Completeness of the 1-VAR-FP problem.

Table 3: 1-VAR-FP problem.

Table 4: 3-DNF-SAT problem.
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Theorem 4.1.1. The 1-VAR-FP problem is NP-Complete.

Proof. The 1-VAR-FP problem is NP; when given an answer P1, we can verify
in polynomial time whether P1 is both a path and feasible. It is enough to
verify that the sequence of the edges of the path P1 do exist in G and there
are no two edges in P1 having the contradictory labels. Since the label of each
edge of G is a Boolean variable, this verification can be performed linearly.

Now, we should show that 1-VAR-FP problem is NP-Hard. To do this, we
reduce 3-DNF-SAT problem to 1-VAR-FP problem. The 3-DNF-SAT problem
is the dual of 3-CNF-SAT problem (also known as 3-SAT), which is one of the
21 classic NP-complete problems proved by Karp in 1972 [14]. The 3-CNF-SAT
problem states that determination of satisfiability of a given Boolean expression
in 3-CNF is NP-complete. By duality, determination of unsatisfiability of a
given Boolean expression in 3-DNF is NP-complete. We can convert the given
Boolean expression BE = c1∨c2∨· · ·∨cm where ci = x1i∧x2i∧x3i (1  i  m)
to an acyclic program flow graph by Algorithm 1

Algorithm 1. SAT2AcyclicFG (BE)

label(v1m, v2) = NOT (x1m), label(v2m, v2) = NOT (x2m), label(v3m, v2) =
NOT (x3m)
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Theorem 4.1.1. The 1-VAR-FP problem is NP-Complete.

Proof. The 1-VAR-FP problem is NP; when given an answer P1, we can verify
in polynomial time whether P1 is both a path and feasible. It is enough to
verify that the sequence of the edges of the path P1 do exist in G and there
are no two edges in P1 having the contradictory labels. Since the label of each
edge of G is a Boolean variable, this verification can be performed linearly.

Now, we should show that 1-VAR-FP problem is NP-Hard. To do this, we
reduce 3-DNF-SAT problem to 1-VAR-FP problem. The 3-DNF-SAT problem
is the dual of 3-CNF-SAT problem (also known as 3-SAT), which is one of the
21 classic NP-complete problems proved by Karp in 1972 [14]. The 3-CNF-SAT
problem states that determination of satisfiability of a given Boolean expression
in 3-CNF is NP-complete. By duality, determination of unsatisfiability of a
given Boolean expression in 3-DNF is NP-complete. We can convert the given
Boolean expression BE = c1∨c2∨· · ·∨cm where ci = x1i∧x2i∧x3i (1  i  m)
to an acyclic program flow graph by Algorithm 1

Algorithm 1. SAT2AcyclicFG (BE)

label(v1m, v2) = NOT (x1m), label(v2m, v2) = NOT (x2m), label(v3m, v2) =
NOT (x3m)
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It is obvious thatG (return value of Algorithm 1) is a labeled DAG and the label
of each edge of G is a Boolean variable. It is also a flow graph, as each vertex of
G is reachable from the start vertex s = v11. The digraph G is a program flow
graph as the label of each edge of G is a Boolean expression. Each clause ci of
the Boolean expression BE is equivalent to the ith-column of G. We intend to
show it is NP-Hard to decide whether there exists a feasible path from s = v11
to t = v2 in G. According to the structure of the digraph G, we claim that
BE equals FALSE if and only if there exists a feasible path from s to t in
G, implying that the 1-VAR-FP problem is NP-Hard. To prove the claim, the
digraph G is constructed in a way that for reaching v1, at least one of clauses of
BE must be TRUE. The vertices v1 and v2 are the final vertices of G, implying
that if we start moving from the start vertex s = v11, we finally reach either
v1 or v2, but not both of them.

Now, if BE equals FALSE, then none of the clauses of BE is TRUE, implying
that if we start moving from the start vertex s = v11, then we never reach v1,
so we definitely reach t = v2. In contrast, if there exists a feasible path from
s = v11 to t = v2 in G, then none of clauses of BE is TRUE (otherwise, we
reach v1, so we never reach t, which is a contradiction). Thus, BE will equal
FALSE. Obviously, an instance of a 3-DNF-SAT expression can be converted
to an acyclic program flow graph in linear time. Indeed, if a 3-DNF-SAT prob-
lem has m clauses, its corresponding program flow graph will have 3m + 2
vertices and 6m edges. 

Corollary 4.1.2. The 1 − V AR − FP problem is NP-Complete, even if the
underlying digraph is a binary DAG.

Figure 5. The acyclic program flow graph of the Boolean expression
(x11 ∧ x21 ∧ x31) ∨ (x12 ∧ x22 ∧ x32) ∨ (x13 ∧ x23 ∧ x33).
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Proof. In the proof of Theorem 4.1.1, we have that the return value of Algo-
rithm 1 is a DAG with an out-degree of 2. Hence, the corollary holds. 

Example 4.1.3. Figure 5 demonstrates the acyclic program flow graph of the
Boolean expression (x11 ∧x21 ∧x31)∨ (x12 ∧x22 ∧x32)∨ (x13 ∧x23 ∧x33). The
symbol  denotes ‘NOT’.

Corollary 4.1.4. The marking problem is NP-Complete if the underlying pro-
gram flow graph is an unweighted binary DAG.

Proof. The corollary holds according to either Theorem 3.3 or Theorem 4.1.1. In-
terestingly, either minimality or feasibility of the marking problem makes it
NP-Complete. 

4.2 A heuristic algorithm to the marking problem in
program flow graph’s

In order to solve the marking problem in program flow graphs, we can use
the heuristic algorithm provided in [1]. However, a feasibility checking func-
tion should be added to this algorithm in order to consider only the feasible
solutions.

Suppose that G = (V,E, s) is an acyclic flow graph of a computer program
and vi and vj are two vertices of G. Moreover, suppose that the label of any
edge of G is a Boolean variable. We use the function CFG(vi, vj) to construct
a complete flow graph, H, with the start and final vertices vi and vj , respec-
tively, where every path starting at vi will finally reaches vj , implying that
the reachability of vj from vi is guaranteed (Algorithm 2). The digraph H
is constructed as follows: (i) consider the induced sub-graph G[H] such that
H = {k ∈ V |k ∈ reach(vi) and vj ∈ reach(k)}; (ii) remove (mark with F ) every
outgoing edge of H, namely every e of G where tail(e) ∈ H and head(e) ∈ H;
(iii) instead of F -marking multiple sibling outgoing edges e1, e2, · · · of H, their
another sibling edge ek should be marked with T , if head(ek) ∈ H and the
weight of ek is less than the sum of the weights of F -marked edges. Since the
weights of all outgoing edges of a vertex of program flow graphs are the same,
we can use only the mark T [1].

Let E1 and E2 and E3 be the subsets of E(G), s and t be two vertices of
G,MP = (G, s, t) be an instance of the marking problem, f1 : E1 → {T, F} be
an optimal solution to the MP, f2 : E2 → {T, F} be a heuristic solution to the
MP and SP : E3 → {T} be the T -marked edges of the shortest path from s
to t in G. |Ei| denotes the sum of the edge weights, where Ei ⊂ E. According
to the definition of the marking problem, we have |E1|  |E3|, which means
that the shortest path length is an upper bound to the solution of the marking
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