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Abstract. Data envelopment analysis (DEA) evaluates the cost effi-
ciency of systems with multiple inputs and multiple outputs in two sce-
narios, one where the input prices are the same in all decision-making
units (DMUs) (competitive space), and the other where the input prices
differ from one DMU to another (non-competitive space). In many sit-
uations, the DMUs could have a multi-stage network structure with
intermediate measures. Although a model has been presented for calcu-
lating the network cost efficiency in a competitive space in such cases,
no method has been proposed so far to calculate the cost efficiency of
such networks in a non-competitive space. The present article focuses
on the concept of cost efficiency in DEA for DMUs with network struc-
tures and varying input prices. To this end, a cost-based production
possibility set (PPS) is first introduced for the network systems and
their sub-systems, and after calculating the network cost efficiency, it
is decomposed into efficiencies such as technical, price, and allocative
efficiencies, and the reasons behind the occurrence of extra costs due to
various types of inefficiency are explained.
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1 Introduction

In conventional DEA approaches, only inputs and outputs are used to
evaluate DMU performances, and hence, the internal structure of the
DMU is ignored. Consequently, the impact that the efficiency of the
internal stages has on the overall efficiency cannot be properly analyzed
and evaluated. Therefore, it is necessary to use a network structure, as
this way, the internal structure is taken into account, which will intro-
duce systems with interdependent components, meaning that the out-
puts of some components can be used as inputs in other components.

Fare and Grosskopf [, 6] and Fare et al. [7] developed several net-
work DEA models. They calculated the efficiency of each stage indepen-
dent of the overall efficiency within the network DEA framework. Tones
and Tsutsui [23] introduced a slacks-based network DEA model called
NSBM, through which the overall efficiency of the DMUs, in addition to
the efficiency of each component, could be evaluated. Using a series and
a parallel structure, Kao [12] presented a number of models for evalu-
ating DMU networks, which were defined based on a multiplication of
component efficiencies (component-wise multiplication). Chen et al. [7]
obtained the overall efficiency using a weighted sum of the component
efficiencies, and also outlined the relationship between their model and
that of Kao. Similar to Chen et al. [3], Zhu [27] obtained the overall
efficiency of the DMUs using individual component efficiencies. Liang
et al. [14] extended the two-stage network DEA models by applying the
game theory.

Lozano [15] introduced the production possibility sets of each stage
and system individually. In addition, Lozano [15] also presented a model
for finding the technical network efficiency of systems. However, this
model is not able to determine the technical efficiency of each indi-
vidual stage. Furthermore, Lozano [16] evaluated the overall network
efficiency in a case where the stages produce both desirable and un-
desirable outputs, and using a simple slacks-based linear programming
model, obtained the inefficiency of the overall system and its stages.
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Using an axiomatic approach for the overall network structure, Boloori
[2] resolved the issue of efficient objectives and interpreted the multi-
plier form of the dual of that model. Kao and Huang [13] determined
the Malmquist productivity index for systems with two-stage processes.
Wang et al. [25] discussed the decomposition weights and overall effi-
ciency in a two-stage DEA model with shared resources. Amirteimoori
et al. [1] proposed an additive model for two-stage processes with vari-
able (flexible) intermediate measures and shared inputs. Wanke et al.
[26] presented a dynamic network DEA model in 2019.

When some pricing information is available, the concepts of cost,
revenue, and profit efficiency come into play.The concept of cost effi-
ciency was first introduced by Farrell et al. [9]. Fare et al. [3] extended
Farrell’s concept of cost efficiency, and by presenting a linear program-
ming model, were able to calculate the cost efficiency. Comanho and
Dyson [1] were able to find the upper and lower bounds of cost effi-
ciency in cases with imprecise input prices. Jahanshahloo et al. [11]
focused on a commonly used cost efficiency model. In this respect, they
reduced the number of restrictions (limitations) and variables in the
model, which resulted in a considerable reduction in computational op-
erations. Mostafaee and Saljooghi [18] presented a model for evaluating
the upper and lower bounds of the cost efficiency value in cases with
a chance of imprecise input and output data. Tone [241] showed that
varying DMU prices would yield incorrect results with regard to cost
efficiency and using Farrell’s cost efficiency may cause problems. To
overcome this limitation, Tone [21] abandoned the idea of evaluation
with fixed prices and proposed evaluating the DMUs in a cost space.
Sahoo et al. [22] presented a non-parametric measure of economic effi-
ciency in non-competitive spaces with unknown prices. Puri and Yadaf
[20] discussed cost and revenue efficiency in fuzzy spaces where the in-
put and output data and their respective prices are not precisely known.
Ghiyasi [10] conducted a study on cost and revenue efficiency in inverse
DEA. Mozaffari et al. [19] used the DEA-R models in cost efficiency
measurement. By introducing a production possibility set in which the
DMUs are evaluated based on their own prices and those of other DMUs
in a non-competitive space, Fallahnejad et al. [21] presented a novel
method for evaluating the cost, revenue, and profit efficiencies in a non-
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competitive space.

Since there are units in the real world that have a network structure,
the present article discusses the cost efficiency of such decision-making
units both in a competitive (input prices are the same for all DMUs)
and a non-competitive space (input prices differ from one DMU to an-
other). In this regard, Lozano [15] obtained the cost efficiency for DM Us
with a network structure in cases where the input prices are the same
in all units and called it the network cost efficiency. However, there is
a flaw to Lozano’s cost efficiency model in cases where the DMUs have
varying input prices (non-competitive space). In this respect, if in a non-
competitive space, among DMUs with network structures, there are two
DMUs with the same inputs and outputs where the input price of one
unit is twice that of the other unit, Lozano’s method would produce the
same cost efficiency for both DMUs. Due to this reason, after introduc-
ing Lozano’s network cost efficiency in Section 2 of the current article,
an attempt is made to resolve the issue with this model in Section 3. In
this respect, putting aside the assumption of identical prices among all
units, the units are evaluated in a cost space in which different DMUs
have different input prices. We will define the cost-based production
possibility set for each component and for the entire system separately.
The DMUs are evaluated in a cost space where the network cost effi-
ciency of the system is decomposed into technical, price, and allocative
efficiencies. A numerical example is provided in Section 4, and finally,
Section 5 presents the conclusion.

2 Current Network Cost Efficiency

Let n be the number of DMU s that we have. Each DMUj consists of
k(k=1,..., K) components. The input and output matrices are defined

K koo k k K koo k k :

as X® = (af, 25, ..., o) and Y™ = (y},y5, ..., y:) , respectively,
k _ k k k k m k _ (,,k k k

where 27 = (xlj, Ty oo xmkj) 2 € RMkyd = (ylj, Yojs - yrkj) ,

yf € R, my, and r; indicate the number of inputs and outputs in
each component, respectively. Also, xfj is the value of the i*" observed
exogenous input that is consumed by the k** component of DMUj;, and
yfj is the value of the 7" observed final output that is produced by the

k'" component of DMU;. z;; = Z,I:epl(i) :ij (assuming that Py(7) is
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a set consisting of components that consume the i*" exogenous input)
is the sum of the values of the i*" exogenous input consumed by every
component in DMUj. In a similar way, y,; = Zli{e Po(r) yfj (assuming
that Py(r) is a set consisting of components that produce the r** final
output) is the sum of the values of the r*" final output produced by
every component in DMU ;.

In a network system, there are intermediate products g that are pro-
duced and consumed inside the system. Note that these intermediate
products are different from exogenous inputs and final outputs. Let zgj,
k € R°™(k) (assuming that R°"(k) is a set consisting of components
that produce intermediate products) be the value of the intermediate
product produced by the system and used as the input for another com-
ponent. Also, assume that zlgj, k € R™(k) (assuming that R™(k) is a set
consisting of components that consume the intermediate product g) is
the value of the intermediate product that is consumed by the k" com-
ponent and is the output of another component. It is assumed that the
sum of the ¢ intermediate products produced by the k** component
for use in other components (3¢ pin () z;fj) is equal to the sum of the
¢t" intermediate products produced by other components and used in
the k'* component (> ke rout (1) zlgj ).

The real input cost of DMU,, which is indicated by C,, can be
expressed as follows:

C, = chl‘w—z i, Z :C (1)

=1 kePr (i)

where c is the price of the i*" input used in the k' component of
DMUjy. To calculate the technical efficiency of the network, we need a
network DEA model.

Lozano defines the PPS for the component & as follows [15]:

(2F,yF, 2F) : ANk e A vi xk>z Mgk Vi€ I (k)
Ty = ,yrgz kyk e O (k)

; k ok in k kb u

g 2 25 Nj%g V9 € R (k) zg < 32 Njzg; Vg € RO (k)

I(k) and O(k) are the sets of exogenous inputs and final outputs in the
component k, respectively.
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The system’s PPS, which is a combination of component-wise PPSs,
can be defined as follows:

(xivy’r‘) : 3 ( zayr7 g) € Tk Vk V] Tp > ZkEPI(i) xf‘; Vi
T= Ur < Lkeno() v A
ZkeRout(k) Zg] - Zk)ERln(k‘) zg]' Z 0 Vg
Based on the definition of 7', Model (2) is presented for the technical
efficiency of the network as follows:
PCCRx — i QCCR
E Z)\k k <9C’C’R i Vi

3 Yij
kepr(i) J N
Z Z)‘ yr > Yr Vr
kero) T (2)
k,k k ok
> ZAJ 95 Z ZAJ 9]>0 Vg
kERevt(k) keRin(k) J

)\f >0, 0 free

The third Constraint of this model indicates that the amount of pro-

duced intermediate products is at least as much as the amount of con-

sumed intermediate products. The target operation points for each com-

ponent in the PPS can be obtained as follows:

BF =3 Mk ie (k)

F=S NE e o) (3)
sk k* k i t

=2 Vg € R™ (k) U R°™ (k)

? 9]

By solving Model (2) and Eq. (3), technically efficient input and output
targets can be obtained for the system or the observed DMU(zg, yo).

* = ~k L k ;
{ i Zkepz(z Zi <xw_2kep1 i) Yio vi

(4)
- Zkepo yz = Yro = Zkepo yro vr

The technically efficient input cost for DMU, in T is denoted by C§#5*
and calculated as follows:

CRS*
Co Z%m o=3d, Z

=1 kepy (i)
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m K m K
:Zfozz)\k* g Szgfoz (5)

Based on Eq. (5), the amount of loss in input costs, which is due to
technical inefficiency and denoted by L = C, — CS5* is always non-
negative.

Now, if the Constraint }_; )\5? = 1, V k is added to Model (2), a
model will be resulted that can find the pure technical efficiency of the
network, where CV%5* is the cost of the pure-technically efficient input
in DMUj.

When the input prices are available, a question that arises is that
how and to what degree can we use the inputs to achieve the minimum
cost.

With the assumption that C is a specific and shared vector of input
prices, Lozano [15] determined the minimum total cost of DMU, by
solving the following model:

min Z T

Z Z:)\éC fj <z Vi
kepr(i) J

B ®
o\T
k k
2 ZAJ 97 2 Z)\J 9 20 Vg
keRout(k) i keRm( ) 7

/\g?zo, z; >0

In Model (6), )\? and x; are variables, and using the optimal solution
of Model (6), we will have the following cost efficient target operation
point:

x k *k .
Ti = Zkep, zk >k Z] ¥ k L
Yr = Zkepo( Ur =Dk ZJ )\k** k vr

The variable /\;?** in (7) is obtained by solving Model (6).
The network cost efficiency can be obtained as follows:

(7)

= e ®
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> ¢;4; in the numerator of the fraction (8) indicates the minimum cost.

The value of the fraction E “%i js always less than or equal to 1. Since
the denominator of the fractlon is strictly positive and its numerator is
always non-negative, the cost efficiency will be a real number between 0
and 1. If the unit under evaluation spends the minimum cost to produce
the output, then the value of the fraction, or in other words, the cost
efficiency of that unit will be equal to 1. Cost efficiency scores smaller
than 1 indicate that the cost of the inputs can be reduced. The closer
the efficiency score is to 1, the more efficient the unit will be.

Now, by taking into account the output price vector P, which is the
same for all units, we intend to calculate the revenue efficiency for the
network units. Therefore, it is necessary to obtain the maximum total
revenue of DMU, through the following model:

max Zpryr
Z Z)\] 5 < Tio Vi
kepr(i) J
Z ZAky'r] > yT VT (9)
hero(r) k k k k:
2 Z)‘J'Zgji Z Z)\] 9J>0 N
keRout (k) j keRin(k) j

>0,y >0

)\j and y, are the variables of Model (9). Using the optimal solution of
Model (9), we will have the following network revenue efficient target
operation point:

e 2% e I
y:* = ZRE;Do(T Zkz )‘k Tk] vr

)\?*** in (10) is the optimal solution of Model (9). The real total revenue
of DMU, (unit with a network structure that is under evaluation) is
calculated as follows:

(10)

s

E, = Zproyro Zpro Z yro (11)

r=1 i=1 kepo(r



COST EFFICIENCY ESTIMATION IN NETWORK DEA ...

Using Eq. (10), the network revenue efficiency is defined as follows:

E* — Zr pTyT‘O
° Zr Dryr*

In the fraction (12), > p,y** (the denominator) indicates the maximum
revenue. Furthermore, ZT Driyro 1S the observed real total revenue of
DMUj.

E} (0 < E} < 1) will never equal zero as ) p,yro>0 (the numerator
will never equal zero). Moreover, the network unit under evaluation will
be revenue efficient if and only if £ = 1.

Here, it will be demonstrated though an example that the method
proposed by Lozano [15] does not work properly when finding the net-
work cost efficiency. We will use a numerical example adopted from Liu
and Wang [17] to find the network cost efficiency C. The input prices
are considered as (C1,Cq,Cs3), which are the same for all units. Table
1 includes 17 DMUs. Each unit consists of two components, the first
of which has 3 exogenous inputs and the second one includes 1 final
output. Also, each unit has two intermediate products as presented in
Columns 4 and 5 of Table 1. The first component produces the interme-
diate products as outputs, and the second component consumes them
as inputs.

Using Model (6) and taking into account the input price vector C'! =
(C1,Cq,C3) = (500, 1, 1), we calculate the cost efficiency of the network
DMUs, which is denoted by Cj in Column 2 of Table 2.

Next, we obtain the cost efficiency of each network unit again, this
time for the input price vector C? = (1000, 2,2), which is indicated by
Cs,-

By comparing Columns 2 and 3 of Table 2, it can be found that
despite doubling the input price vector, the cost efficiency has remained
unchanged as Cj, is equal to C},

It can be deduced that the cost efficiency model proposed by Lozano
[15] may fail to yield a proper estimation of the network cost efficiency
in cases where the price information varies from one network DMU to
another. Thus, the next section presents a method to resolve this ambi-

guity.

(12)
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producing companies

Inputs, intermediate products, and output of the PCB-

IDMU | X, | Xo | X3 | Z | Z | Y|
|1 | 4183 | 756090 | 146092 | 8408000 | 15440539 | 512057 |
|2 | 3000 | 401059 | 48629 | 4543000 | 9283600 | 263359 |
|3 | 2715 | 465372 | 77507 | 2995980 | 8650485 | 688227 |
|4 | 1893 | 858696 | 207128 | 11663363 | 9535196 | 855515 |
| 5 | 4578 | 1065000 | 331238 | 15318200 | 20817313 | 3072695

| 6 [ 2134 | 781780 | 74154 | 8888590 | 11891722 | 805816 |
|7 | 1059 | 261071 | 32324 | 5034254 | 3213303 | 83753

|8 | 937 | 325130 | 78685 | 2346822 | 2857752 | 24067

|9 | 701 | 190321 | 62251 | 2121270 | 2621901 | 163756 |
| 10 | 418 | 74445 | 13173 | 1728000 | 1190986 | 158142 |
| 11 | 582 | 92077 | 12805 | 4620185 | 1971958 | 105173 |
| 12 | 380 | 65696 | 7691 | 3472150 | 1342532 | 52973

| 13 | 2190 | 576821 | 68126 | 5588146 | 6812709 | 226023 |
| 14 | 523 | 79801 | 3673 | 1954550 | 1038792 | 8139 |
| 15 | 373 | 89923 | 6321 | 881038 | 1836709 | 200129 |
| 16 | 383 | 70581 | 5432 | 2134779 | 1040018 | 49248

| 17 | 736 | 97700 | 9356 | 2937134 | 1751369 | 147000 |
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Table 2: Lozano’s network technical efficiency and network cost effi-
ciency with identical input prices for all units

| DMU | Ci | Ci |
1 | 0.1843 | 0.1843 |
| 0.1456 | 0.1456 |
| 0.3903 | 0.3903 |
| 0.4582 | 0.4582 |
| 0.8986 | 0.8986 |
| 0.4516 | 0.4516 |
| 0.1097 | 0.1097 |
| 0.0297 | 0.0297 |
|
|
|
|
|
|
|
|
|

Ol N|lo|lwv| | w| N

| 0.2926 | 0.2926
10 | 0.5746 | 0.5746
11 | 0.2863 | 0.2863
12| 0.2168 | 0.2168
13 | 0.1400 | 0.1400
14 | 0.0254 | 0.0254
15 | 0.7628 | 0.7628
16 | 0.1984 | 0.1984
17 | 0.3335 | 0.3335
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3 Proposed Method for Network Cost Efficiency
Estimation in DMUs with Varying Input Price
Vectors

The previous section discussed the network cost efficiency proposed by
Lozano [15] in a competitive space. In this section, we evaluate the net-
work cost efficiency in cases where the DMUs have varying input prices
(non-competitive space). Since the units have network structures, to
evaluate them in a non-competitive space, we need to define new pro-
duction possibility sets for each component and each system individually.

Based on Tone et al. [24], the following cost-based production pos-
sibility set is proposed for each component:

(5, vk, 28) - 3#;61\ vj T > pkTh vie I(k)

T]C: 7yr—2 ILL]yr] VTEO(k)
k> ek Vg e RR(K) <X pbek g € RO (k)
(13)
In the set Tj (13), f? = (fklj, fkgj, e ,Tkmkj) =
(c’fj x’fj,cgjm%,...,cfnkjjfnkj)y Th, = ik, Eé“ € R™, and
Zv\f = <xlfj,x§j,...,§c%kj> (input of the projection point of each

component in DMUj, which is obtained from (3)).
The PPS of the system, which is denoted by T, is as follows:

B (@i yr) : 3(ZF,yF,2F) e T Vk vi' Ti > Y ke (i) T Vi
T= Ur < Likero(r) Yri 7"
D keRou (k) Zgj — 2keRn(k) 795 = 0 VY

Based on 7', the new input-oriented radial model is formulated as follows:

min p
Z ZM? fj < PZio Vi
kepr(i) J
Z Z,LL yr - yT’O vr
ka7 g Irj (14)
ORI DT E D DI DT
ke Rout(k) j keRin(k) j

?2 0, p free
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In this model, 7*;, = cfoxfo is used instead of zT*;, = cfo fo, because
by doing so, we can eliminate the maximum amount of technical in-
efficiency. p* is the optimal solution of Model (14) and indicates the
radial difference in the observed input price. The right side of the first
constraint is p*T;, = p* > ffo =p" > cixfo, where p*c; represents the
radial reduction in the input price vector z;.

Model (14) is always feasible, because =1, ,u? =0, 7 # Jo
(j=1,2,...,n) and (k = 1,..., K)), and p¥= 1 is a feasible solution
for this model. p is positive, because if we assume that p= 0 is a feasible
solution, then it is concluded from the first constraint that p*= 0, and
hence, it will be concluded from the second constraint that y,., < 0,
which is a contradiction.

The target operation points for each section are obtained using the
optimal solution of Model (14) as follows:

T, =) ,uk *k” Vi e I (k)
k* k
gF = =2, ,u] ym Vr € O (k) (15)

The technically efficient input and output targets for the system in T,
which are obtained from Eq. (15), can be defined as follows:

{ - Zkez)z ):C Zkepl()z 'uJ i' Zkepz(z)z N] CU f] Vi
= Y keporr) 2i HEYE vr
(16)
The radial efficiency cost C* (or price and technical efficiency costs) is
defined in T as follows:

=Y E=Y Y E=Y Y Zﬂg T (7
i=1 i=1 kepr (i) i=1 kepr(i) J

We define the loss cost L* resulting from price technical inefficiency as
follows:
CRS

Theorem 3.1. The value of L = CSRY* — C** is non-negative.

13
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The input price difference is known as the network price efficiency, which
is denoted by 8* and defined as follows:

o
o
CCRS*
o

Based on Theorem 3.1, it can be found that 5* is less than or equal to
1.
A model for finding the minimum network cost is proposed as follows:

C*™ =min eZx;
k ok :
> DTy ST Vi

kepr(i) J

> Eu Yy > Yro VT
rera () T jIrg (18)
k€Reut(k) j keRovt (k) j

py=0, 7 >0

e € R™ is a row vector in which all the elements are equal to 1. Using the
optimal solution of Model (18), the allocative efficient target operation
point is defined as follows:

k**—k
:El_ ZkEpI (@) 1‘1 Zkem Z Ky Xij

19)
xx k (
= Y herotn I = Shenotn Sy 1 v,

In (19), ,uf** is obtained by solving Model (18). O

Theorem 3.2. Model (18) has a finite optimal value.
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Proof. The vector (fz, ,u?**) is a feasible value for Model (18) where

_ K
Ti= Tip = ZkePI(i) zk (aséC = (:L"fj,:vgj,...,xﬁ%j),x;? € R™ (k =
L..., K)), p¥ =0, j # jo (j=1,2,...,n), and pf= 1. Therefore, the

feasible region is nonempty, and based on the representation theorem, its
optimal value is present as Model (18) is a linear programming model.
The value of the objective function is non-negative, and therefore, the
resulting optimal solution is finite.

Using the allocative efficient target operation point, the minimum
cost in T is defined as follows:

~ ~k *k__
Co =D =2, 3 T =) > duE
i i kepr(i) i kepr(i) J
The overall network allocative efficiency of DMUjy is denoted by ~v*:

. Co***
Y= Co**

(20)

Allocative efficiency indicates a unit’s ability to use the inputs in op-
timal proportion to the production technology and the prices. Also,
it represents the production of the best product combination using the
lowest-cost combination of inputs. O

Theorem 3.3. In Eq. (20), the value of v* will not exceed 1 (v* <1).

Proof. Assuming that (,uf*,p*) is the optimal solution of Model
(14), then (Z7, ch*) will be a feasible solution for Model (18), and con-
sequently, > ", zF (the objective function value for this feasible solu-
tion) will be greater than or equal to ), :ﬁ-, and v* < 1, meaning that
CO** Z CO***.

The cost loss L,**, which is due to allocative inefficiency, is calcu-

lated as follows:
LO***:CO** _ C(O***

Using the proof of the previous theorem, it can be concluded that L,***
is non-negative. O

15
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3.1 Decomposation of the Observed Cost

Now, we intend to decompose the real cost C,.

L= C,— CYB% loss resulting from allocative inefficiency
L = YRS _ **  loss resulting from price inefficiency

L, = Cr — C,;™**  loss resulting from allocative inefficiency
C, = LZ + COCRS* — LZ + L:* + Lo*** + Co***

The real cost C, was decomposed into C};**, L7**, L}*, and L.
The overall network cost efficiency, which is indicated by a*, is de-
fined as follows:

*okok CRS *okok
PG _ g o G
C, C, ~ CCORSx ™ (O

o

sk sk

The COCRS* to Cy cost ratio, CS%S*, and %’** represent the technical
0 0

efficiency, price efficiency, and allocative efficiency, respectively.

To decompose the cost efficiency, we will use the following algorithm:
Step 1: Determine C, using Eq. (1)
Step 2: Evaluate the network DMUs using Model (2)
Step 3: Determine #¥ (Vi € I (k)) for each component
Step 4: Determine CST5* using Eq. (5)
Step 5: Determine the network technical efficiency by dividing C$'75*
by C,
Step 6: Determine C} if the input price vector is identical for all units;
otherwise, proceed to Step 7
Step 7: Determine Z¥; in T,
Step 8: Evaluate the network DMUs in a non-competitive space using
Model (14)
Step 9: Determine #; using Eq. (16)
Step 10: Determine C}* using Eq. (17)
Step 11: Determine * (network price efficiency) by dividing C}* by
COCRS*
Step 12: Determine C** (minimum network cost)
Step 13: Determine v* (network allocative efficiency) by dividing C}**
by C*
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Step 14: Multiply the tehnical, price, and allocative efficiencies by each
other, determine the network cost efficiency, and end the algorithm.

3.2 Extention

It is possible to extend the proposed network cost efficiency model to
another situation, such as the estimation of network revenue efficiency.

3.2.1 Network Revenue Efficiency

In Section 2, the observed real total revenue of DMU, is defined as Eq.
(11).

We can evaluate the DMU using the radial network technical ef-
ficiency model (2) or the non-radial network technical efficiency model
NSBM (introduced by Tone and Tsutsui [23]), and obtain the projection
point (z}, y;) from Eq. (4). The revenue corresponding to the projec-
tion point (z},yy) (technically efficient revenue for DMU,) is defined as
follows:

s
ESRS* = Zp’/‘oy*ro Zpro Z yro
r=1

kepo (T’

m
k k*
S D S me Z vro = Eo
i=1 kepo(r) J = keO(r
The loss due to network technical inefficiency (L?) is evaluated as follows:

L;=ES"* — E,

New cost-based production possibility sets are defined for each compo-
nent as follows:

(zf, 7k, 2F) : Juh e A Vj ap >3 phal, Vie (k)

— J 2.7
Py = ,yé—z :U’]yr] VTGO(]C)
b S bk Vg€ RU(K) < bk g € RO (k)

and y)f = ( gj’fj,%“j, ce ,@fkj) (output of the projection point of each
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component in DMUj, which is obtained from (3)) so that ¥, = p& 9k
and @f € R°k.
We set up the system’s PPS as follows:

(zi,7r) : 3 (2,98, 2 g) €Ty Vk Vj wiZZkep,(i)xfj Vi

? = y?“ — Zkepo yr] vr
ke Rout (k) 28 ZkeRm k2 >0 Vg

Based on P, similar to the case of Model (14), we formulate a network
technical efficiency model as follows:

min p

> Spfal < prip Vi

kepr(i) J
> DG > G VP

kepo(r) J 7o " "k (21)
Z ZH] g] Z Z/L]Zgj Z O V.g

kERout(k’) 7 keRout(k) ]

1 k>0 p free

Note that instead of the radial model (21), the non-radial model NSBM
(Tone and Tsutsui [23]) can also be used. Technically efficient input

and output targets can be defined for the system in P using the optimal
solution of Model (21) as follows:

~** kE** Kk .
{ ZkEPI(z) Z Hj  Tij Vi
~ %k k** __k Jox* k *
ZkEpO (r) yo ZkEpO (r) Z :u’ yT] ZkePO (r) Z] :u‘] pTJer vr
(22)

In (22), ,u;‘?** is obtained by solving Model (21).
The revenue of price and technical efficiencies E}* is defeined as
follows:

S
E§*=Zz}** Z > W

r=1kepo(r)
- Z Z Z’uk**yfj Z Z yro
r=1kepo(r) J r=1kepo(r)

= Z > okt = proy% = EJRS
=1

r=1kepo(r)
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The loss due to price inefficiency (L**) is defined as follows:
E** o ECRS* >0
o o o —

Finally, using the following model, we determine the maximum network
revenue in P.

max ey,
Y Subal <wi, Vi
kepr(i) J
> by >y v
beoor) 7 3 Irj (23)
Z“J 9j Z ZM? §]>0 Vg
keRout(k) i k.eRout(

ph >0, g >0

e € R is a row vector in which all the elements are equal to 1. The
allocatively efficient target operation point will be defined as follows:

~ %
Ti = ZkaI Zk€p1 (%) Z k*** k

~ Loxxr_k
Zkepo )yr = 2Lkepo(r) Z] Hi Y,

(24)

In (24), ,u?*** is obtained by solving Model (23).
Using the allocatively efficient target operation point, the maximum
revenue F,*** in P is calculated as follows:

EO***:ZT:yT Z Z yr Z Z Z k*** k

T kepo(r) T kepo(r)

The loss due to allocative inefficiency (L***) is obtained through the
following equation:

Finally, the real revenue can be decomposed into maximum revenue and
losses due to technical, price, and allocative inefficiencies.
The network revenue efficiency, which is denoted by +*, can be ob-

tained as follows:
E,

EO***

*

7y
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4 Numerical Example

In Section 2, it was demonstrated through an example with the two input
price vectors C* = (500, 1,1) and C? = (1000, 2, 2) that despite doubling
the input price vector, the network cost efficiency score proposed by
Lozano [15] remained unchanged. In the current example, based on
Table 1, the network cost efficiency score is calculated again for C!
and C? using the method proposed in this paper. This would allow a
better comparison between the two methods. Moreover, the network
cost efficiency is also calculated through both Lozano’s method and our
proposed method in a case where the input price vector varies from one
DMU to another. Finally, the network cost efficiency obtained through
the proposed method is decomposed into technical, price, and allocative
efficiencies.

Columns 2 and 3 of Table 3 provide the cost efficiency scores of the
network DMUs for the input price vectors C!' and C?, which are obtained
using the method proposed in this paper and are denoted by o] and a3,
respectively.

Based on the o] and of values in Table 3, it can be found that
the proposed model yields the same network cost efficiency scores for
both input price vectors C! and C?. A comparison between Tables 3
and 4 shows that when the input price vector is the same for all units,
our proposed model produces a lower network cost efficiency score than
Lozano’s model.

Table 4 includes the input prices for the network DMUs introduced
in Section 2, Table 1. Columns 3, 5, and 7 in Table 4 show the input
price for each unit, which varies from one unit to another and has been
considered with presumptive values.

With the help of Table 5, the network cost efficiency can be decom-
posed.

The last column in Table 5 includes the minimum cost for each unit
in the PPS T, which is indicated by C***. For all units, the values in
this column are smaller than the values in the other columns of Table
4. Also, for all units, the total values of the real cost C, in the first
column of Table 5 are larger than the values in the other columns. It
can be observed that in all units, the total cost corresponding to the
technical efficiency (CS'5) is less than the total input cost corresponding
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Table 3: Network cost efficiency calculated through the proposed
method with the input price vectors C' and C?, which were identi-
cal for all units

15 | 0.044095946 | 0.044095945 |
16 | 0.011469005 | 0.011469005 |
17 | 0.019277671 | 0.019277671 |

’ DMU ‘ o ‘ s ‘
|1 ] 0.010656011 | 0.010656012 |
|2 | 0.008415213 | 0.008415213 |
|3 | 0.022561788 | 0.022561788 |
|4 | 0.026485719 | 0.026486788 |
|5 | 0.051945085 | 0.051943728 |
| 6 | 0.026106794 | 0.02610594 |
|7 ] 0.006340712 | 0.006340711 |
| 8 | 0.001718821 | 0.001718821 |
|9 ] 0.016916484 | 0.016916483 |
| 10 | 0.033214808 | 0.03321481 |
| 11 | 0.01655504 | 0.016555042 |
| 12| 0.012529745 | 0.012529747 |
|13 | 0.008092797 | 0.008092797 |
| 14 | 0.001469829 | 0.001469828 |
|

|

|
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Table 4: Inputs of the DMUs and the price of each input

IDMU | X3 | €1 | Xo | Gy | X3 | C3 |
|1 | 4183 ] 0.71 | 756090 | 0.11 | 146092 | 0.18 |
|2 | 3000 | 0.49 | 401059 | 0.24 | 48629 | 0.27 |
| 3 | 2715 | 0.54 | 465372 | 0.15 | 77507 | 0.21 |
| 4 | 1893 | 0.8 | 858696 | 0.05 | 207128 | 0.15 |
| 5 | 4578 | 0.69 | 1065000 | 0.08 | 331238 | 0.23 |
|6 | 2134]0.987 | 781780 | 0.005 | 74154 | 0.008 |
|7 | 1059 | 0.58 | 261071 | 0.09 | 32324 | 0.19 |
| 8 | 937 | 0.7 | 325130 | 0.1 | 78685 | 0.2 |
|9 | 701 | 0.75 | 190321 | 0.07 | 62251 | 0.18 |
| 10 | 418 | 0.61 | 74445 | 0.22 | 13173 | 0.17 |
| 11 | 582 | 0.6 | 92077 |0.012 | 12805 | 0.28 |
| 12 | 380 | 0.68 | 65696 | 0.08 | 7691 | 0.24 |
| 13 | 2190 | 0.85 | 576821 | 0.05 | 68126 | 0.1 |
| 14 | 523 | 0.54 | 79801 | 0.18 | 3673 | 0.28 |
| 15 | 373 | 0.75 | 89923 | 0.05 | 6321 | 0.2 |
| 16 | 383 | 0.65 | 70581 | 0.1 | 5432 | 0.25 |
| 17 | 736 | 0.72 | 97700 | 0.06 | 9356 | 0.23 |




Table 5: Real cost, cost corresponding to technical efficiency, input
cost corresponding to pure technical efficiency, radial efficiency cost that
consists of technical and price efficiency costs, and minimum cost in PPS

COST EFFICIENCY ESTIMATION IN NETWORK DEA ...

T,
‘DMU‘ c, ‘ COVRS* ‘ COCRS* ‘ C,** ‘ Co*** ‘
|1 | 112436.39 | 24379.66569 | 21240.60566 | 1554.8946 | 884.88602 |
|2 | 110853.99 | 24560.94862 | 21584.8012 | 774.5818 | 455.110637 |
| 3 | 87548.36 | 42305.2173 | 37458.17898 | 2281.3862 | 1189.324945 |
| 4 | 755184 | 24705.26894 | 24535.8991 | 2410.8595 | 1478.415305 |
| 5 | 164543.56 | 164543.56 | 1032274.609 | 8647.3673 | 5309.923633 |
| 6 | 6608.39 | 3040.254306 | 3033.25101 | 1392.2622 | 1392.2622 |
| 7 | 44826.07 | 44826.07 | 3159.39438 | 253.1608 | 144.733543 |
| 8 | 489059 | 10517.6 | 1241.317 | 69.7551 | 41.590178 |
| 9 | 250534 | 771214 | 5343.91788 | 464.9335 | 282.986712 |
| 10 | 15808.69 | 14618.58696 | 9794.09672 | 542.8455 | 273.285159 |
| 11 | 14983.84 | 10265 | 4961.58724 | 302.0506 | 181.749441 |
| 12 | 7359.92 | 5514.32 | 1811.38876 | 148.6779 | 91.542631 |
| 13 | 222543 | 5103.823 | 5064.2262 | 634.82 | 390.590302 |
| 14 | 15675.04 | 15675.04 | 610.6864 | 32.3664 | 14.065004 |
| 15 | 6040.1 | 6040.1 | 4573.5957 | 541.5347 | 345.842886 |
| 16 | 8665.05 | 8665.05 | 1991.353582 | 195.7005 | 85.105459 |
| 17 | 8453.8 | 5869.21897 | 3648.321769 | 397.3421 | 254.030671 |
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Figure 1: Comparison between cost efficiency scores produced by
Lozano’s method and the method proposed in this paper (comparison
between Tables 2 and 3)

to the pure technical efficiency (CY5). On the whole, based on Table
4 and the explanations given, it can be concluded that for all units, the
following relation holds:

Co > G,V 1% > G, > 0,7 > ¢,

Table 6 shows the causes behind the cost loss in each unit. The losses
in each unit occur due to various reasons, such as technical, scale, price,
and allocative inefficiency.

According to the second column in Table 6, for all units except Units
5 and 15, the biggest loss has been due to technical inefficiency, while
the biggest loss in Units 5 and 15 was resulted from price inefficiency.
For all units, the values in the last column of Table 5 are smaller than
the values in the other columns. Therefore, among the causes of loss,
allocative inefficiency has been the factor with the lowest contribution
to the losses. In this regard, allocative inefficiency has had no effect
on the losses in Unit 6, while technical inefficiency has had the highest
contribution.
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Table 6: Losses due to technical, price, and allocative inefficiency

15 | 1466.504 | 4032.061 | 195.6918 |
16 | 6673.696 | 1795.653 | 110.595 |
17 | 4805.478 | 3250.98 | 143.3114 |

(@)

| DMU | L L L™
|1 | 91195.78 | 19685.71 | 670.009 |
|2 ]89269.19 | 20810.22 | 319.4712 |
|3 | 50090.18 | 35176.79 | 1092.061 |
|4 | 509825 | 22125.04 | 932.4442 |
| 5 | 61268.95 | 94627.24 | 3337.444 |
| 6 | 3575.139 | 1640.989 | 0 |
|7 | 41666.68 | 2006.234 | 108.4273 |
|8 | 47664.58 | 1171.562 | 28.16492 |
|9 | 19709.48 | 4878.984 | 181.9468 |
| 10 | 6014.593 | 9251.251 | 269.5603 |
| 11 ] 10022.25 | 4659.537 | 120.3012 |
| 12 | 5548.531 | 1662.711 | 57.13527 |
| 13| 17190.07 | 4429.406 | 244.2297 |
| 14 | 15064.35 | 578.32 | 18.3014 |
|

|

|
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Figure 2: Relation between C,, C,V 5 C,CRS* € ** and C,***

By comparing the last two columns of Table 6, it can be concluded
that in all units, the loss caused by price inefficiency is higher than the
loss due to allocative inefficiency.

Based on Table 6, it can be found that for all of units except Units
5 and 15, L,™* < L,** < L,**.

Table 6 shows that the cost efficiency can be decomposed into tech-
nical, price, and allocative efficiencies. The values provided in Table 8
indicate the technical efficiency (C%/C,), price efficiency (C**/C%), al-

sokok

locative efficiency (C3**/C%*), and cost efficiency (COC ) of each DMU.

o

When Cé** equals 1, it means that C3** is equal to C,, and thus the
losses due to price, technical, and allocative inefficiencies will be equal
to zero. If C, is larger than C}**, it indicates that the unit is inefficient
and the inefficiency is due to losses resulting from technical, price, and
allocative inefficiencies.

According to Table 7, none of the units has a cost efficiency equal
to 1, and all the scores are less than 1. This indicates that none of the
units is cost-efficient, meaning that the input cost of all DMUs can be
reduced considerably as all of them are too distant from the value of
1. The cost efficiency of the 6" unit is higher than the others. This
unit has an allocative efficiency of 1 and its loss is not due to allocative
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Table 7: Technical, price, allocative, and network cost efficiencies ob-
tained by dividing the costs by each other

| DMU | C3/C, | C3/Cy
1] 0.188912199 | 0.073204 | 0.569096839 | 0.00787 |
2 | 0.194713796 | 0.035886 | 0.587556585 | 0.004105 |
3| 0.427857004 | 0.060905 | 0.521316796 | 0.013585 |
4| 0.324899615 | 0.098258 | 0.613231632 | 0.019577 |
5 | 0.627642974 | 0.083732 | 0.614050895 | 0.032271 |
6
7
8
9

Hokk Hok Co***
Co /Co ‘ Co ‘

| 0459 | 0459 | 1 | 0.210681 |
| 0.070481182 | 0.08013 | 0.571705979 | 0.003229 |
| 0.025381743 | 0.056194 | 0.596231358 | 0.00085 |
| 0.213301104 | 0.087002 | 0.608660619 | 0.011295 |
10 | 0.619538793 | 0.055426 | 0.503430827 | 0.017287 |
11 | 0.331129219 | 0.060878 | 0.601718523 | 0.01213 |
12 | 0.246115278 | 0.08208 | 0.615711084 | 0.012438 |
13| 0.227561694 | 0.125354 | 0.615277247 | 0.017551 |
14 | 0.038959161 | 0.053 | 0.434555712 | 0.000897 |
15 | 0.757205295 | 0.118405 | 0.638634765 | 0.057258 |
16 | 0.229814436 | 0.098275 | 0.434876043 | 0.009822 |
17 | 0.431559981 | 0.108911 | 0.639324831 | 0.030049 |
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Figure 3: Relation between L}, L}*, and L,

inefficiency, because the respective L}** value in Table 6 is equal to zero.
Therefore, it can be concluded that the loss in this unit is due to either
price inefficiency or technical inefficiency. Based on Table 5, it can be
found that the value of L} is larger than L}*. Unit 15 has a cost efficiency
of approximately 0.057. Among the values presented in Table 7, price
efficiency has the lowest value, while in Table 6, the main cause of loss
is price inefficiency since it has a larger value than the other columns in
row 15 of Table 6.

According to Table 6, the allocative efficiency of almost all units is
higher than their technical and price efficiencies.

Based on Table 7, the allocative efficiency is higher than the technical
and price efficiencies in the majority of the units, except for Units 5, 10,
and 15, in which the allocative efficiency is lower than the technical
efficiency. Therefore, the loss due to allocative inefficiency is smaller
than the loss caused by technical and price inefficiencies.

Except for Units 7, 8, and 14 in which the price efficiency is higher
than the technical efficiency, the price efficiency of all other units is
lower than their technical and allocative efficiencies. Therefore, it can
be concluded that the following relation holds for the majority of the
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§< C;* _ Co*::
C, Cr C,
Based on Table 7, it can be concluded that the following equation is true
for every DMU:

CO*** C;k C;k* CO***
=2 X X
Co c, C: C,*™

In Section 2, Lozano [15] obtained the cost efficiency of network
DMUs in a case with identical input prices. Now, in this section, we
intend to determine the cost efficiency as proposed by Lozano [15] using
the input prices assumed in Table 2 for the network units in Table 1
(input prices vary from one DMU to another).

Table 8 compares the cost efficiency scores obtained through
Lozano’s method (C*) with the scores produced by our proposed method
(a*) in a case with varying input prices.

As can be observed in Table 8, the cost efficiency values obtained
through the two methods are different from each other. The values are
greater than the values, meaning that Lozano’s method has produced
larger cost efficiency scores than our proposed method for every network
unit.

Now, we will find the price, allocative, and cost efficiencies of the
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Table 8: Cost efficiency using Lozano’s method and the method pro-
posed in this paper in a non-competitive space

4 ]0.033579 | 0.000897 |
15 | 0.752292 | 0.057258 |
6 | 0.227892 | 0.009822 |
17 | 0.464875 | 0.030049 |

I DMU | Cc* | o |
| 1 | 0.185215 | 0.00787 |
|2 | 0.194683 | 0.004105 |
| 3 | 0.41847 | 0.013585 |
|4 | 0.243757 | 0.019577 |
| 5 | 0.622306 | 0.032271 |
| 6 ] 0.400318 | 0.210681 |
|7 ] 0.065059 | 0.003229 |
|8 ]0.018902 | 0.00085 |
|9 | 0.18847 | 0.011295 |
| 10 | 0.726531 | 0.017287 |
| 11 | 0.32997 | 0.01213 |
| 12| 0.241564 | 0.012438 |
| 13 ] 0.206013 | 0.017551 |
|

|

|

|
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Figure 5: Comparison between the cost efficiency scores produced
by Lozano’s method and the method proposed in this paper in a non-
competitive space

network units in Table 1 using our proposed method, the results of which
are denoted in Table 10 by C¥*/C%, C¥**/C**, and C"C*o**, respectively.
All units have the same input price vector, C!' = (500,1,1).

We will use Table 9 to determine the price, allocative, and cost effi-
ciencies.

Based on Table 9, it can be deduced that the relation
C,> C,CF%> ¢ **> C,*** holds for all the network units.

4.1 Illustrative Application

This section provides a case study involving 16 airlines with two-stage
network structures. Each airline consumes the two inputs x; and z2 in
the first stage to produce 4 intermediate products (these products are
denoted by z), and these intermediate products are used as inputs in the
second stage to produce 4 final outputs. Fig. 1 illustrates the inputs,
intermediate products, and outputs of each airline. In this example,
since an increased number of personnel and empty seats would impose
great costs on the airlines, the number of personnel (z1) and number
of empty seats (x2) are considered as the inputs of the first stage. We
intend to reduce these inputs as much as possible, beause by reducing

31
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Table 9: Real cost, cost corresponding to technical efficiency, radial
efficiency cost that consists of technical and price efficiency costs, and
minimum cost

DMU | G, | GRS | ¢ | o |
1 | 2993682 | 624693.7 | 34342.62 | 31900.71 |
2 | 1949688 | 3719415 | 17662.95 | 16407.04 |
3 | 1900379 | 863523.7 | 46157.98 | 42875.95 |
4| 2012324 | 937243.6 | 53297.85 | 53297.85 |
5 | 3685238 | 3312679 | 203013.2 | 191000 |
6
7
8
9

1922934 | 882796.8 | 50201.64 | 50201.64 |

822895 | 90453.52 | 5487.197 | 5217.74 |

872315 | 26278.55 | 1499.353 | 1499.353 |

603072 | 177388.5 | 10578.22 | 10201.86 |

|

|

|
10 | 296618 | 194442.9 | 10606.26 | 9852.11 |
11 | 395782 | 137685.9 | 7053.739 | 6552.187 |
12 | 263387 | 66164.54 | 3552.791 | 3300.172 |
13 | 1739947 | 244606.2 | 14665.69 | 14081.04 |
14 | 344974 | 10283.44 | 545.8662 | 507.0527 |
15 | 282744 | 219792.4 | 13266.31 | 12467.86 |
16 | 267513 | 53478.77 | 3265.934 | 3068.108 |
17 | 475056 | 181486 | 9858.991 | 9157.973 |
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Table 10: Technical efficiency, Price efficiency, Allocative efficiency,
and Cost efficiency

DMU | C3/Co | C3*/Cy | Cy/Cyr | S|

—
BN |

|

|1 | 0.208671 | 0.054975 | 0.928896 | 0.010656 |
|2 ] 0.19077 | 0.047489 | 0.928896 | 0.008415 |
|3 | 0.454396 | 0.053453 | 0.928896 | 0.022562 |
| 4 | 0465752 | 0.056867 | 1 | 0.026486 |
|5 | 0.898905 | 0.061284 | 0.940826 | 0.051828 |
| 6 | 0.459088 | 0.056867 | 1 | 0.026107 |
|7 ] 0.109921 | 0.060663 | 0.950894 | 0.006341 |
|8 ]0.030125 | 0.057056 | 1 | 0.001719 |
|9 | 0.294141 | 0.059633 | 0.964421 | 0.016916 |
| 10 | 0.655533 | 0.054547 | 0.928896 | 0.033215 |
|11 ] 0.347883 | 0.051231 | 0.928896 | 0.016555 |
| 12 | 0.251207 | 0.053696 | 0.928896 | 0.01253 |
| 13 | 0.140583 | 0.059956 | 0.960135 | 0.008093 |
| 14 ]0.029809 | 0.053082 | 0.928896 | 0.00147 |
| 15 | 0.777355 | 0.060358 | 0.939814 | 0.044096 |
| 16 | 0.199911 | 0.06107 | 0.939427 | 0.011469 |
|

| 0.382031 | 0.054324 | 0.928896 | 0.019278 |
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Figure 6: Relation between technical, price, allocative, and cost ef-
ficiency scores produced by our proposed method for the input price
vector C1 = (500,1,1)

21 Y1 .
X1 ) Y2
> > >
* , | Stagel % »| Stage2 s >
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»

Figure 7: DMU as a two-stage system

x1 and x5 , the costs will be reduced as well. The intermediate products
include the number of airplanes (z1), average flight delay time (z2),
number of passengers (z3), and number of flights (z4), which are the
inputs of the second stage and our aim is to reduce them. The number
of flight lines (y1), average weight capacity (y2), number of pilots and
flight attendants (y3), and average passenger satisfaction (y4) are all the
final outputs of the system, which we aim to increase as much as possible,
because an increase in these outputs would increase the satisfaction level
of the customers and result in a larger clientele.

Tables 11, 12, and 13 present the inputs, intermediate products, and
final outputs of the airlines, respectively.

First, we will use the model proposed by Lozano [15] and calculate
the network cost efficiency of the airlins in a competitive space with
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Table 11: Inputs of the 16 airlines under study

DMU | 1 | 22 |

|

|1 309185 |
|2 | 174 | 196 |
|3 | 674109 |
|4 | 52 | 174
|5 | 32 | 176 |
| 6 | 58 | 165 |
|7 | 122141 |
|8 | 31 |169 |
|9 | 23 | 132
| 10 | 205 | 124 |
|11 | 37 | 127
|12 | 30 | 199

| 13 | 36 | 132
|14 | 7 |69 |
| 15 | 27 | 148

| 16 | 30 | 46 |
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Table 12: Intermediate products of the airlines under study

DMU‘Zl‘ZQ‘ z3

Z4

| 63 | 37 | 3129799 | 13122 |

—_

13 | 4|49 | 226198 | 307
14 [ 10] 24| 10318 | 302

15 | 5 |40 | 10538
16 | 2 |32 3836

|

|

| 2 | 35572975231 | 2178 |
|3 |49 62 | 2044068 | 9823 |
|4 | 15|52 | 2295410 | 2267 |
|5 | 21541917329 | 2548 |
| 6 | 11511837346 | 3196 |
|7 | 1443 ] 1959569 | 2007 |
|8 | 7 |62]1242314 | 244
|9 |10]43]1998118 | 976 |
| 10 | 22| 41 | 1047006 | 5384 |
| 11 | 9 |58 763924 | 310

| 12 | 7 |50 | 556006 | 1306 |
| |
| |
| |
| |
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Table 13: Final outputs of the 16 airlines under study

DMU | w1 | w2 | w3 | wa |
| 48 | 44.6 | 1182 | 38.99 |

—_

13 | 13| 87 | 43 | 0.02 |
14 | 41365 | 46 | 0.06 |
15 | 6 |534| 60 | 0.01 |
16 | 3 |64.6] 40 | 02 |

|
|
|2 |34 84 | 532 | 448 |
|3 27| 72 | 1037 | 29.38 |
|4 20929 290 | 6.51 |
| 5 |24|631] 233 | 216 |
| 6 28913 195 | 0.71 |
|7 22804 176 | 3.68 |
|8 | 22832 217 | 1.84 |
|9 |22|714] 150 | 1.03 |
| 10 | 22| 772 267 | 529 |
|11 |29 |686] 104 | 0.77 |
|12 | 9 | 89.7| 117 | 4.87 |
|
|
|
|
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Table 14: Input prices, which vary from one unit to another

‘ DMU ‘ X1 ‘ Price of input z1 (¢;) ‘ T ‘ Price of input z2 (c,) ‘
|1 [ 309 | 0.2 | 185 | 0.8 |
|2 | 174 0.58 | 196 | 0.42 |
| 3 | 674 0.15 | 109 | 0.85 |
| 4 | 52 | 0.68 | 174 | 0.32 |
|5 | 32| 0.75 | 176 | 0.25 |
| 6 | 58 | 0.82 | 165 | 0.18 |
|7 | 122 0.6 | 141 | 0.4 |
| 8 | 31| 0.75 | 169 | 0.25 |
|9 | 23| 0.7 | 132 | 0.3 |
| 10 | 205 | 0.35 | 124 | 0.65 |
| 11| 37 | 0.62 | 127 | 0.38 |
| 12 | 30 | 0.82 | 199 | 0.18 |
| 13 | 36 | 0.7 | 132 | 0.3 |
|14 | 7 0.92 | 69 | 0.08 |
| 15 | 27 | 0.8 | 148 | 0.2 |
| 16 | 30 | 0.6 | 46 | 0.4 |

the input price vector C' = (5,1) (the input prices are hypothetical and
are the same for all the airlines), and then we will compare the results
with the network cost efficiency scores calculated through our proposed
method in Section 3. Next, we will calculate the network cost efficiency
of the airlines in a non-competitive space using the proposed method,
and compare the results with Lozano’s network cost efficiency. In this
case, the input prices vary from one airline to another and are selected
hypothetically, as presented in Table 14. Finally, we will decompose
the network cost efficiency and determine the causes of cost loss in each
airline.

According to Table 15, except for Airline 14 that shows the same
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Table 15: Comparison between the network cost efficiency scores pro-
duced by Lozano’s method and our proposed method in a competitive
space with the input price vector C' = (5, 1)

DMU ‘ c*lozano ‘ o proposed ‘

14 | 1 | 1 |
15 | 0.43024735 | 0.333568905 |
16 | 0.7075 | 0.546479592 |

|

|1 | 0.88660347 | 0.602175145 |
|2 ]0.39393058 | 0.272363977 |
|3 ] 0.3338123 | 0.226723196 |
|4 | 0.72732719 | 0.497165899 |
|5 | 0.64458333 | 0.471547619 |
| 6 | 0.54846154 | 0.424527473 |
|7 ] 0.31724368 | 0.227976032 |
| 8 | 0.7695679 | 0.582839506 |
|9 | 0.78663968 | 0.609716599 |
| 10 | 0.23474326 | 0.160765883 |
| 11 | 0.56660256 | 0.46349359 |
| 12| 0.72667622 | 0.534641834 |
| 13 ] 0.61730769 | 0.476826923 |
|

|

|
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Figure 8: Comparison between the network cost efficiency scores pro-
duced by Lozano’s method and our proposed method in a competitive
space

network cost efficiency score in both methods (this airline is network
cost efficient based on both methods), in the other airlines, the network
cost efficiency scores produced by our method (a*) are smaller than the
ones resulting from Lozano’s method (C*).

Based on the input prices specified in Table 14, which vary from one
airline to another, we find the network cost efficiency scores of the airlines
in Table 16. In Column 2 of Table 16, the network cost efficiency of the
airlines are determined using Lozano’s method [15], which is indicated by
cx, and in Column 3, we find the network cost efficiency scores produced
by our proposed method (a*). A comparison between Columns 2 and 3
of Table 16 reveals that the network cost efficiency scores produced by
our method are less than or equal to their corresponding scores based
on Lozano’s method. Airlines 1 and 14 were network cost efficient in
both methods. According to Lozano’s method, Airlines 1, 3, 14, and 16
were network cost efficient.

We will use Tables (14) and (15) to decompose the network cost
efficiency into technical, price, and allocative efficiencies.

In Table 17, the relation C,> C,“%% > ™ > " holds
for all the airlines. In Airlines 1 and 14, the equation
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Table 16: Comparison between the network cost efficiency scores
produced by Lozano’s method and our proposed method in a non-
competitive space

DMU ‘ c*Lozano ‘ a* proposed ‘
I 1
2 | 0.639817 | 0.310194
3 | 1 | 0821265
4] 0.809205 | 0.45815
5 | 0657206 |  0.4175
6
7
8
9

| 0.561222 | 0.405514

|

|

|

|

|

|

| 0.499537 | 0.232562 |
| 0.797863 | 0.486107 |
|

|

|

|

|

|

|

|

| 0.829982 | 0.437163
10 | 0.600656 | 0.233607
11 | 0.691854 | 0.297612

12| 0.728401 | 0.527971

13| 0.731636 | 0.341821

4 | 1| 1

15 | 0.442188 | 0.279297

16 | 1 | 0438187
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Table 17: Real cost, cost corresponding to technical efficiency, radial
efficiency cost that consists of technical and price efficiency costs, and
minimum cost

DMU ‘ Co ‘ COCRS* ‘ Co** ‘ Co*** ‘

|

|1 | 209.8 | 209.8 | 2098 | 2098 |
|2 | 183.24 | 139.4489 | 66.9919 | 56.84 |
|3 |193.75| 193.75 | 161.3285 | 159.12 |
|4 | 91.04 | 78.10371 | 44.2128 | 41.71 |
| 5 | 68 |46.18515 | 32.0649 | 28.39 |
| 6 | 77.26 | 56.24246 | 56.2425 | 31.33 |
|7 | 129.6 | 77.65848 | 34.2943 | 30.14 |
| 8 | 655 | 53.50085 | 38.8706 | 31.84 |
|9 | B5.7 |46.60009 | 38.0601 | 24.35 |
| 10 | 152.35 | 101.7332 | 42.1424 | 35.59 |
|11 | 712 | 49.98878 | 32.779 | 21.19 |
| 12 | 60.42 | 44.8631 | 36.3166 | 31.9 |
| 13 | 64.8 | 47.84762 | 26.9149 | 22.15 |
| 14 | 11.96 | 11.96 | 11.96 | 11.96 |
| 15 | 51.2 | 24.22292 | 17.4995 | 143 |
| 16 | 364 | 364 | 19.3783 | 15.95 |
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Figure 9: Comparison between the network cost efficiency scores
produced by Lozano’s method and our proposed method in a non-
competitive space

C, = C,Cf% = ¢,™ =" holds true.

According to Table 18, Airlines 1 and 14 have network technical,
price, allocative, and cost efficiency values equal to one. Airlines 1, 3, 14,
and 16 are all network-technically efficient. The technical and allocative
efficiency scores of Airline 8 are almostequal to each other. Airlines
1,6, and 14 are price efficient. Except for units 1 and 14, the rest of
the airlines have lower network cost efficiency scores in comparison with
other types of efficiency.

To determine the causes of cost loss in the airlines, we need to make
use of Table 19.

According to Table 19, Airlines 1 and 14 have no cost loss as the
network tehnical, price, allocative, and cost efficiency scores equal 1 in
these airlines. In Table 18, Airlines 3 and 16 have no cost loss due to
technical inefficiency, because they are technically efficient. In Table 19,
the causes of cost loss in Airline 6 are technical and allocative inefficien-
cies (since the value of C}*/C* equals 1 in Table 18, there is no cost
losss due to price inefficiency in this case). Airlines 2 and 10 have the
greatest cost losses, and their losses are due to price inefliciency. In the
majority of the airlines, the greatest cost losses are due to technical and
price inefficiencies.

43
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Table 18: Network technical, price, allocative, and cost efficiency scores
of the airlines under study

DMU | Ci/C, | C3*/C G|

Co

Cs/cy

I B N B B
| 0.761018 | 0.480405 | 0.848461 | 0.310194 |
1 ]0.832663 | 0.986311 | 0.821265 |

1
2

3

4 ]0.857905 | 0.566078 | 0.943392 | 0.45815 |
5 ]0.679193 | 0.694269 | 0.885392 | 0.4175 |
6

7

8

9

| 0.727963 | 1 | 0.557052 | 0.405514 |
| 0.599217 | 0.441604 | 0.878863 | 0.232562 |
| 0.816807 | 0.726542 | 0.819128 | 0.486107 |
| 0.836626 | 0.816739 | 0.639778 | 0.437163 |
10 | 0.66776 | 0.414244 | 0.844518 | 0.233607 |
11 | 0.70209 | 0.655727 | 0.64645 | 0.297612 |
12| 0.742521 | 0.809498 | 0.878386 | 0.527971 |
13 | 0.738389 | 0.562513 | 0.822964 | 0.341821 |
v | v | o | 1 | 1 |
15 | 0.473104 | 0.722436 | 0.817166 | 0.279297 |
16 | 1 |0.532371 | 0.823086 | 0.438187 |
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Table 19: Causes of cost loss in the airlines under study

Ly |
o | o | o |
43.7911 | 72.457 | 10.1519 |

0 | 324215 | 2.2085 |

DMU Ly | L™ |

1
2

3

41293629 | 33.89091 | 2.5028 |
5 | 21.81485 | 14.12025 | 3.6749 |
6

7

8

9

| 21.01754 | 0 | 24.9125 |
| 51.94152 | 43.36418 | 4.1543 |
| 11.99915 | 14.63025 | 7.0306 |
| 9.09991 | 8.53999 | 13.7101 |
10 | 50.6168 | 59.5908 | 6.5524 |
11 | 21.21122 | 17.20978 | 11.589
12 | 15.5569 | 8.5465 | 4.4166
13 | 16.95238 | 20.93272 | 4.7649
4 | o | o | o0
15 | 26.97708 | 6.72342 | 3.1995
16 | 0 | 17.0217 | 3.4283
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Figure 12: Relation between L} ,L?* and L,** in a non-competitive
space

5 Conclusion

In cost efficiency measurement, the value and price of the inputs in the
unit under evaluation are considered as the factors affecting efficiency.
Given that some units have a network structure, in the present paper,
we determined the technical and cost efficiencies for such units with
explicit, identical, and precise input prices.

However, since the input prices might vary from one unit to another,
it is necessary to introduce a new PPS and evaluate the DMUs in a cost
space.

In this study, to evaluate the cost efficieny of DMUs with network
structures, we used two numerical examples, one of which was an exam-
ple used by Lozano in [15], and the other a case study relating a number
of airlines. In this respect, first, by obtaining the network cost efficiency
through Lozano’s method [15] with identical input prices for all units,
it was demonstrated that when the input price vector is doubled, the
cost efficiency scores remain unchanged. Now, the same results are also
achieved when the network efficiency scores are calculated for these two
vectors using the method proposed in this paper, but it must be noted
that when all DMUs have the same input prices, our proposed method
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yields lower cost efficiency scores than Lozano’s method. In addition,
we calculated the cost efficiency of each network unit again using both
methods in a case where input prices varied from one DMU to another.
A comparison between the results produced by the two methods in this
case revealed that the methods did not yield identical network cost ef-
ficiency scores (although, note that in a non-competitive space, using
Lozano’s method to calculate the cost efficiency would be problematic,
because if among our DMUs, we have the two units DMU 4 and DMUpg
with equal inputs and outputs (z4=zp and y4 = yp), Lozano’s model
would yield the same network cost efficiency for both units, even when
one DMU has higher input prices). Next, the causes of cost loss in
each network decision-making unit were outlined, i.e. it was determined
that the cost loss is due which type of inefficiency, technical, price, or al-
locative. Therefore, considering the fact that real-world data are usually
imprecise, we suggest investigating the revenue efficiency, cost efficiency,
and profit efficiency models with imprecise data such as fuzzy and in-
terval data for future research. Also, for units with network structures,
we can determine the cost efficiency with explicit and imprecise input
prices, again, such as fuzzy and interval data.

References

[1] A.R. Amirteimoori, D. Despotis, S. Kordrostami and H. Azizi, Ad-
ditive models for network data envelopment analysis in the presence
of shared resources, Transportation Research Part D, (2016), 1-14.

[2] F. Boloori, A Slack based network DEA model for generalized struc-
tures: An axiomatic approach, Computers & Industrial Engineer-
ing, 95 (2015), 83-96.

[3] Y. Chen, W. D. Cook, N. Li and J. Zhu, Additive efficiency de-
composition in two-stage DEA, Furopean Journal of Operational
Research, 196 (2009), 1170-1176.

[4] A.S. Comanho and R. G. Dyson, Cost efficiency measurement with
price uncertainty: a DEA application to bank branch assessments,
European Journal of Operational Research, 161 (2005), 432-446.



[5]

[15]

[16]

COST EFFICIENCY ESTIMATION IN NETWORK DEA ...

R. Fare and S. Grosskopf, Productivity and intermediate products:
A frontier approach, Economics Letters, 50 (1996), 65-70.

R. Fare and S. Grosskopf, Network DEA, Socio-Economic Planning
Sciences, 34 (2000), 35-49.

R. Fare, S. Grosskopf and G. Whittaker, Network DEA. In: Zhu,
J., Cook, W.D. (Eds.), Modeling Data Irregularities and Structural
Complexities in DEA, Springer Verlag, New York (2007).

R. Fare, S. Grosskopf and C. Lovell, The Measurement of Efficiency
of Production, Springer, Netherlands (1985).

M. J. Farrell, The measurement of productive efficiency, J R Stat
Soc Series jA, 120 (1957), 253-290.

M. Ghiyasi, Inverse DEA based on cost and revenue efficiency, Com-
puters & Industrial Engineering, 114 (2017), 258-263.

G. R. Jahanshahloo, M. Soleimani-Damaneh and A. Mostaface, A
simplified version of the DEA cost efficiency model, Furopean Jour-
nal of Operational Research, 184 (2008), 814-815.

C. Kao, Efficiency measurement for parallel production systems,
European Journal of Operational Research, 196 (2009), 1107-1112.

C. Kao and S-N. Hwang, Multi-period efficiency and Malmquist
productivity index in two-stage production systems, Furopean Jour-
nal of Operational Research, 232 (2014), 512-521.

L. Liang, W. D. Cook and J. Zhu, DEA models for two-stage pro-
cesses: Game approach and efficiency decomposition, Naval Re-
search Logistics, 55 (2008), 643-653.

S. Lozano, Scale and cost efficiency analysis of networks of pro-
cesses, Expert Systems with Applications, 38 (2011), 6612-6617.

S. Lozano, Slacks-based inefficiency approach for general networks
with bad outputs: An application to the banking sector, Omega, 60
(2016), 73-84.

49



50

[17]

[18]

[25]

[26]

M. HAJIANI AND R. FALLAHNEJAD

S. T. Liu and R. T. Wang, Efficiency measures of PCB manufac-
turing firms using relational two-stage data envelopment analysis,
Ezpert Systems with Applications, 36 (2009), 4935-4939.

A. Mostafaee and F. H. Saljooghi, Cost efficiency measures in data
envelopment analysis with data uncertainty, European Journal of
Operational Research, 202 (2010), 595-603.

M. R. Mozaffari, P. Kamyab, J. Jablonsky and J. Gerami, Cost
and revenue efficiency in DEA-R models, Computers & Industrial
Engineering, 78 (2014), 188-194

J. Puri, SH. P. Yadaf, A fully fuzzy DEA approach for cost and rev-
enue efficiency measurement in the presence of undesirable outputs

and its application to the banking sectore in india, Int. J. Fuzzy
Syst., 18(2) (2016), 212-226.

E. Rezaei Hezaveh, R. Fallahnejad, M. Sanei and M. Izadikhah,
Development of a new cost PPS and decomposition of observed
actual cost for DMU in a non-competitive space in DEA, RAIRO-
Oper. Res., 53 (2019), 1563-1580.

B. K. Sahoo, M. Mehdiloozad and K. Tone, Cost, revenue and profit
efficiency measurement in DEA: Adirectional distance function ap-
proach, Fur. J. Oper, 237(3) (2014), 921-931.

K. Tone and M. Tsutsui, Network DEA: A slacks-based measure
approach, European Journal of Operational Research, 197 (2009),
243-252.

K. Tone, A strange case of the cost and allocative efficiencies in
DEA, Journal of the Operational Research Society, 53 (2002), 1225-
1231.

Q. Wang, Z. Wu and X. Chen, Decomposition weights and overall
efficiency in a two-stage DEA model with shared resources, Com-
puters & Industrial Engineering, 136 (2019), 135-148.

P. Wanke, M. Azad, A. Emrouznejad and J. Antunes, A dynamic
network DEA model for accounting and financial indicators: A case



COST EFFICIENCY ESTIMATION IN NETWORK DEA ... 51

of efficiency in MENA banking, International Review of Economics
& Finance, 61 (2019), 52-68.

[27] T. Zhou, Y. Lu and B. Wang, Integrating TTF and UTAUT to
explain mobile banking user adoption, Computers in Human Be-
havior, 26 (2010), 760-767.

Masoomeh Hajiani

Graduated Ph.D of Mathematics

Department of Mathematics

Khorramabad Branch, Islamic Azad University
Khorramabad, Iran.

E-mail: masoomehhajiani@ymail.com

Reza Fallahnejad

Assistant Professor of Mathematics
Department of Mathematics

Khorramabad Branch, Islamic Azad University
Khorramabad, Iran.

E-mail: R.fallahnejad@khoiau.ac.ir



	1 Introduction
	2 Current Network Cost Efficiency
	3 Proposed Method for Network Cost Efficiency Estimation in DMUs with Varying Input Price Vectors
	3.1 Decomposation of the Observed Cost
	3.2 Extention
	3.2.1 Network Revenue Efficiency


	4 Numerical Example
	4.1 Illustrative Application

	5 Conclusion
	References

