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1 Introduction

Frames, as an expansion of bases in Hilbert spaces, were first introduced
by Duffn and Schaeffer during their study of nonharmonic Fourier se-
ries in 1952. They introduced frames. as an expansion of the bases
in Hilbert spaces ([9]). Recently, frames play a fundamental role not
only in mathematics but also in many aspects of applications and have
been widely applied in filter bank theory, coding and communications,
signal processing, system modeling (e.g. [2, 5, 10, 14, 15]). One of the
newest generalization of frames is controlled frames. Controlled frames
have been introduced to improve the numerical efficiency of interactive
algorithms for inverting the frame operator on abstract Hilbert spaces
(eg. [1, 12, 13)).

This manuscript is organized as follows. In Section 2, we recall some
definitions and Lemmas for frames and operators theory. In Section 3,
we fix the notations of this paper, summarize known and prove some
new results. In Section 4, we defined Q-duality and perturbation for
controlled fusion frames and express some results about them.

Throughout this paper, H and K are separable Hilbert spaces, B(H, K)
is the family of all the bounded linear operators on H into K and GL(H)
denotes the set of all bounded linear operators which have bounded in-
verses. Let GLT(H) be the set of all positive operators in GL(H).

It is easy to check that if C,C’ € GL(H), then C"*,C'~! and CC’
are in GL(H). We define myy is the orthogonal projection onto W.

2 Preliminaries

In this section, some necessary definitions and lemmas are introduced.

Lemma 2.1 ([3]). Let Hy, Hy are Hilbert spaces and let Ly € B(Hy, H)
and Lo € B(Ho, H). Then the following assertions are equivalent:

(1) R(L1) € R(La2);
(II) LiL; < ALoL3 for some A > 0;

(I11) there exists U € B(Hy, Hy) such that Ly = LaU.
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Moreover, if those conditions are valid then there exists a unique operator

U such that
(a) |U|* =inf{a >0 | L1 L} < aLoL}};
(b) ker Ly = ker U,

(¢) R(U) € R(L3).
For the proof of the following lemma, we refer to [3].

Lemma 2.2. Let V C H be a closed subspace, and T’ be a linear bounded
operator on H. Then
T =y T Ty

If T is a unitary (i.e. T*T = Idy ), then
Tl = Tmy.

If an operator U has closed range, then there exists a right-inverse
operator Ut (pseudo-inverse of U) in the following senses (see [7]).

Lemma 2.3. Let U € B(K, H) be a bounded operator with closed range
R(U). Then there exist a bounded operator Ut € B(H, K) for which

UU'w =2, zeRU),
and
(U = (U

Definition 2.4. A sequence {f;}icr in H is a frame if there exist con-
stants 0 < A < B < oo such that for all f € H

AlLFIP <D IE 1P < BIFIP.
i€l
Definition 2.5. Let W := {W; };cr be a family of closed subspaces of
H and v := {v;}ics be a family of weights (i.e. v; > 0 for any i € I).
We say that W is a fusion frame with respect to v for H if there exist
0 < A < B < oo such that for each f € H,

AfIP < Yot llmw, ()12 < BILAIP. (1)

i€l
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The constants A, B are called the fusion frame bounds. The family
W is called a tight fusion frame if A = B, it is a Parseval fusion frame
if A= B =1, and v-uniform if v = v; = v; for all 4,57 € I. If the
right-hand of the inequality (1) holds, then we say that W is a Bessel
fusion sequence with Bessel fusion bound B. Moreover we say that W
is an orthonormal fusion basis for H if H = @,.; W;. If W is a Bessel
fusion sequence then the following operators are bounded:

TW:(Z@Wi)P’—)H, T;V3H'—>(Z@Wi)é2,
icl iel
Tw({citier) = Y vici, Ty f = {vimw, [}
i€l
These operators are called synthesis operator and analysis operator, re-
spectively. Thus, the fusion frame operator is defined by:

Swsz—>H,

Swif=TwTif=> vimwf.
1€l
For each Bessel fusion sequence W of H, we define the representation
space is (3 ®@W;),2, due the notations of [6].

(Z @Wi)ﬁ = {{Ci}ig : ¢ €C, Z lei? < oo}
el

with inner product given by

({citier, {di}ier) = Z(ci,di>.

iel
3 Controlled Fusion Frame

In thissection, we present the notion of controlled fusion frames in Hilbert
spaces and discuss on some their properties. Our approach to define con-
trolled fusion frames is a generalization of the idea in [13].

Definition 3.1. Let {W; };cs be a collection of closed subspace in Hilbert
space H, {v;}icr be a family of weightsand C,C’" € GL(H). The se-
quence W = {(W;,v;)}ier is called a fusion frame controlled by C
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and C’ or CC’-Controlled fusion frames for H if there exist constants
0 < A < B < oo such that for all f € H

AllfI? <Y 0w, C'f.mw, CF) < BIfI1%.
el

Throughout this paper, W = {(W;, v;) }ier unless otherwise stated.
W is called a tight controlled fusion frame, if the constants A, B can be
chosen such that A = B, a Parseval fusion frame provided A = B = 1.
We call W is a C2-Controlled fusion frame if C = C”. If only the second
inequality is required, We call W is a Controlled Bessel fusion sequence
with bound B. If W is a C'C’-controlled fusion frame and C*my,C” is a
positive operator for each i € I, then C*mryy, C' = C™myy, C' and we have

1
AllfIP <D o€ rw, )2 £ < Bl
el

We define the controlled analysis operator by (for more details, we refer

to [13])
Tw : H— Kow
T (f) = {vi(C*mw, C") f e,
where

K:27W = {{UZ(C*WWZC/)%f}zEI : f € H} C (@H)p.

el
It is easy to see that Koy is closed and Ty is well defined. Moreover
Ty is a bounded linear operator with the adjoint operator Ty, defined
by
TI}/ : ]CQJ/V — H

T 0l Crw,C')? flier = Y 02 C*mw, C'f.

il

Therefore, we define the controlled fusion frame operator Sy on H by

Swif =TyTw(f) = viCmw,C'f.
i€l



H. SHAKOORY et. al.

Theorem 3.2. W is a CC’-controlled fusion Bessel sequence for H with
bound B if and only if the operator

]?% :k:ZLV — H
Ty {vi(Comw,C")E fhier = Y v2C*mw,C' .
el

is well -defined and bounded operator with | T3 || < V/B.

Proof. The necessary condition follows from the definition of CC’-
controlled fusion Bessel sequence. We only need to prove that the suf-
ficient condition holds. Suppose that Ty}, is well-defined and bounded
operator with ||T};,|| < v/B. For any f € H, we have

2 2
(S wttmw ' forwCn) = (S vdC mw 1. 1))
el el
* * ni 2
= ((TirAol O w2 fier. 1))
* * 1
< T P v (C*mw, €2 f it P £ 117
But
{vi(C*nw, C")2 fhietll} = Y v (rw, O £, 7w, C.f).
el
It follows that
> ol mw.C' f, 7w, Cf) < B| f|*
i€l

This means that W is a CC’-controlled fusion Bessel sequence for H.
O

Theorem 3.3. W is a CC’'-Controlled fusion frame for H if and only
if
Tﬁ/ : ]C27W — H
Ty {oi(C*mw, )2 fhier = > v2C*mw,C' f
el

18 a well-defined, bounded and surjective.
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Proof. If W is a C'C’-controlled fusion frame for H, the operator Sy,
is invertible. Thus, T}, is surjective.

Conversely, let T}, be a well-defined, bounded and surjective. Then,
by Theorem 3.2, W is a C'C’-controlled Bessel fusion sequence for H.
So, Tw (f) = {vi(C*TrWiC/)%f}iej for all f € H. Since Ty, is surjective,
by Lemma 2.3, there exists the operator T;‘J : H — Kow such that
TJVTW = Iy . Now, for each f € H we have

AP < IT PN Tu f 1P = TP D of (rw, € f o, O,
el

Therefore, W is a C'C’-controlled fusion frame for H with the lower
controlled fusion frame bound ||T; JVH_Q and the upper controlled fusion
frame || T3, 12, O

Theorem 3.4. Let W be a C?-controlled fusion frame with frame bounds
A and B. If U € B(H) is an invertible operator such that U*C' = CU*,
then {(UW;,v;)}ier is a C?-controlled fusion frame for H.

Proof. Let f € H and by Lemma 2.2, we have
7w, CU || = 7w, U C fI| = llmw, U mow, C* f|| < |Ul[lmow, Cf]-

Therefore,

AUFIP < Y llmw, CU*FIP < U IR D o, C £l

icl iel
But,
A2 < N@= Yo f1? < U~ HP o f2.

Then,

ANTTHZNOI2IAP < Y lmow,C1I

1€l
On the other hand, from lemma 2.2, we obtain, with U~! instead of T

TUW, = WUWi(U*)_lﬂwiU*.

7
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Thus,
Imow, C AL < Ul lmw, U*Cfl,

and it follows
> llmuw,CH? < (U2 vflaw, U*C 2
i€l i€l
= U712 vfllmw, CU* fI?
iel
< BIIU PO £11%.
O

Theorem 3.5. Let W = {(W;,v;) }ier be a C?-controlled fusion frame
with frame bounds A and B. If U € B(H) is an invertible and unitary
operator such that UC = CU, then {(UW;,v;)}ier is a C2-controlled

fusion frame for H.
Proof. Using Lemma 2.2, we have for any f € H,
A2 < ORI £
<UIPY vflmw, U C AP
el
< U)o IU mow, O£
i€l
<UIPITHP Y vf lmow,Cf11%,
el
and we obtain

> 0 |lmow, CfII° >

i€l

A 2
o I

On the other hand, from Lemma 2.2, we obtain
> o lmow CHI? < UIP Y ofllew, U Cf|1?
icl el
= U o lmw,cU" f|?
el
< BIUTPNUIP|F11%.
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Theorem 3.6. Let W = {(W;,v;)}ier and Z := {(Z;,v;) }ier be two
CC'-controlled fusion Bessel sequence for H with bounds By and Bs,
respectively. Suppose that Ty, and T} be their controlled synthesis op-
erators for W and Z. Let a bounded linear operator U : (3 ®z;). —
(>" ®w;)pe exist such that T,UT, = Iy. Then, both W and Z are CC’-
controlled fusion frames for H.

Proof. For each f € H, we have
It = KEAHP

— [(UT.f,Twf)
< U A1 [ Twf)

”UH2 ) (Z(ﬂ-ziclf7 7Tz¢Cd>> <Z Ui2<7rwiclf7 7"'wicf>>

i€l il

IN

U1 - By - [| 1> <Z V7 (T [, Wwi0f>> :

el
Thus,

U~ By < (Zv%’mc’f, wwicf>> :

i€l

and W is a CC’-controlled fusion frame for H. Similarly, Z is a CC'-
controlled fusion frame with the lower bound ||U||=2- B;y'. O

Theorem 3.7. Let W = {(W;,v;) }ier and Z = {(Z;,v;) }icr be CC'-
Controlled Bessel fusion sequences for H with boundesBy, and Bs. Sup-
pose that T, be the analysis and T, be synthesis operators for Z and
W. Let there exist 0 < ¢ < 1 and a bounded linear operators U :
(Zz‘el EBZi) — (Zz‘el @Wi) such that

If = TRUT.fI| < ellf]-
Then W and Z are CC'—controlled fusion frames for H.

Proof. For each f € H, we have

I TwUTzfI| = [If]] = If = Tw UTzfI = (1 =) f]-

9
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Therefore

A =alfl < TwUTzfll = hinid (TwUTzf,9)|
g =

= ”81”1p (UTzf, Twg)|
gl|=1

< ||s1”1p1 Ul - Tz 1 - [ Twyll
gll=

< Ul VBi(Y v¥mz,C'f, 72, Cf))%

i€l

where By is a controlled Bessel bound for W. Hence,

(1-¢)?

et 1 (;v%zﬂ’f, 72.Cf)).

Therefore, W is a C'C’-controlled fusion frame for H. Similarly, we can
show that Z is also a C'C’-Controlled fusion frame for H. O

4 ()—Dual and Perturbation on Controlled Fu-
sion Frames

In this section, we introduce the duality of CC’-controlled fusion frames
and we characterize their fundamental properties. Finally, perturbation
of CC'-controlled frames will be discussed.

Definition 4.1. Assume that W is a CC’-controlled fusion frame for H.
We call a CC’-controlled fusion Bessel sequence as W := {(W;, 2;) }ier
a @Q-dual CC’-controlled fusion frame of W, if there exists a bounded
linear operator @ : ’C2M~/ — Ko,w such that

Ty QT = CC".

Theorem 4.2. Let W be a Q-dual CC'-controlled fusion frame for W
and Q : Kow — K, 357- Then, the following conditions are equivalent.

1. T%QTW = CC’,‘
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* )k WKk,
5. (C'f,C*g) = QT f, Twa) = (T f, Q" Twyg) for all f,g € H.
Proof. Straightforward. 0

Theorem 4.3. If W = {(W;, zi) }icr is a Q-dual for W = {(Wi, v;) }ier,
then W is a CC'-controlled fusion frame for H.

Proof. Let f € H and by definition (4.1), W is a CC’—controlled fusion
frame for H and we suppose that B is the upper bound of W. Therefore

LA =1(f, )
= [(C'f,CcH(C)THC™) NI
= {QTwf, Tw (C*)~H(C™) 1 )
< T IPIQIPITw P HIPIC Pl £11P
<\ TwfIPINRI*BICTHPNIC P11
Hence,
B7HCTH IR < 22 (m O f o mr. C ),

el
and this completes the proof. O
Corollary 4.4. If E,, and F,, are the optimal bounds of W, then

Eop 2 BLUIQITZCTHTZCTHIT? and  Fop > A/ QITICTHI T2 IO 7
where Aoy and B,y are the optimal bounds of W, respectively.

Consider a C2-controlled fusion frame W = {(W;, v;) }ies for H. Ap-
plying Lemma 2.1, there exists an operator X € B(H, Kq ) such that
Ty X = I. We denote the i-th component of X f by X;f = (Xf);
and clearly X; € B(H,C*(W;)). In the last result we note that these
operators construct some @-dual for W.

Theorem 4.5. Let W := {(W;,v;) }ier be a CC’-controlled fusion frame,
and X be an operator such that Ty, X = I. Suppose that W= {(WZ, v;) Yiers
where W; = C*X;C*(W;), is a CC'-controlled fusion Bessel sequence.
Then W is a Q-dual CC'-controlled fusion frame for W.
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Proof. Define the mapping
Uo : R(Ty) — Kaw,
Uo(Tw f) = xcc'f.
Then Uy is well-defined and bounded. Indeed, if T3 f1 = T35 f2, so
w.C'(fi = f2) =0,
for any ¢ € I. Therefore,
C'(f1 = f2) € (Wi)* = R(C"X])* = ker(X;0),
and hence XCC'(f1 — f2) = 0. Moreover,
1Uo{C gy, €2 £} = [ XOC' |1
=D _lImcw. X;:CC'f?

iel
=Y llmow, XiCrc-x:com: C' £
iel

<IXIPD - m CFIP - ICIP

iel
= |IXI*> e et rg. O AP - Il

iel

1
<IXPle P les )2 (CH g C) £ - |C
el

< IXIPICTHPMICIC Y I(CmgC)2 12 - Ol

el
_ " 1
= I XIPICTHPIICTICI{C 75 CD 2 F3 - 1C)2.
Assume that,

Uo, on R(Tw),
U= —wh
0, on R(Ty) -

Hence, U is well-defined and bounded. If we ler Q = U, then we have
Qe B(’CQ W ICQyW) and

Ty, QT = Ty XCC' = CC'.
O
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Example 4.6. Let H = R3 with the standard orthonormal basis {e1, e, e3}.
We define

W1 = span{ej,es}, Wy =span{es,es}, W3 =span{es},
and

C(z1, 72, 73) = (ax1, bxe, c3), C'(x1, w2, 23) = (a1, fxa, y13),

where a,b,c,a, 3,7 > 0. It is easy to check that C,C’ € GL*(R?) and
also W := {(W;,1)}i=1,2,3 is a CC’-controlled fusion frame with bounds

min{ac, 2b53,2c¢y}, max{acq,2bf,2cy}.
It is obvious that

ICQ,W = {(mxla me? 0)7 (07 \/@J/Qv \/5553)7 (07 07 \/aiEB)» ($17x27$3) S R?)}

Hence, we can get

ng, 0), (0, \fxz, ?l‘?,) (0,0, @IS)}’

Xf:{(xlv 2 2

for each f = (z1,x9,23) € R3 and it is clear that all of X; are adjoint.
Now, by Theorem 4.5, if we define

/3

—~ 2
W1 = {a2€1, \2[5262}, W2 = {7b2€2, \[ 26

R
3, Wi= {70263},
then, W= {(AI/I7Z7 1)}iz1,2,3 is a Q-dual C'C’-controlled fusion frame for
W. We notice that W is a C'C’-controlled fusion frame with bounds

min{a’a, vV2b° 8, v2c%y},  max{a’a, V2b° B,V 254},

Perturbation of frames have been discussed by Cazassa and Chris-
tensen in [1]. In this part, we aim to present it for controlled fusion
frames.

Definition 4.7. Let W := {(WZ, 'Ui)}ie[ and Z := {(Zi,vi)}iej be CC'-
controlled fusion frame for H where C,C’ € GL(H) and 0 < A, Ay < 1
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be real numbers. Suppose that 3 := {¢;}ies € £2(I) is a positive sequence

of real numbers. If

lvi (C*mw, C" — C*2,C")% flla < Aif|oi(C*mw, C)E flla + Ao|vi(C*mz,C")% fllo+
+ 18121171,

then, we say that Z := {(Z;,v;) }ier is a (A1, A2, 8, C, C")-perturbation
of W = {(W;,vi) bier-

Theorem 4.8. Let W := {(W;,v;) }ier be a CC'-controlled fusion frame
for H with frame bounds A, B, and Z := {(Z;,v;) }ic1 be a (A1, A2, 3,C,C")-
perturbation of W := {(Wi,v;) }ier. Then Z := {(Z;,vi) }ier is a CC'-
controlled fusion frame for H with bounds:

<(1—)\1)\/Z— ||5||2)2 <(1+)\1)\/§+HBH2>2
14+ Ao ’ 1=

Proof. Let f € H. We have

[vi(C*72,C")2 fll2 = [[vi(C*72,C" = C*aw,C")2 f + vi( C* 7w, C")? £
< |oi(C*rz,C" = Cmw, )2 flla + [vi(C*mw, €)% £
< Ml[vi(C*rw, C) 2 fll2 + Aallvi(C* 72, C") 3 f It
+[1Bl2ll 1+ v (Cmw, €)% 2.

Hence,

(1= 2| (0i(C*12,C") 2 flla < (14 A) [0 (Comw, C') 2 fll2 + I8l | I

Since W is a C'C’-controlled fusion frame with bounds A and B, then

loi(Cmw, C)2 112 = 3 w2, C' f, 7w, Cf) < B|fI|*.

icl
So,

(Lt A (C O 1 + 1B
1— X
14+ X)VB
< LAV

[0:(C* 7 2,C")% fll2 <
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Thus

1+ A)VB+ (8l 1o
UV )2
2

> 0 mz,C 7z, CF) = |0i(C*rz,C)2 fII3 < (

el
Now, for the lower bound, we have
lvi(C*72,C")% flla = |lvi(C*mw, C")E f — vi(C*rw, O — C*72,C")% £
> [|vi(C*mw,C")? fll2 = [[0:(C™72,C" = C*75,C")2 f 2
> [[vi(C*mw, €)2 fllz2 = Aal[oi (C*mw, €)% £
= delles(C 7 2,C")2 fllz — 1Bl

Therefore,

(L4 A2)[i(C* 2,03 flla = (1 = M) o (CHrw, )2 f |2 — |1Bl21 £1]

or
H’Ui(C*WZ-C,)if”2 Z (1 A1)”1)1(6( ﬂ-WiC )f”2 H/BHQHJCH )
: 1+ X
Thus, we get
loi(Cr mw, O 2 £ = Y v (rw, C' £, 7w, Cf) > Al f|>
el
So,
1 1—M\)VA—||Bl2
(C*ry. O > (L L .
0" € flle = (F— R )
Thus,
S wHaz,C w2, Cf) = [ui(CHrz, ")z £
el
1—MVA-|p

14+ A

and the proof is completed. O

15
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Theorem 4.9. Let W be a CC’-controlled fusion frame with bounds
A, B for H. Also, let Z :={Z,;}ic1 be a family of closed subspaces in H
and

loi (C*mw, 0" = C*mz,C")2 ]| < el £,
for some 0 < € < A. Then Z = {(Zi,v;)}ier is a CC'-controlled
fusion frame with bounds (A — €%) and (B + €2).
Proof. For every f € H, we can write
loi(C*mz, 02 FI” < loi(C*mw,C')2 £ + [[os(C*mw, € = C*mz,C) 2 £
< (B+é)|fI?

Thus,

>0l (w2 0wz, Cf) = i Crz O P < (B + )

i€l

Therefore, Z := {(Z;, zi) }ier is a Controlled Bessel fusion sequence. On
the other hand

loi(C 72,02 I 2 i (Comw, C')2 I = Iloi( €, € = Car, O3 £
> (A=) fI”
Hence,
S ns,C'fw7,CH) = o Crr OV S > (A = I
el
and the proof is completed. O
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