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1 Introduction

The integral inequalities are very important in many areas of science, es-
pecially in mathematics, physics, chemistry, biology. Many researchers
have given a lot of attention to the generalization of fractional integral
inequalities related to weighted Chebyshev functional. In fact, they es-
tablished many results to Grüss and Chebyshev inequalities. For more
details, we refer the reader to [2, 4, 5, 6, 7, 8, 9, 11, 13, 14, 15] and the
references therein.
Let us now cite some recent work that have motivated the present paper.
We begin by the paper [1], where the authors introduced two new frac-
tional integral operators: the first one is the (k, s, h)-Riemann-Liouville
fractional integral (for a function f ∈ L1 ([a, b]) with respect to another
measurable, increasing, positive function h with h′ ∈ C1 ([a, b])). It is
given by

s
kJ

α
a,h (f (t)) (1)

=
(s+ 1)1−α

k

kΓk (α)

∫ t

a

(
hs+1 (t)− hs+1 (τ)

)α
k
−1
hs (τ)h′ (τ) f (τ) dτ,

where Γk (α) =
∫∞

0 tα−1e−
tk

k dt, α > 0, k > 0, s ∈ R− {−1} .
The second introduced operator of the paper [1] is the (k, h)-Hadamard

fractional integral (of f ∈ L1 ([a, b]) with respect to h). It is defined for
k > 0 by

kI
α
a,h (f (t)) =

1

kΓk (α)

∫ t

a

(
log

h (t)

h (τ)

)α
k
−1 h′ (τ)

h (τ)
f (τ) dτ. (2)

It is important to note that based on these two operators, we can state
that:

Proposition 1.1.

lim
s−→−1+

s
kJ

α
a,h (f (t)) =k I

α
a,h (f (t)) (3)

Now, by considering the weighted functional (see [12]):

T (f, g, p, q) =

∫ b

a
p(x)

∫ b

a
q(x)f(x)g(x)dx (4)
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+

∫ b

a
q(x)

∫ b

a
p(x)f(x)g(x)dx

−
∫ b

a
p(x)f(x)dx

∫ b

a
q(x)g(x)dx−

∫ b

a
q(x)f(x)dx

∫ b

a
p(x)g(x)dx

where f and g are two real-valued integrable functions which are syn-
chronous on [a, b], i.e.:

(f(x)− f(y)) (g(x)− g(y)) ≥ 0, for any x, y ∈ [a, b] , (5)

and p, q are two positive integrable functions on a finite interval [a, b].
By considering the above functional, we can observe that

T (f, g, p, q) =

∫ b

a

∫ b

a
(f(τ)− f(ρ)) (g(τ)− g(ρ)) p (τ) q (ρ) dτdρ. (6)

We continue by citing the work that has motivated this paper. We
observe that in [3], J. Choi proved the following interesting result:

Theorem 1.2. Let f, g : [a, b]→ R be integrable functions, such that

m ≤ f(x) ≤M,n ≤ g(x) ≤ N ;m,M,n,N ∈ R, x ∈ [a, b] . (7)

If p, q : [a, b]→ [0,∞[ are two integrable functions on [a, b] that satisfy

min

{∫ b

a
p(t)dt,

∫ b

a
q(t)dt

}
> 0,

then,

|T (f, g, p, q)| (8)

≤
[(

(M −m)2

2
+ 2 ‖f‖∞

)(
(N − n)2

2
+ 2 ‖g‖∞

)] 1
2

×
(∫ b

a
p(t)dt

)(∫ b

a
q(t)dt

)
,

where
‖f‖∞ = sup

x∈[a,b]
|f (x)| and ‖g‖∞ = sup

x∈[a,b]
|g (x)| .
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Based on the two fractional operators of [1], we establish several integral
results related to Grüss inequality. We begin by proving an α-theorem.
Then, using two α-β-auxiliary results ( lemmas), we establish two more
general theorems. For our results, the above theorem of [3] is deduced
as a special case.

2 Main Results

The first main result is given by the following α-theorem. It depends on
one fractional integral parameter.

Theorem 2.1. Let f and g be two integrable functions on [a, b] satisfying
the condition (7), let p and q be two positive functions on [a, b] and
let h be a measurable, increasing, positive function on (a, b] and h ∈
C1 ([a, b]) . Then, the following inequality holds∣∣

kI
α
a,h [p(t)] kI

α
a,h [qfg(t)] +k I

α
a,h [q(t)] kI

α
a,h [pfg(t)]

− kI
α
a,h [pf(t)]k I

α
a,h [qg(t)]− kI

α
a,h [qf(t)]k I

α
a,h [pg(t)]

∣∣ (9)

≤

[(
(M −m)2

2
+ 2 ‖f‖∞

)(
(N − n)2

2
+ 2 ‖g‖∞

)] 1
2

×
(
kI
α
a,h [p(t)]

) (
kI
α
a,h [q(t)]

)
,

where f, g ∈ L∞ [a, b] , α > 0 and k > 0.

We need the following lemma to prove Theorem 2.1.

Lemma 2.2. Let Φ be an integrable function on [a, b] satisfying the
condition m ≤ Φ (x) ≤M on [a, b] and let p, q be two positive functions
on [a, b] and let h be a measurable, increasing, positive function on (a, b]
with h ∈ C1 ([a, b]) . Then for all t > 0, we have

kI
α
a,h [p(t)] kI

α
a,h

[
qΦ2(t)

]
+k I

α
a,h [q(t)] kI

α
a,h

[
pΦ2(t)

]
−2kI

α
a,h [qΦ(t)] kI

α
a,h [pΦ(t)]

=
(
kI
α
a,h [(M − Φ(t)) q(t)]

) (
kI
α
a,h [(Φ(t)−m) p(t)]

)
(10)

+
(
kI
α
a,h [(M − Φ(t)) p(t)]

) (
kI
α
a,h [(Φ(t)−m) q(t)]

)
−
(
kI
α
a,h [q(t)]

) (
kI
α
a,h [(M − Φ(t)) (Φ(t)−m) p(t)]

)
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−
(
kI
α
a,h [p(t)]

) (
kI
α
a,h [(M − Φ(t)) (Φ(t)−m) q(t)]

)
,

where k > 0, s ∈ R− {−1} , α > 0.

Proof. Let Φ be an integrable function on [a, b] satisfying the condition
(7) on [a, b] . For any τ, ρ ∈ [a, b], we have the following identity

Φ2 (τ) + Φ2(ρ)− 2Φ(τ)Φ(ρ)

= [M − Φ(ρ)] [Φ(τ)−m] + [M − Φ(τ)] [Φ(ρ)−m] (11)

− [M − Φ(τ)] [Φ(τ)−m]− [M − Φ(ρ)] [Φ(ρ)−m] .

We also consider the quantities: s
kHα,h (t, τ) = (s+1)1−

α
k

kΓk(α)

(
hs+1 (t)− hs+1 (τ)

)α
k
−1
hs (τ)h′ (τ) p (τ)

s
kHα,h (t, ρ) = (s+1)1−

α
k

kΓk(α)

(
hs+1 (t)− hs+1 (ρ)

)α
k
−1
hs (ρ)h′ (ρ) q (ρ) .

(12)
Multiplying (11) by s

kHα,h (t, τ) × s
kHα,h (t, ρ) , (τ, ρ) ∈ (a, t)2 , s ∈

R− {−1} and integrating with respect to τ and ρ over (a, t)2 , we get

1

k2Γ2
k (α)

×

{∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ) Φ2(τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)

]
dτdρ

+

∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ) Φ2(ρ)

]
dτdρ

−2

∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ) Φ(τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ) Φ (ρ)

]
dτdρ

}
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=
1

k2Γ2
k (α)

×

{∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) (Φ(τ)−m) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) (M − Φ(ρ)) q (ρ)

]
dτdρ

+

∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) (M − Φ(τ)) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) (Φ(ρ)−m) q (ρ)

]
dτdρ

−
∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

×hs (τ)h′ (τ) (M − Φ(τ)) (Φ(τ)−m) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)

]
dτdρ

−
∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ)

× (M − Φ(ρ)) (Φ(ρ)−m) q (ρ)] dτdρ} .

Therefore, it yields that

1

k2Γ2
k (α)

{∫ t

a

∫ t

a

[(
log

h (t)

h (τ)

)α
k
−1

hs (τ)h′ (τ) p (τ) Φ2(τ)

×
(

log
h (t)

h (ρ)

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)

]
dτdρ

+

∫ t

a

∫ t

a

[(
log

h (t)

h (τ)

)α
k
−1

hs (τ)h′ (τ) p (τ)
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×
(

log
h (t)

h (ρ)

)α
k
−1

hs (ρ)h′ (ρ) q (ρ) Φ2(ρ)

]
dτdρ

−2

∫ t

a

∫ t

a

[(
log

h (t)

h (τ)

)α
k
−1

hs (τ)h′ (τ) p (τ) Φ(τ)

×
(

log
h (t)

h (ρ)

)α
k
−1

hs (ρ)h′ (ρ) q (ρ) Φ (ρ)

]
dτdρ

}

=
1

k2Γ2
k (α)

{∫ t

a

∫ t

a

[(
log

h (t)

h (τ)

)α
k
−1

hs (τ)h′ (τ) (Φ(τ)−m) p (τ)

×
(

log
h (t)

h (ρ)

)α
k
−1

hs (ρ)h′ (ρ) (M − Φ(ρ)) q (ρ)

]
dτdρ

+

∫ t

a

∫ t

a

[(
log

h (t)

h (τ)

)α
k
−1

hs (τ)h′ (τ) (M − Φ(τ)) p (τ)

×
(

log
h (t)

h (ρ)

)α
k
−1

hs (ρ)h′ (ρ) (Φ(ρ)−m) q (ρ)

]
dτdρ

−
∫ t

a

∫ t

a

[(
log

h (t)

h (τ)

)α
k
−1

hs (τ)h′ (τ) (M − Φ(τ)) (Φ(τ)−m) p (τ)

×
(

log
h (t)

h (ρ)

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)

]
dτdρ

−
∫ t

a

∫ t

a

[(
log

h (t)

h (τ)

)α
k
−1

hs (τ)h′ (τ) p (τ)

×
(

log
h (t)

h (ρ)

)α
k
−1

hs (ρ)h′ (ρ) (M − Φ(ρ)) (Φ(ρ)−m) q (ρ)

]
dτdρ

}
.

This completes the proof of the above lemma. �
Let us now prove Theorem 2.1.

Proof. We consider the functional

G (τ, ρ) = (f (τ)− f (ρ)) (g (τ)− g (ρ)) , τ, ρ ∈ (a, t) , t ∈ (a, b] , (13)
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where f and g be two integrable functions on [a, b] satisfying the condi-
tion (7).
Multiplying (13) by s

kHα,h (t, τ) × s
kHα,h (t, ρ) , τ, ρ ∈ (a, t) , and inte-

grating the resulting identity with respect to τ and ρ over (a, t)2 , we
have ∫ t

a

∫ t

a

s
kHα,h (t, τ) s

kHα,h (t, ρ) (f (τ)− f (ρ)) (g (τ)− g (ρ)) dτdρ

= s
kJ

α
a,h [p(t)] s

kJ
α
a,h [qfg(t)] + s

kJ
α
a,h [q(t)] s

kJ
α
a,h [pfg(t)] (14)

− s
kJ

α
a,h [pf(t)] s

kJ
α
a,h [qg(t)]−sk Jαa,h [qf(t)] s

kJ
α
a,h [pg(t)] .

Thanks to the Cauchy Schwarz integral inequality for double integrals,
we get [∫ t

a

∫ t

a

s
kHα,h (t, τ) s

kHα,h (t, ρ)

× (f (τ)− f (ρ)) (g (τ)− g (ρ)) dτdρ]2

≤
∫ t

a

∫ t

a

s
kHα,h (t, τ) s

kHα,h (t, ρ) (f (τ)− f (ρ))2 dτdρ (15)

×
∫ t

a

∫ t

a

s
kHα,h (t, τ) s

kHα,h (t, ρ) (g (τ)− g (ρ))2 dτdρ.

Then, we obtain∫ t

a

∫ t

a

s
kHα,h (t, τ) s

kHα,h (t, ρ) [f (τ)− f (ρ)]2 dτdρ (16)

= s
kJ

α
a,h [q(t)] s

kJ
α
a,h

[
pf2(t)

]
+ s

kJ
α
a,h [p(t)] s

kJ
α
a,h

[
qf2(t)

]
−2
(
s
kJ

α
a,h [pf(t)]

) (
s
kJ

α
a,h [qf(t)]

)
=

(
s
kJ

α
a,h [(M − f(t)) q(t)]

) (
s
kJ

α
a,h [(f(t)−m) p(t)]

)
+
(
s
kJ

α
a,h [(M − f(t)) p(t)]

) (
s
kJ

α
a,h [(f(t)−m) q(t)]

)
−
(
s
kJ

α
a,h [q(t)]

) (
s
kJ

α
a,h [(M − f(t)) (f(t)−m) p(t)]

)
−
(
s
kJ

α
a,h [p(t)]

) (
s
kJ

α
a,h [(M − f(t)) (f(t)−m) q(t)]

)
,

where (
s
kJ

α
a,h [q(t)]

) (
s
kJ

α
a,h [(M − f(t)) (f(t)−m) p(t)]

)
(17)
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+
(
s
kJ

α
a,h [p(t)]

) (
s
kJ

α
a,h [(M − f(t)) (f(t)−m) q(t)]

)
≥ 0,

and ∫ t

a

∫ t

a

s
kHα,h (t, τ) s

kHα,h (t, ρ) [g (τ)− g (ρ)]2 dτdρ (18)

= s
kJ

α
a,h [q(t)] s

kJ
α
a,h

[
pg2(t)

]
+ s

kJ
α
a,h [p(t)] s

kJ
α
a,h

[
qg2(t)

]
−2
(
s
kJ

α
a,h [pg(t)]

) (
s
kJ

α
a,h [qg(t)]

)
=

(
s
kJ

α
a,h [(M − g(t)) q(t)]

) (
s
kJ

α
a,h [(g(t)−m) p(t)]

)
+
(
s
kJ

α
a,h [(M − g(t)) p(t)]

) (
s
kJ

α
a,h [(g(t)−m) q(t)]

)
−
(
s
kJ

α
a,h [q(t)]

) (
s
kJ

α
a,h [(M − g(t)) (g(t)−m) p(t)]

)
−
(
s
kJ

α
a,h [p(t)]

) (
s
kJ

α
a,h [(M − g(t)) (g(t)−m) q(t)]

)
,

such that(
s
kJ

α
a,h [q(t)]

) (
s
kJ

α
a,h [(M − g(t)) (g(t)−m) p(t)]

)
(19)

+
(
s
kJ

α
a,h [p(t)]

) (
s
kJ

α
a,h [(M − g(t)) (g(t)−m) q(t)]

)
≥ 0.

Now, by Lemma 4 and thanks to (7) and (17), the following inequality
holds:

s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

2
×
{
s
kJ

α
a,h [p(t)] s

kJ
α
a,h

[
qf2(t)

]
+ s

kJ
α
a,h [q(t)] s

kJ
α
a,h

[
pf2(t)

]
−2 s

kJ
α
a,h [qf(t)] s

kJ
α
a,h [pf(t)]

}
(20)

≤ −Mm
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]2
+
M
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]
2

×
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

]
+
m
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]
2

×
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

]
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− s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

s
kJ

α
a,hpf(t) s

kJ
α
a,hqf(t).

Therefore, we obtain

s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

2
×
{
s
kJ

α
a,h [p(t)] s

kJ
α
a,h

[
qf2(t)

]
+ s

kJ
α
a,h [q(t)] s

kJ
α
a,h

[
pf2(t)

]
−2 s

kJ
α
a,h [qf(t)] s

kJ
α
a,h [pf(t)]

}
≤

(
M
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]
−1

2

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

])
×
(

1

2

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

]
−m

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

])
+

1

4

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

]2
− s

kJ
α
a,hp(t)

s
kJ

α
a,hpf(t) s

kJ
α
a,hq(t)

s
kJ

α
a,hqf(t)

≤
(
M
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]
−1

2

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

])
×
(

1

2

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

]
−m

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

])
+

1

2

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) + s

kJ
α
a,hq(t)

s
kJ

α
a,hpf(t)

]2
− s

kJ
α
a,hp(t)

s
kJ

α
a,hpf(t) s

kJ
α
a,hq(t)

s
kJ

α
a,hqf(t).

Then, we get

s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

2
×
{
s
kJ

α
a,h [p(t)] s

kJ
α
a,h

[
qf2(t)

]
+s
k J

α
a,h [q(t)] s

kJ
α
a,h

[
pf2(t)

]
−2skJ

α
a,h [qf(t)] s

kJ
α
a,h [pf(t)]

}
(21)

≤
(
M
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]
− 1

2
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s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) +s

k J
α
a,hq(t)

s
kJ

α
a,hpf(t)

])
×
(

1

2

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t) +s

k J
α
a,hq(t)

s
kJ

α
a,hpf(t)

]
−m

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

])
+

1

2

[
s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t)

]2
+

1

2

[
s
kJ

α
a,hq(t)

s
kJ

α
a,hpf(t)

]2
.

Now, using the fact that 4xy ≤ (x + y)2 for all x, y ∈ R and using also
the two following inequalities[

s
kJ

α
a,hp(t)

s
kJ

α
a,hqf(t)

]2 ≤ ‖f‖2∞
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]2
, (22)[

s
kJ

α
a,hq(t)

s
kJ

α
a,hpf(t)

]2 ≤ ‖f‖2∞
[
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t)

]2
,

we can write

s
kJ

α
a,h [p(t)] s

kJ
α
a,h

[
qf2(t)

]
+ s

kJ
α
a,h [q(t)] s

kJ
α
a,h

[
pf2(t)

]
−2 s

kJ
α
a,h [qf(t)] s

kJ
α
a,h [pf(t)] (23)

≤

(
(M −m)2

2
+ 2 ‖f‖2∞

)
s
kJ

α
a,hp(t)

s
kJ

α
a,hq(t).

Similarly, we have

s
kJ

α
a,h [p(t)] s

kJ
α
a,h

[
qg2(t)

]
+ s

kJ
α
a,h [q(t)] s

kJ
α
a,h

[
pg2(t)

]
−2 s

kJ
α
a,h [qg(t)] s

kJ
α
a,h [pg(t)] (24)

≤

(
(N − n)2

2
+ 2 ‖g‖2∞

)(
s
kJ

α
a,h [p(t)]

) (
s
kJ

α
a,h [q(t)]

)
.

Consequently, by (23), (24) and (3), we end the proof of Theorem 2.1.
�

Corollary 2.3. Let f be an integrable functions on [a, b] satisfying the
condition (7), p be a positive functions on [a, b], h be a measurable,
increasing and positive function on (a, b] and h ∈ C1 ([a, b]) . Then for
all t > 0, the following inequality is valid:∣∣∣ kIαa,h [p(t)] kI

α
a,h

[
pf2(t)

]
−
(
kI
α
a,h [pf(t)]

)2∣∣∣ (25)
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≤

(
(M −m)2

4
+ ‖f‖∞

)[
kI
α
a,hp(t)

]2
,

where f ∈ L∞ [a, b] , α > 0 and k > 0.

Proof. Applying Theorem 2.1 for f (x) = g (x) and p (x) = q (x) , we
obtain (25). �

Remark 2.4. Taking α = k = 1 and h (x) = ex, t = b in Theorem 2.1,
we obtain Theorem 1.2.

Now we use two real positive parameters to prove the following α-β-
theorem.

Theorem 2.5. Let f and g be two integrable functions on [a, b] satisfying
the condition (7), let p and q be two positive functions on [a, b] and
let h be a measurable, increasing, positive function on (a, b] with h ∈
C1 ([a, b]) . Then, we have∣∣∣ kIαa,h [p(t)] kI

β
a,h [qfg(t)] + kI

β
a,h [p(t)] kI

α
a,h [qfg(t)]

+ kI
α
a,h [q(t)] kI

β
a,h [pfg(t)] + kI

β
a,h [q(t)] kI

α
a,h [pfg(t)]

− kI
α
a,h [pf(t)] kI

β
a,h [qg(t)]− kI

β
a,h [pf(t)] kI

α
a,h [qg(t)] (26)

− kI
α
a,h [qf(t)]k I

β
a,h [pg(t)]− kI

β
a,h [qf(t)]k I

α
a,h [pg(t)]

∣∣∣
≤

[(
(M −m)2

2
+ 2 ‖f‖∞

)(
(N − n)2

2
+ 2 ‖g‖∞

)] 1
2

×
[
kI
α
a,h [p(t)] kI

β
a,h [q(t)] + kI

β
a,h [p(t)] kI

α
a,h [q(t)]

]
,

where α, β > 0, k > 0 and f, g ∈ L∞ [a, b] .

To prove the above result, we prove the following auxiliary result:

Lemma 2.6. Let f and g be two integrable functions on [a, b] satisfying
the condition (7), let p and q be two positive functions on [a, b] and
let h be a measurable, increasing, positive function on (a, b] with h ∈
C1 ([a, b]) . Then for all α, β > 0, we have{

kI
α
a,h [p(t)] kI

β [qfg(t)] + kI
β
a,h [p(t)] kI

α [qfg(t)]
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+ kI
α
a,h [q(t)] kI

β [pfg(t)] + kI
β
a,h [q(t)] kI

α [pfg(t)]

− kI
α
a,h [pf(t)] kI

β
a,h [qg(t)]− kI

β
a,h [pf(t)] kI

α
a,h [qg(t)]

− kI
α
a,h [qf(t)] kI

β
a,h [pg(t)]− kI

β
a,h [qf(t)] kI

α
a,h [pg(t)]

}2
(27)

≤
{

kI
α
a,h [p(t)] kI

β
[
qf2(t)

]
+ kI

β
a,h [p(t)] kI

α
[
qf2(t)

]
+ kI

α
a,h [q(t)] kI

β
[
pf2(t)

]
+ kI

β
a,h [q(t)] kI

α
[
pf2(t)

]
− 2 kI

α
a,h [pf(t)] kI

β
a,h [qf(t)]− 2 kI

β
a,h [pf(t)] kI

α
a,h [qf(t)]

}
×
{

kI
α
a,h [p(t)] kI

β
[
qg2(t)

]
+ kI

β
a,h [p(t)] kI

α
[
qg2(t)

]
+ kI

α
a,h [q(t)] kI

β
[
pg2(t)

]
+ kI

β
a,h [q(t)] kI

α
[
pg2(t)

]
− 2 kI

α
a,h [pg(t)] kI

β
a,h [qg(t)]− 2 kI

β
a,h [pg(t)] kI

α
a,h [qg(t)]

}
.

Proof. Using the functional G (τ, ρ) which gives in (13) and multiplying
(11) by s

kHα,h (t, τ) × s
kHβ,h (t, ρ) , (τ, ρ) ∈ (a, t)2 , s ∈ R − {−1} and

integrating with respect to τ and ρ over (a, t)2 , we get∫ t

a

∫ t

a

s
kHα,h (t, τ) s

kHβ,h (t, ρ)

× (f (τ)− f (ρ)) (g (τ)− g (ρ)) dτdρ

= s
kJ

α
a,hp(t)

s
kJ

β
a,h (qfg) (t) + s

kJ
β
a,hp(t)

s
kJ

α
a,h (qfg) (t) (28)

+ s
kJ

α
a,hq(t)

s
kJ

β
a,h (pfg) (t) + s

kJ
β
a,hq(t)

s
kJ

α
a,h (pfg) (t)

− s
kJ

α
a,h (pf) (t) s

kJ
β
a,h (qg) (t)− s

kJ
β
a,h (pf) (t) s

kJ
α
a,h (qg) (t)

− s
kJ

α
a,h (qf) (t) s

kJ
β
a,h (pg) (t)− s

kJ
β
a,h (qf) (t) s

kJ
α
a,h (pg) (t).

Now, by using Cauchy Schwarz integral inequalities, we have[(
s
kJ

α
a,h [p(t)]

) (
s
kJ

β
a,h [qfg(t)]

)
+
(
s
kJ

β
a,h [p(t)]

) (
s
kJ

α
a,h [qfg(t)]

)
+ s

kJ
α
a,hq(t)

s
kJ

β
a,h (pfg) (t) + s

kJ
β
a,hq(t)

s
kJ

α
a,h (pfg) (t)

− s
kJ

α
a,h (pf) (t) s

kJ
β
a,h (qg) (t)− s

kJ
β
a,h (pf) (t) s

kJ
α
a,h (qg) (t)
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−
(
s
kJ

α
a,h [qf(t)]

) (
s
kJ

β
a,h [pg(t)]

)
−
(
s
kJ

β
a,h [qf(t)]

) (
s
kJ

α
a,h [pg(t)]

)]2

≤
{
s
kJ

α
a,h [p(t)] s

kJ
β
a,h

[
qf2(t)

]
+ s

kJ
β
a,h [p(t)] s

kJ
α
a,h

[
qf2(t)

]
(29)

+ s
kJ

α
a,hq(t)

s
kJ

β
a,h

(
pf2
)

(t) + s
kJ

β
a,hq(t)

s
kJ

α
a,h

(
pf2
)

(t)

−2 s
kJ

α
a,h (pf) (t) s

kJ
β
a,h (qf) (t)− 2 s

kJ
β
a,h [pf(t)] s

kJ
α
a,h [qf(t)]

}
×
{
s
kJ

α
a,h [p(t)] s

kJ
β
a,h

[
qg2(t)

]
+ s

kJ
β
a,h [p(t)] s

kJ
α
a,h

[
qg2(t)

]
+ s

kJ
α
a,hq(t)

s
kJ

β
a,h

(
pg2
)

(t) + s
kJ

β
a,hq(t)

s
kJ

α
a,h

(
pg2
)

(t)

− 2 s
kJ

α
a,h [pg(t)] s

kJ
β
a,h [qg(t)]− 2 s

kJ
β
a,h [pg(t)] s

kJ
α
a,h [qg(t)]

}
.

At the end, applying (3), we get (27). �

Lemma 2.7. Let ϕ be an integrable function on [a, b] satisfying the
condition (7) on [a, b] , let p and q be two positive functions on [a, b]
and let h be a measurable, increasing, positive function on (a, b] with
h ∈ C1 ([a, b]) . Then for all α, β > 0, we have

kI
α
a,h [p(t)] kI

β
a,h

[
qϕ2(t)

]
+ kI

β
a,h [p(t)] kI

α
a,h

[
qϕ2(t)

]
+ kI

α
a,h [q(t)] kI

β
a,h

[
pϕ2(t)

]
+ kI

β
a,h [q(t)] kI

α
a,h

[
pϕ2(t)

]
−2
(
kI
α
a,h [pϕ(t)]

) (
kI
β
a,h [qϕ(t)]

)
−2
(
kI
β
a,h [pϕ(t)]

) (
kI
α
a,h [qϕ(t)]

)
=

(
kI
α
a,h [(M − ϕ(t)) q(t)]

) (
kI
β
a,h [(ϕ(t)−m) p(t)]

)
+
(
kI
β
a,h [(M − ϕ(t)) q(t)]

) (
kI
α
a,h [(ϕ(t)−m) p(t)]

)
(30)

+
(
kI
α
a,h [(M − ϕ(t)) p(t)]

) (
kI
β
a,h [(ϕ(t)−m) q(t)]

)
+
(
kI
β
a,h [(M − ϕ(t)) p(t)]

) (
kI
α
a,h [(ϕ(t)−m) q(t)]

)
−
(
kI
α
a,h [q(t)]

) (
kI
β
a,h [(M − ϕ(t)) (ϕ(t)−m) p(t)]

)
−
(
kI
β
a,h [q(t)]

) (
kI
α
a,h [(M − ϕ(t)) (ϕ(t)−m) p(t)]

)
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−
(
kI
α
a,h [p(t)]

) (
kI
β
a,h [(M − ϕ(t)) (ϕ(t)−m) q(t)]

)
−
(
kI
β
a,h [p(t)]

) (
kI
α
a,h [(M − ϕ(t)) (ϕ(t)−m) q(t)]

)
where k > 0.

Proof. Let us multiplying (11) by s
kHα,h (t, τ)× s

kHβ,h (t, ρ) , (τ, ρ) ∈
(a, t)2 , s ∈ R − {−1} witch gives in (12) and integrating with respect
to τ and ρ over (a, t)2 , we get

1

k2Γk (α) Γk (β)

×

{∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ)ϕ2 (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)β
k
−1

hs (ρ)h′ (ρ) q (ρ)

 dτdρ
+

∫ t

a

∫ t

a

(hs+1 (t)− hs+1 (τ)

s+ 1

)β
k
−1

hs (τ)h′ (τ) p (τ)ϕ2 (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)

]
dτdρ

+

∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)β
k
−1

hs (ρ)h′ (ρ) q (ρ)ϕ2(ρ)

 dτdρ
+

∫ t

a

∫ t

a

(hs+1 (t)− hs+1 (τ)

s+ 1

)β
k
−1

hs (τ)h′ (τ) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)ϕ2(ρ)

]
dτdρ

−2

∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ)ϕ (τ)
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×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)β
k
−1

hs (ρ)h′ (ρ) q (ρ) Φ2(ρ)

 dτdρ
−2

∫ t

a

∫ t

a

(hs+1 (t)− hs+1 (τ)

s+ 1

)β
k
−1

hs (τ)h′ (τ) p (τ)ϕ (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)ϕ2(ρ)

]
dτdρ

}
=

1

k2Γk (α) Γk (β)

×

{∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) (ϕ(τ)−m) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)β
k
−1

hs (ρ)h′ (ρ) (M − ϕ(ρ)) q (ρ)

 dτdρ
+

∫ t

a

∫ t

a

(hs+1 (t)− hs+1 (τ)

s+ 1

)β
k
−1

hs (τ)h′ (τ) (ϕ(τ)−m) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) (M − ϕ(ρ)) q (ρ)

]
dτdρ

+

∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) (M − ϕ(τ)) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)β
k
−1

hs (ρ)h′ (ρ) (ϕ(ρ)−m) q (ρ)

 dτdρ
+

∫ t

a

∫ t

a

(hs+1 (t)− hs+1 (τ)

s+ 1

)β
k
−1

hs (τ)h′ (τ) (M − ϕ(τ)) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) (ϕ(ρ)−m) q (ρ)

]
dτdρ
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−
∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) (M − ϕ(τ)) (ϕ(τ)−m) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)β
k
−1

hs (ρ)h′ (ρ) q (ρ)

 dτdρ
−
∫ t

a

∫ t

a

(hs+1 (t)− hs+1 (τ)

s+ 1

)β
k
−1

×hs (τ)h′ (τ) (M − ϕ(τ)) (ϕ(τ)−m) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) q (ρ)

]
dτdρ

−
∫ t

a

∫ t

a

[(
hs+1 (t)− hs+1 (τ)

s+ 1

)α
k
−1

hs (τ)h′ (τ) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)β
k
−1

hs (ρ)h′ (ρ) p (ρ)

× (M − ϕ(ρ)) (ϕ(ρ)−m) q (ρ)] dτdρ

−
∫ t

a

∫ t

a

(hs+1 (t)− hs+1 (τ)

s+ 1

)β
k
−1

hs (τ)h′ (τ) p (τ)

×
(
hs+1 (t)− hs+1 (ρ)

s+ 1

)α
k
−1

hs (ρ)h′ (ρ) p (ρ)

× (M − ϕ(ρ)) (ϕ(ρ)−m) q (ρ)] dτdρ}

Thanks to (3), we end the proof. �
Now, we are ready to prove Theorem 2.5.

Proof. By (7) and (1), we have

−
(
s
kJ

α
a,h [p(t)]

) (
s
kJ

β
a,h [(M − ϕ(t)) (ϕ(t)−m) q(t)]

)
(31)

−
(
s
kJ

β
a,h [p(t)]

) (
s
kJ

α
a,h [(M − ϕ(t)) (ϕ(t)−m) q(t)]

)
−
(
s
kJ

α
a,h [q(t)]

) (
s
kJ

β
a,h [(M − ϕ(t)) (ϕ(t)−m) p(t)]

)
−
(
s
kJ

β
a,h [q(t)]

) (
s
kJ

α
a,h [(M − ϕ(t)) (ϕ(t)−m) p(t)]

)
≤ 0.
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Now, from Lemma 2.6, by using (1) and Cauchy Schwarz integral in-
equality for double integrals with two parameters α, β > 0, applying
also the Lemma 2.7, (31) and (3), we get (26). This completes the
proof of the Theorem 2.5. �

Remark 2.8. Taking α = β in Theorem 2.5, we obtain Theorem 2.1.

Theorem 2.9. Let f be integrable function on [a, b] satisfying the con-
dition (7), p and q be two positive functions on [a, b] and let h be a mea-
surable, increasing and positive function on (a, b] with h ∈ C1 ([a, b]) .
Then for all t > 0, the following inequality holds∣∣∣ kIαa,h [p(t)] kI

β
a,h

[
qf2(t)

]
+ kI

β
a,h [p(t)] kI

α
a,h

[
qf2(t)

]
+ kI

α
a,h [q(t)] kI

β
a,h

[
pf2(t)

]
+ kI

β
a,h [q(t)] kI

α
a,h

[
pf2(t)

]
(32)

− 2 kI
α
a,h [pf(t)] kI

β
a,h [qf(t)]− 2 kI

β
a,h [pf(t)] kI

α
a,h [qf(t)]

∣∣∣
≤

(
(M −m)2

2
+ 2 ‖f‖∞

)
×
[
kI
α
a,h [p(t)] kI

β
a,h [q(t)] + kI

β
a,h [p(t)] kI

α
a,h [q(t)]

]
,

where α, β > 0, k > 0.

Proof. Applying Theorem 2.5 for f (x) = g (x) , we obtain (32). �
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