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Abstract. This work is concerned with the initial boundary value
problem for a nonlinear viscoelastic Petrovsky wave equation

t
up + APy — / g(t — TV A u(T)dT — Aup — Augy + welue|™ " = ululP .
0

Under suitable conditions on the relaxation function g, the global ex-
istence of solutions is obtained without any relation between m and p.
The uniform decay of solutions is proved by adapting the perturbed
energy method. For p > m and sufficient conditions on g, an unbound-
edness result of solutions is also obtained.
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1 Introduction

In this paper, we investigate the problem

t
U + A%u — / g(t — 7)A*u(T)dr — Auy 1)
0

— Ay + uguwg| " = wfuPT 2 € Qt >0,
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u(z,t) = Oyu(z,t) =0, xed, t>0, (2)
u(z,0) = up, w(x,0)=uy, x €9, (3)

where (2 is a bounded domain in R",n > 1, with a smooth boundary
02, m,p > 1, v is the unit outer normal on 92 and g is a non-negative
function that represents the kernel of memory term.

In the absence of viscoelastic term (g = 0), the dispersive term Auy,
and the strong damping dissipation Awu;, problem (1)-(3) has been ex-
tensively studied and several results concerning existence, decay and
nonexistence of solutions have been established. Generally, problems of
the form

ug + A%u+ h(ug) = f(u), xeQ, t>0, (4)

with the boundary and initial conditions (2) and (3), have been widely
investigated by many authors. For f = —q(z)u(x,t), equation (4) has
been considered by Guesmia [5] where ¢ : Q — RT is a positive function
in L*°(€2) and h is a continuous and increasing function which satisfies
h(0) = 0. Using the semigroup approach, the author proved global ex-
istence, uniqueness and decay results under suitable growth conditions
on h. When h(u;) = aus|us|™ 2 and f(u) = bu|u[P~2 where a,b > 0 and
p,m > 2, Messaoudi [10] established an existence result when m > p
with an arbitrary initial data while the solution blows up if m < p and
the initial energy is negative. The main point of the contribution is
the method initiated by Gorgiev and Todorva [1] based on fixed point
theorem. Related to this problem, Wu and Tsai [14] showed that the
solution decays algebraically without the relation between m and p while
it blows up in finite time if p > m and the initial energy is nonnegative.
In [2], Amroun and Benaissa obtained the global solvability of (4) sub-
ject to the same boundary and initial conditions as (2) and (3) where
f(u) = bu|u|P~2 and h satisfies

cls| < Jh(s)| < eals|”, |s| =1, e1,c0 >0,
under some appropriate restrictions on p and r. The key point to their

proof is the use of stable set method combined with the Fadeo-Galerkin
procedure.
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Recently, in the presence of the strong damping, G. Li et al. [9]
considered the following Petrovsky equation:

Utt+A2u—Aut+ut|ut]m_1 :u\u]p_l, e, t>0, (5

with the boundary and initial conditions (2) and (3). The authors ob-
tained the global existence and uniform decay of solutions if the initial
data are in some stable set without any interaction between the damp-
ing mechanism u|us/™ ! and the source term wu|u|P~!. Moreover, they
established the blow up properties of local solution in the case p > m
and the initial energy is less than the potential well depth. In [18], for a
wave equation (Au instead of A%u in (5), S. Yu by using the stable set
method showed that the solutions exist globally in time if m > p and
blow up in finite time if m < p < w + 1.

There is a substantial number of papers concerning the study of
nonlinear viscoelastic wave equations with the dispersive term Awug. In
the study of plates, Rivera et al. [13] considered the following viscoelastic
equation

t
Uy — YAUy + A%u — / g(t — 7)A%u(r)dr = 0.
0

They proved that the first and second order energy, associated with the
solutions, decay exponentially provided the kernel of the memory also
decays exponentially. For a related study, we may recall the work by

Lagnese [3], who showed that the energy decays to zero as time goes to
infinity by introducing a dissipative mechanism on the boundary of the
system. In [3], Cavalvcanti et al. studied the global existence result and

the uniform exponential decay of energy for the following equation:
¢
|ug|Puge — Au — Aug + / g(t — 1) Au(r)dr — yAu; =0 (6)
0

In the case v = 0, Messaoudi and Tatar [11] showed that the solution
goes to zero with an exponential or polynomial rate under some restric-
tions on g. Using the potential well method, the same authors in [12]
obtained global existence and an exponential decay result for an exten-
sion of (6) in the presence of nonlinear source term:

t
|ue|Puy — Au — yAuy + / g(t — 7)Au(r)dr — Auy = b|u|p72u.
0
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Moreover, for sufficiently large values of the initial data and for a suitable
relation between p and the relaxation function, they proved an unbound-
edness result. In [15], S.T. Wu proved the general decay of solutions for
the nonlinear equation:

t
g Py — A — A + / ot — ) Du(r)dr + [u™u = JufPu. (7)
0

In [16], the author established the same result for equation (7) with the
weak damping term (m = 0) and p — 2 instead of p. Without nonlinear
source term, Han and Wang [0] obtained the general decay of solutions
for (7) in the case m = 0. When p = 0 with m — 2 instead of m and
in the absence of source term, they proved similar results in [7]. In the
presence of dispersive term and strong damping term, in a recent work,
R. Xu et al. [17] studied the global well-posedness for the wave equation

t
uy — Au + / g(t — 7)Au(T)dT — Aug — Aug + up = |uP~ .
0

Defining a family of potential wells they proved existence and nonexis-
tence of global solutions under some conditions with low initial energy
while a blow up result is obtained with positive initial energy.

In the present work, our study will be devoted to the problem (1)-
(3). Motivated by the above works, by introducing a suitable perturbed
energy function, we study the asymptotic behavior of solution energy
and we obtain the uniform decay of the energy under some assumptions
on g without any interaction between source term and damping term.
Under an appropriate restriction on g, we also prove that the solution
exponentially grows when m > p and the initial energy is negative.

The plan of this paper is as follows. In section 2, we introduce
some notations and useful lemmas, and we state the local existence
result Theorem 2.3. In section 3, we present the global existence result
Lemma 3.2 and we show the exponential decay of the perturbed energy
in Theorem 3.4. Growth properties of the problem (1)-(3) are given in
Theorem 4.1.
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2 Preliminaries

To prove our main results, we shall give some lemmas, assumptions and
notations.

Lemma 2.1. [I] (Sobolev-Poincaré inequality) Let q be a number with
2<g<oo(n=1,2,3,4) or2<q< -2 (n>5), then for u € H3(Q)
there is a constant C, = C(£2, q) such that

[ully < CillAu]2.
Assume that m and p satisfy

l<p<oo (n=1,2,3,4) or 1<p§L4 (n>5), (8)
n_

4
l<m<oo (n=1,23,4) or 1l<m< "

<2 mzs). )

For the relaxation function we assume

(G1) g € C!0,00) is a non-negative and non-increasing function satis-
fying
o
1-— / g(s)ds=1>0, g(0)>0. (10)
0

(G2) There exists a positive non-increasing differentiable function £ such
that

g(t) < —=E(t)g(t), vt =0, (11)
where [7°¢(t)dt = +o0.

Let us define the C! functionals I, J, E : H3(Q2) — R by
t
I(t) = I(u(t) = <1 —/0 g(T)dT> | Aull5+(goAu) (t)—[lulbtT,

56 = 30) = 5 (1= [ atryar ) 1201}

1 1
(9o Au)(t) — ]m”quib

NN

+
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B(t) = B(u(t) = 5|l + 3 IVul + J(u), (14
where

woul®) = [ alt=7) [ o)~ ol
and the stable set

W = {u € Hg(Q);I(u) >0} U{0}.

Lemma 2.2 E(t) is a non-increasing function for t > 0 and
() = — g®)|Aul3 — [Vul3 + 5 (g 0 A)(t) — Jllzitl (15)
= 2g U5 ut2+2gou Uty 41

Proof. Multiplying (1) by wu, integrating over 2 and using the boundary
conditions, we get

t
1
B - E0) =~ | (jo0llaul?
0
1 m
FIVwl3 = 50" 0 Aw)(t) + uall L) dt.
Thus, the proof is completed.

We state a local existence theorem that can be established by com-
bining the arguments of [10], [2] and [18].

Theorem 2.3 Suppose that (2.1),(2.2) and (G1) hold and wug, €
HZ(Q),u1 € H}(Q). Then there exists a unique weak solution u(t) such
that

ue C([0,T); H3(Q)) nC* ([0,T); L*()),
u, € L ([0, T); Hy () N L™HQ x (0, 7)),

for some positive constant T.
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3  Global existence and energy decay

In this section we are going to establish a decay result for solutions of
(1)-(3). For this purpose we use the Lyapunov functional method with
suitable choice of a perturbed energy function. First, we present some
lemmas that will be needed later.

Lemma 3.1 Suppose that (2.1) and (G1) hold. For any ug € W if

Ctr2(p+1)

= E 1 1
o= P p0] " <1 (16)
then u(t) € W for all t > 0.
Proof. Since I(ug) > 0, then by continuity, there exists T, < T such

that I(u(t)) > 0 for all ¢ € [0,7%). From (2.3), (2.5) ,(2.6) and the fact
that 1 — fotg(T)dT >1— [,% g(r)dr, for all t € [0,T%) we have

a0 =55 { (1 /Otgwdf) AUl + (g0 Au)(e) ) + 10

2(p+1) p+1
> 2L (1= [ o) haul + (g0 0o
> Sl a7)
Using (14), (17) and the lemma 2.2 we find
aulg < 32500 < TP E0 < S B0, as)

for all t € [0,7%). Then, by (16), (18) and the lemma 2.1 we obtain

2(p+1)
l(p—1)

p—1
2
7t E(O)] 1Al

p+1 < Cf—"_lHAqu+l < Cf+l |:

t
_ Bl Aul3 < (1 - /0 g@dT) 1Al
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which implies I(u(t)) > 0 and so u(t) € W for all t € [0, T%). By repeat-
ing this procedure, Ty can be extended to T

Lemma 3.2 Suppose that (8), (9), (G1) and (16) hold. If uy € W,
then the solution of (1)-(3) is global and bounded.

Proof. We use (12)-(14) and the lemma 2.2 to get

1 1
E(0) = B(t) = glluell3 + 5[ Vuel3 + I (1)

1, 5 1 , 1
— - |V — It
gl 5 Vw3 + = 10

+2(I;+11) { <1 _ /Otg(T)dT> 1A + (g0 Au)(t)} ,

By the lemma 3.1, I(t) > 0. Using the assumption G1 we deduce

luell3 + [ Vuell3 + |Aul3 < CE(t) < CE(0), vt >0,

where C' = ?((gjll)) This shows that ||ut]|3+ || Vue||3 + || Aul3 is uniformly

bounded and independent of ¢ for all ¢ € [0,7"). Therefore the solution
of (1)-(3) is bounded and global in time.

By a suitable modification of the energy, we define
G(t) = ME(t)+ eV (t) + x(t), (19)

where M and e are positive constants and

1
w(t) = /(uut—i—Vu.Vut)dx—l— 19l
Q

x(t) = /Q(Au + Aup — ut)/o g(t — 1) (u(t) —u(r)) drdx. (20)

Lemma 3.3 Suppose ug € W and (16) holds. Then for any solution of
(1)-(3) there exists two positive constants oy and ay such that

a1 E(t) < G(t) < asE(t), (21)
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for suitable choice of M and €.

Proof. Using the Young’s inequality, Lemma 2.1 and the Poincaré in-
equality, we find

1 1 1 _
() < Sl + 5 IVeald + 52+ 227D jAul},  (22)

where A is the Poincaré constant. By the Green’s formula we have

(1) = /Q (A — ) /0 ot - 7) (u(t) - u(r)) drdz

¢
—/ Vut./ g(t — 1) (Vu(t) — Vu(r)) drdz.
Q 0
We use the Young’s inequality to obtain
1 1 1
X(t) < Slluell3 + 5 IVl + 5 [l Aul3
2 2 2
2

w3 [ ([ ot =m0 - urir) o
2

1 t
+ 2/ (/ g(t —7)(Vu(t) — Vu(T))dT) dx. (23)
o \Jo
From the Holder’s inequality, lemma 2.1 and (10) we obtain

2

/Q </otg (¢ = 7)(u(t) - U(T))df> dz
- /Q (/otg(t - T)dT) (/Otg(f = 7)fu(t) — u(T)PdT) dx

< (1= 1)CF(g o Au)(t). (24)

Similarly, by the Poincaré inequality we have

t 2
/Q (/0 g(t — 1)(Vu(t) — Vu(T))dT) dr < (1-DX"YgoAu)(t). (25)
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Inserting (24) and (25) into (23) and using (22), from (19) one can write
G(t) < MEB(t) + m1lluell3 + r2l| Vuell3 + rsll Aull3 + ra(g o Au)(?),

where k1 = ke = 3(1+4¢), k3 = 3 (e(C2+2X71)+1) and kg =
(1 —1)(C2 + A1), Then, by (14), the lemma 3.2 and choosing &
small enough and M sufficiently large, there exists a positive constant
@1 such that G(t) < @ E(t). By the same method, we can show that
G(t) > aE(t) for some positive constant @y. This completes the proof.

Now, we state our main result.

Theorem 3.4 Let ug € W be given which satisfies (16). Suppose that
(8), (9), (G1) and (G2) hold. Then, for each ty > 0, there exists positive
constants k and rk such that the global solution of (1)-(3) satisfies

t
B(t) < Ke "4y > g (26)

To prove the theorem 3.4, we need to establish the following lemmas.

Lemma 3.5 Let ug € W be given and satisfying (16). Suppose
that G1 holds. If u is the solution of (1)-(3), then there exists positive
constants k1 and ko such that

l
V() < el + 1Vl = 5 [ Aull3

k(g 0 Aw)(t) + kafuelldd + llull -
Proof. Taking the derivative of ¥(¢) and using (1), it follows that

+1
W(t) = [luell3 + [IVeell3 — | Aul3 + flullp iy

n /Q /0 t g(t — 1) Au(t) Au(r)drde — /Q wuglug|"Ndw.(27)

By the Young’s inequality and (10), for the fifth term of the right-hand
side of (27), for any n > 0 we obtain

/Q /O t g(t — 7) Au(t) Au(r)drdz
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< /Q ( /0 g(t—T)IAu(T)—Au(t)HAu(t)ldT> dr+ /0 g(r)dr]| Al
<({+n) /0 g(r)dr | Aull? + jnwo Au)(t)

< <1+n><1—Z>HAuH%+jnwoAu)(t). (28)

For the last integral of the right-hand side of (27), we use Young’s in-
equality and lemmas 2.1 and 3.1 to get

‘—/ wug|ug ™ dx
Q

m—1
where ¢; = CTH (g(pH)E(O)) * . Inserting (28) and (29) into (27),

< llulli iy + eln)llulli iy

< mew|Aull3 + e el i, (29)

I(p—1)
we arrive at

V'(8) < fluell3 + [ Vaell3 + (ner + (1 +0)(1 = 1) = 1) [|Aulf3

1 +1
+%(g o Au)(t) + c(n)luellmty + llulb.

Now taking n = ?)(cﬁill_l), we obtain the result.

Lemma 3.6 Let ug € W be given and satisfying (16). Suppose that
G1 holds. If u is the solution of (1)-(3), then there exists positive con-
stants ks, kq, ks and kg such that for all v > 0 we have

0 < (7= [ ot )t + (249 - [ gtryir) 19wl

k m
k|| Aull3 +(v) (g0 Au)(t) - ;(Q/OAU)@) +vkg|ull7,51, (30)

where ¢ is a positive function of v that will be given in the proof.

Proof. Differentiate (20) with respect to ¢ and using (1), we get

X/(t)Z/QAu/O g(t—7)(Au(t)—Au(7))drdz



12

A. PEYRAVI

_/Q </Otg(t - T)AU(T)dT> </Otg(t ~ ) (Aut) — Au(T))dT) do

n /Q g /0 ot — 7)(ult) — u(r))drda

— [t [ gte =t ~ utryard

/Au/ t T deac
/ut/ (t—7) ))drdx
/Vut/ (t—7)(Vu(t 7))drdx
t
; ( | wsuds ~ ] - rutug) [ atwrar
0

(31)
Next, we will estimate terms on the right-hand side of (31).
For the first term we have
t
/ Au/ g(t—7)(Au(t)—Au(r))drdz
Q 0
1 ! 2
<o+ [ ([ o= nauo - suryir) ao
4y Ja \Jo
1
SVHAUI!%JrH(l—l)(goAU)(t% (32)

where v is an arbitrary positive constant. For the second term we obtain

—/Q</Otg(t—TAu T)dT> (/Otg(t—T)(A )
S'y/g (/Otg(t—T)Au(T)(,“h')zdx
([ ote=naue) - a

u(t) — Au(T))dT) dx
(7)

t 2
gt —7 - UT)dT) dz

) Au(
1
e
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< 7/9 (/Otg(t _ T)AU(T)dT)Qdx—i—;y(l—l)(goAu)(t).

(33)
The first integral in the right hand-side of (33) can be estimated in the
form

2

/Q (/Otg(t - T)AU(T)dT) do
2

< [ ([ st =020 - dutt) + 18uto)yir) o

< 2/Q (/Otg(t—T)|Au(7')—Au(t)|d7’)2d1’

+2/Q (/Otg(t—T)|Au(t)]dT)2dx

< 2(1-1)(goAu) (1) +2(1-1)*|| Aul3.
(34)
By (34), for the inequality (33) we have

‘_/Q </Otg(t - T)Au(f)d7> </Otg(t ~ ) (Aut) — Au(T))dT) do

< (2v+417)(1 — (g 0 Au)(t) + 2(1 — )| Aul}3, (35)

We use Young’s inequality, lemmas 2.1 and 3.2 to estimate the third
term as

m—1 t —7m)(u(t)—u(7T))drdx
/Qut|ut| /Og<t ) (u(t)—u(r))drd

< / g(t = 1) (Ylluel 1 + e)llu(t) = w(m)llnt) dr
0

t
< (1= Dlfud|™H + e()em /0 ot — P Au(t) — Au(r)|7Hdr

<y =Dlluell7 iy +e(v)ea(go Au)(t), (36)

13
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m—1

where cp = CT 1 (%E(O)) * . For the fourth term we have

p—l1 t —7)(u(t)—u(7))drdx
/Q ulul /0 g(t—)(u(t)—u(r))drd
2

§*y/ﬂ]u|2pdx+417/ﬂ </Otg(t—7')(u(t)—u(7))d7'> do

1
< va”HAUIlngr@Cf(l—l)(goAU)(t)

1
< yes|| Al + @Cf(l —)(goAu)(t),
(37)

2p (2(p+1) Pt ; :
where c3 = C (l(p_l) E (0)) . Concerning the fifth and sixth terms,

we get

/Q Au /0 ¢ (t —7)(u(t) — u(r))drdz < || Au]3 - ;gw)cf(g’ o Au>(<t>,

38)
t
1
L [ =t~ umards < lul - £o0)C2 © Au)e)
(39)
We use the Young and Poincaré inequalities to obtain
t
‘/ Vut/ gt —7)(Vu(t) — Vu(r))drdx
Q 0
1 t 2
<A Va3 + / </ gt —1)(Vu(t) - vu(T))dT) dx
4y Ja \Jo
> 9(0) L 2
< [IVulz - g (t = 7)|Vu(t) — Vu(r)|"drdz
4y Ja Jo
0),_
<3Vl - L2 o A0 (10)

where A\ is the Poincaré constant. Again applying Young and Poincaré
inequalities, for the last three terms in the right-hand side of (31) we
find

t
( [ wuds — 7l - uutn%) | atriar
0
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11 '
< <_ /O gde) el 3+(1-1) | A 3 /O g(7)dr || Ve |3

4y
! 2 o (10, ! 2
=/ g(r)dr|[url3+~y(1=0)[ Aufz+ i g(r)dr ) [[Vul2.
(41)
Combining (32) and (35)-(41), the inequality (30) follows with ks =

1

LNty =202 — 514+ 5 4¢3, ks = L(C2 4 A1) kg =11 and
1
p() =5 [(A-DE+ 872 + C7) + dye(v)ez] -

At this point, we are ready to prove Theorem 3.4.
Proof of Theorem 3.4. The assumption (G1) guarantees that for any
to > 0 we have

t to
[ amar= [ grrar = g, (42)
0 0
for all ¢ > ty. Therefore, from (19), (15), (42) and the lemmas 3.5, 3.6

we obtain

k
G'(r) < —(90—6—7)Hut\§—<M+90 I j) IVl

el m
_ (3 _ vk'4> 1Au3 — (M — ey — vke)||udl 72t

Mk
# (3 20 00 20 + e + 0000 (g0 20 + <l (43)
Now, we take ¢ < 4 and v > 0 sufficiently small such that
< min —€ g—l
y 90 E A

Whence ¢ and « are fixed, we choose M large enough that
k 2k
M > max {'y—i— —3,5k2 ~+ vk, 5} .
v gl

Hence, (43) implies that there exist positive constants p; and pe such
that
G'(t) < = E(t) + pa(g o Au)(t), (44)

15



16

A. PEYRAVI

for all t > to. Multiplying (44) by &(t), using (11) and (15), we get
E()G'(t) < =& E() + p2t(t)(g o Au)(t)
< —m&()E(t) — p2(g' o Au)(t)
< —méME(t) — 2uE'(1).
In other words, for all t > £y we have
EMG(H) +2uE1) <EBG() — &) ER). (45)

Let us to define
E(t) = &E()G(t) + 2u2E(2). (46)

Using the fact that £ is a positive non-increasing differentiable function,
we have £(t) < £(0) for all ¢ > tg. Then, by the lemma 3.3 it is not
difficult to see that £(t) is equivalence to E(t). Therefore, by (21), (45)
and (46) we find

E'(t) < arl(HE(t) — mEME(t) < —m(H)E(t) < —r€(H)E(L), (47)

for some positive constant k. Integrating (47) over (to,t), gives the
estimate

t
E(t) < E(0)e oty s (48)
Consequently, by using (46) and (48), the estimate (26) follows.

4  Exponential Instability

In this section, we will prove that solutions for the problem (1)-(3) grows
exponentially. Our main result is summarized in the following theorem.

Theorem 4.1 Let that the assumptions of Theorem 2.3 be fulfilled. As-
sume further that p > m, E(0) < 0 and

00 p—1
/0 g(T)d7'<p_1+1/(p+1). (49)

Then, the L, norm of any solution u of problem (1)-(3) grows as an
exponential function.
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Proof. For any € > 0, let us to define the function
L(t)=H(t)+eF(t),

where

and 1
F(t)= / uudr + / Vu.Vuydr + *lquH%
Q Q 2

By (51),(14) and lemma 2.2, since E(0) < 0, we find

1
pt1
0<H(0)<H({) < m“unpﬂ'

Differentiate L£(t) with respect to ¢t and using (1) we get

L'(t) = H'(t)+e([[uel3+ [ Vel 5| Aul3)

¢
+€// g(t—T)Au(t)Au(T)dew—E/uut\utlm1dw+e|]u!§i}.
QJo Q

Therefore, by (14), the equation (54) can be written in the form

p+1
20 =m0+ (14257 ) (ulf+1vul?)

v (25 -1) - [ amanisulg+e (25 o aue

2

—5/ uug|ug| " dx — e(p + 1) E(t)

Q
+ 5/9/0 g(t — 7)Au(Au(r) — Au(t))drdz.

To estimate the last integral in the right hand side of (55) we use Cauchy-

Schwarz inequality and Young’s inequality to obtain

/Q/O g(t - T)AU(AU(T) — AU(t))de;r

(54)

(55)

17
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t
< /0 gt — )| Au(t) 2] Au(r) — Au(t) |adr
1 9
<ago Au)(O)+ - /0 o(r)drlAull, y>0. (56)
Inserting (56) into (55) we get

p+1
202 O+ (14250 (il

+e Kp;l —~ 1) - <p;1 —1+ 417> /Otg(T)dT] 1Au]3

i <p_2H - 'V) (g0 Au)(t) - S/Q“Utluﬂm—ldﬂe(w DH(). - (57)

Choosing 0 < v < (p+ 1)/2 and using (49), the inequality (57) reduces
to

p+1
202 O +e (14250 ) (ull + 1Val) + canll Sul?

+caz(go Au)(t) — ¢ /Q wug|ug|™ Ydx + e(p+ 1)H(t), (58)

where

For any § > 0, we use the Young’s inequality to get

‘/ wug|wg | d
Q

Taking k = 6~ (m*tD/™ using (59) and the fact that H'(t) > ||ut|]ﬂﬁ,
the estimate (58) takes the form

<

ot +1 M s—(m+1 +1
m+1||UHnm1+1+m7+15 (m )/mHUtHﬁH‘ (59)

ekm p+1
20> (1= 2 ) fulptiee (14250 ) Gulg+1vul)
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—m

k

+ ear| A3 + eas(g 0 Au)(t) — e——— [lulliy +e(p+ DH(E).  (60)
Since p > m, by the imbedding LPT1(Q) < L™T1(Q) we obtain

lullini < Cllullpi, (61)

for some positive constant C'. Using the algebraic inequality

1
”§(1+z)§<1+)(2+a), V2>0, 0<v<l a>0,
a

we find

m+1
() ™" < a(llipls + H©). (62)

where d =1+ 1/H(0). Considering the inequalities (53), (61), (62) and
inserting the result into (60) we obtain

ekm m D+
£ (1= 2 ) fulptiee (14257 ) Gl vul)

kfm
2 p+1
reanl Al + zaalg 0 du)e) - e Ca (1 ) g

+e(p+1)H(2). (63)

For the last term in the right hand side of (63), from the definition of
H(t) we have

1
H(t) > = [lluell3 + [Vuell3 + [|Aull3 + (g 0 Au)(8)] + ml!ﬂ\lﬁﬁ-

(64)
Consequently, choosing az < min{(p +1)/2, a1, a2} and using (64), the
estimate (63) can be rewritten in the form

ekm m p+1
02 (1= 2 fuliptiee (14 25 - o) (ulg+1vul?)
el — ay) | Al + oz — a3)(g © Au)(1)

p pm 1
+e { 4 cd (1 + >] lull2F1 +e(p+ 1 — 2a3)H(t).

l\ZJ\*i

p+1 m+1 p+1
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Now, we select k so large such that

2 k—m 1
B2 _cd(1+——)>o.
p+1 m+1 p+1
Whence k is fixed, we choose € so small enough such that ¢ <
Therefore, there exists o1 > 0 so that

m+1
km *

£/(t) 2 eor ((Jurll3 + Vel + 1Aul3 + (g 0 Au)@) + [ullf3] + HE)
(65)
Hence
L(t)>L£(0)>0, Vt>0,

where
1
L£(0)=H(0)+e¢ [/ uouide —|—/ Vug.Vurde + 2”VU0H§:| .
Q Q

On the other hand, Young’s inequality and Poincaré inequality imply
that

oo 1 s _AT? 9 1 2
widz < L3+ Sl < 21 Aul3 4 Lwl3 (66)
Q

1 1 AL 1
/vavutdl‘ < §||VUH§ + §||VUtH% < THAUHg + §Hvut“%v (67)

where A is the Poincaré constant. Therefore, using (50), (52) and the
estimates (66) and (67) we have

£(8) < o2 (HO) + [ull3 + [Val3 + [ Al + (g0 Auw)(®) + [u]1)
(68)
where o9 is a positive constant. By the estimates (65) and (68) we

deduce

L(t) >e—L(L).
g2

Therefore,
L(t) > £(0) exp (g"lt) . (69)

Considering the definition of L(t) we have L(t) < 1/(p + 1)Hu||£i} (for

sufficient small € > 0) and hence the desired result can be obtained from
(69).
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