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1 Introduction

The integral inequalities are very important in many areas of science, es-
pecially in mathematics, physics, chemistry, biology. Many researchers
have given a lot of attention to the generalization of fractional integral
inequalities related to weighted Chebyshev functional. In fact, they es-
tablished many results to Griiss and Chebyshev inequalities. For more
details, we refer the reader to [2, 4, 5, 6, 7, 8, 9, 11, 13, 14, 15] and the
references therein.

Let us now cite some recent work that have motivated the present paper.
We begin by the paper [1], where the authors introduced two new frac-
tional integral operators: the first one is the (k, s, h)-Riemann-Liouville
fractional integral (for a function f € L! ([a, b]) with respect to another
measurable, increasing, positive function h with b’ € C! ([a,b])). It is
given by

P (F () (1)
(s+1)"% i

e G U O LR CTACVICE

tk
where I'y (a) = [(° t*te"Fdt, @ >0, k>0, se R—{-1}.
The second introduced operator of the paper [1] is the (k, h)-Hadamard

fractional integral (of f € L' ([a,b]) with respect to h). It is defined for
k >0 by

¢ &1
0= [ (i) e @

It is important to note that based on these two operators, we can state
that:

Proposition 1.1.

lim 5 J5 (fF () =& Loy (f (1)) (3)
s——17F
Now, by considering the weighted functional (see [12]):

b b
T(f.9.p.0) = / p(z) / 9(@) f(2)g()dz (4)
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b b
+/a q(x)/a p(z) f(2)g(x)dz
_/abp(w)f(x)dx/abq(x)g(x)dx_qu(x)f(w)dx[lbp(x)g(x>dx

where f and g are two real-valued integrable functions which are syn-
chronous on [a, b], i.e.:

(f(z) — f(y)) (9(z) — g(y)) = 0, for any z,y € [a,b], (5)

and p, ¢ are two positive integrable functions on a finite interval [a, b].
By considering the above functional, we can observe that

b b
T(f.9.p,q) = / / (F(r) — F(0)) (9(r) — 9(0)) p () 4 (o) drdp. (6)

We continue by citing the work that has motivated this paper. We
observe that in [3], J. Choi proved the following interesting result:

Theorem 1.2. Let f,g: [a,b] — R be integrable functions, such that
m< f(x) < Mn < g(e) < Nim Mo, N €R, € [a,t]. (7

If p,q: [a,b] — [0,00[ are two integrable functions on [a,b] that satisfy

min{/abp(t)dt,/abq(t)dt} >0,

then,
T (f,9,p,9)] 1 (8)
< [(H52E vzin) (U5 42l )|
([ v ([ atwar).
where

[flloe = sup [f(2)] and |lgllo, = sup |g(z)|.

z€la,b z€la,b

3
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Based on the two fractional operators of [1], we establish several integral
results related to Griiss inequality. We begin by proving an a-theorem.
Then, using two a-fS-auxiliary results ( lemmas), we establish two more
general theorems. For our results, the above theorem of [3] is deduced
as a special case.

2 Main Results

The first main result is given by the following a-theorem. It depends on
one fractional integral parameter.

Theorem 2.1. Let f and g be two integrable functions on [a, b] satisfying
the condition (7), let p and q be two positive functions on [a,b] and
let h be a measurable, increasing, positive function on (a,b] and h €
C! ([a,b]). Then, the following inequality holds

6oy ()] k155 [afo)] +x 1oy [a(®)] wlgy [Pfg(t)]

— wlon [pf O] 1on lag@®)] — wlgnlaf(t )]k n g1 (9)

—m)? _ )2
< [((MQ)HWHOO) ((N2)+2uguoo>]

X (klgn @®]) (kIen [a(®)])
where f,g € Lo [a,b], a >0 and k > 0.

N

We need the following lemma to prove Theorem 2.1.

Lemma 2.2. Let ® be an integrable function on [a,b] satisfying the
condition m < ® (x) < M on [a,b] and let p,q be two positive functions
on [a,b] and let h be a measurable, increasing, positive function on (a, b
with h € C! ([a,b]). Then for all t > 0, we have

I )] kI35 [a®° ()] 45 I [a(t)] kI [p2°(1)]
=2115 [q2(1)] klos [P2(2)]
= (wlgn (M —®(t) q(t)]) (&I [(@(t) —m)p(t)]) (10)
+(rlgy (M ())P(f)])( o [(2(1
—(rlgnla ()])( lon (M ())(‘D(t
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= (elan [p@)]) (rZap (M — @) (2(t) —m) q(t)]) ,
where k>0, s e R— {1}, a > 0.

Proof. Let ® be an integrable function on [a, b] satisfying the condition
(7) on [a,b]. For any 7, p € [a,b], we have the following identity

( ) + @*(p) — 20(7)®(p)
= [M = 2(p)][®(7) —m] + [M — &(7)] [®(p) — m] (11)
[M O(7)][@(7) = m] — [M — @(p)] [®(p) —m].

We also consider the quantities:

1-¢ o

FHop (t,7) = SASE (L () = B4 (1) F 7 hs (1) B (1) p (1)
- o

FHop (tp) = S5 (B4 (1) = b5t (p) F B2 (p) I (p) 4 (p)

(12)
Multlplylng (11) by zHa,h (t77-) X Z a,h (t)p)’ (Tv p) S (a’at)27 s €
R — {—1} and integrating with respect to 7 and p over (a,t)?, we get

1
k202 (a)

{/a/a [<h8+1 S+/Is+l( )>z_1h8(7)h'(7)p(7)<1>2(7)

Y (hSH Jinllia ) e () <p>] drdp

s+1

a_y

/a/a [(hS-H S+]Is+1( )) he (7). (1) p (7)

s+1 _ ps+1 E—l
9 (“ no ) h8<p>h’<p>q<p>¢2<p>] drdp

=2 [(W O e a0

) <hs+1< )=t () " dp}

51
L) wen oo )

5
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1
kT2 (o

{/a /a [(th s+}1ls+1( )>§1 h* (T) B (7) ((7) —m) p(7)

s+1 e %—1
X (h (?H}lb (p)> h* (p) W (p) (M—q)(p))q(p)] drdp

/a / [(W o )>%_th () H (r) (M = &(7) p (7)

s+1
s+1 _ ps+1
X<h (t) — h
s+1

[

xh® (1) B (1) (M — @(7)) (®(7) —m) p (1)
s+1 s+1 % 1
< () h$<p>h’<p>q<p>] drdp

W\
2) e wn ) <<1><p>—m>q<p>] drdp

s+1

/G/a [(hSH 8+?8+1()>%_1h5(7)h’(7)p(7)

s+1 _ ps+1 %_1
><<h+ <i+}1L+ (P)) hs(p)h/(p)

X (M —®(p)) (®(p) —m)q(p)]drdp} .

Therefore, it yields that

@

PR {// [( MO e o 9970

a1
X (logz((;))> h* (p) I (p)q(p)] drdp

L [(eetn) v erone
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a_g
. <log ) ) B (o) (9) 4 () <1>2<p>] drdp

a_g
(10g h ) ) B () (7) p (7) B(7)

(
Lot omionn
1

he (p) B’ (p) (M — @(p)) (®(p) —m)q (p)] de,o} :

This completes the proof of the above lemma. O
Let us now prove Theorem 2.1.
Proof. We consider the functional

G(r,p) = (f (1) = F(p)(9(1) =g (p)),7,p € (a,t),t € (a,b], (13)
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where f and g be two integrable functions on [a, b] satisfying the condi-
tion (7).
Multiplying (13) by §Hun (t,7) X {Han (t,p), T,p € (a,t), and inte-

grating the resulting identity with respect to 7 and p over (a, t) we
have

/ / FHe (17) R (60) (7 (7) — £ () (9.(7) — g o)) drdp

PO 7Jan laf 9O+ 2 Jin la@®)] 2 Jan pfg(t)] (14)

kJéfh pf ) %Janlag®O] =F Jap laf (¢ )} Jan [Pg(8)] -

Thanks to the Cauchy Schwarz integral inequality for double integrals,

we get
|:// kHahtT kHah(tp)
)= £ (0) (9 (1) — g (p)) drdp)?

/ / Hon (07) $Hon (10) (F () — F ()2 drdp  (15)
X// PHan (t,7) WHan () (9(7) — g (p))* drdp.

Then, we obtain

[ [ iHen ) i o) ()= £ ()P drdp (10

= {anla®)] 2o O] + 2 p®)] 2 Jon [af? ()]
=2 (idan fO]) (RTan laf (1))

= (idan (M = F(0) a®)]) (&Tan [(F(£) —m) p(1)])
+ (ko (M = f@) p®)]) (RJan [(F() —m) (1))
— (ke la®)]) (RJan (M = f(1) (f(t) —m) p(t)])
— (kdan [p@®)]) (RJan [(M = f(1) (f(t) —m) q(t)])

where
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+ (ke p@)]) Gan [(M = £(1) (f () —m) a(t)]) >0,

and
/ / SHo (67) 3Ho (t0) [0 (7) — g (0)2drdp (18)
= 2% 0] 30 (0] + 1% (1)) 570 [a6%(1)]
=2 (3o [pg@®)]) (750 lag(®)])
= (572 (M = g() a®)) (1725 [(9() — m) p(®)
(2T 1M — g) p(0)]) ( 375 [(a(t) — m) a(8)])
— (22 [a(®)]) ( 372 [(M — g()) (9() — m) p(1)
(3T p0]) (3720 (M — g(8)) (9(t) — m) q(1)])
such that
(372 [a@) (7% (M — g(8)) (g(t) —m) p(2) (19)
(3T W)]) (279 [(M — g(8)) (9(t) — m) q(t)]) = 0

Now, by Lemma 4 and thanks to (7) and (17), the following inequality
holds:

RIeap(t) 1Iga(t)
2
x {1 O] 1e [0 O] + (e la®)] g [pr20)]
2302, [af ()] e (O]} (20)
< —Mm[ () Pgna0)]’
M [ 32p(t) 1 ¢a()]
* 2
x [ 1Ie(t) il () + FIena(t) I (1)
m [ 32 () 1 I8mat)]
* 2
x [ 1ep(t) il () + RTena(t) e (1)
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— 3 anP(t) 1 Jand(t) wJanpf(t) iJanaf(t).
Therefore, we obtain

kanP(t) 1 Jand(t)

2
<A an PO Wan [af* (O] + Ronla®)] 2 [pf2(0)]
=2 pJan laf @) iJan pf )]}

< (M [ 1) iena®)]
1
5 [RJenp(®) iJenaf () + iJena(t) szihpf(t)})
1
x (2 [ RTeap(t) el () + RTgna(t) iJepf (D)
—m [ R Jgnp(t) 2 J5na(t)])
1
7 [ienp(t) RIenaf () + iTena(t) iJeapf (1))
— 3 danP(t) wJanpf(t) 2Jana(t) iJanaf(t)
< (M [ 1) iena®)]
1
5 [I2000) 2720000+ 120() 1251 )
1
< (3 12020000) R0l O+ 23500(0) 2920 0]
—m [ 3 Jenp(t) PJena(t)])
1
5 [RJep(t) Wenaf () + RTana(t) Wep s (1))
— Wenp(t) RIeapf (1) 1) RIEnaf (0):
Then, we get
eI ()
2
${iTen O] 1e [af2 O] +i T la®)] 12 [pf2®)]
272, [af ()] 2T IpF (D]} (21)

S (8 S (6% 1
< <M e np)i e na(t)] — B
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I8P (1) 4 2RIl (1))

(3 [P0l O 41 Tpa ORI 0)

(LI L)

by RSP T2aal O + 5 IO TEp (1))

Now, using the fact that 4zy < (z + 3)? for all 2,y € R and using also
the two following inequalities

[5780() 3T80af O]° < IR [ 3I8m() 3I8a®)])? . (22)
[5980a(t) IS f O] < 1A% [ 3I8p() 398a®)]”,
we can write

ko [ @] & Jan [Qf2( )+ wenla@®)] Ren [pf*(4)]
=2 3 Jan laf (O] iJon lpf (D) (23)

M —
< <(2m)+2HfH§o> kanp() RJ0na(?).

Similarly, we have

ian [P(®)] 7 [ 2(t)] 2o [a)] 5I8 [pg (1)
=25 Jden [qg on [Pg(t) (24)

. (<N 2 gl ) W) (172 ).

Consequently, by (23), (24) and (3), we end the proof of Theorem 2.1.
g

Corollary 2.3. Let f be an integrable functions on [a,b] satisfying the
condition (7), p be a positive functions on [a,b], h be a measurable,
increasing and positive function on (a,b] and h € C* ([a,b]). Then for
all t > 0, the following inequality is valid:

el (0] #120 [pF20) = (elonfO)?] (25)
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< <<M4> + HfHoo> [l (0)]”,

where f € Lo [a,b], a >0 and k > 0.

Proof. Applying Theorem 2.1 for f (z) = g(x) and p(z) = q(z), we
obtain (25). O

Remark 2.4. Taking « =k =1 and h(z) =€", t = b in Theorem 2.1,
we obtain Theorem 1.2.

Now we use two real positive parameters to prove the following a-5-
theorem.

Theorem 2.5. Let f and g be two integrable functions on [a, b] satisfying
the condition (7), let p and q be two positive functions on [a,b] and
let h be a measurable, increasing, positive function on (a,b] with h €
C* ([a,b]) . Then, we have

WIS )] kID, lafg@] + k1D, ()] kIS [afg(t)]
+ kI8 [a(O) &I, Ipfa(®)] + kf pla)] kI8 fo(b)]
— I O] &Iy, lag®)] = w5, pF(O] #ISy, lag(®)] (26)
— W O T e8] — 417 SO 2 lpo(®)]

< K(MQ’” +2Hf\|oo>< E 2l )]

x| el PO 12 O]+ w12, O] I )]
where a, 3 >0, k>0 and f,g € L [a,b].

To prove the above result, we prove the following auxiliary result:

Lemma 2.6. Let f and g be two integrable functions on [a,b] satisfying
the condition (7), let p and q be two positive functions on [a,b] and
let h be a measurable, increasing, positive function on (a,b] with h €

C! ([a,b]). Then for all a, B > 0, we have

{ (220 p®) 1% lafg(®)] + kI, IP(O) K1 afg(t)
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+ 1lon 0] kI pfg(®)] + w1y, la(0)] 11 [pfg( )

— WIgn S ) k1L ag(D] = &Iy, pf (O] kI8 lag ()]

= I8 [af (O] w1y Ipg(®)] = w17, [af ()] h[pgu)}}z (27)
{ Iz @) 117 [af2®) + k1, (1) #1° [2f2(0)

+kfsh ) &I” [pfA(0)] + w17, la()] #I% [pF3(2)]

= 2402 DS (O] kI, af (0] = 2 W10, [ (O] kI laf (]}

< wIgn o]+ [ag? ()] + W1, [p(0)] kI [ag?(0)

+ Lo 0] 117 [pg? (O] + k1 la®) I [pg*(1)]

=215 [po(0)] 117 lag(8)] =2 Iy, [pg(t)] kI [qg(t)]}-

IN

Proof. Using the functional G (7, p) which gives in (13) and multiplying
(11) by iHa,h (ta 7_) x kH/Bh (t P) (Tv ,0) € (a7t)2a seR - {71} and
integrating with respect to 7 and p over (a, t)2 , we get

// SHon (6.7) 2Hsn ()
)= f(p) (g(r) — g (p)) drdp
= Jz p(t) 35, (afg) (&) + 3J5,p(t) 35 (af9) (t) (28)
+ 2 J0na(t) 30, (pfg) (8) + 30 ,a(t) 2T (pfa) (1)
— 28 (0f) (8) 372, (a9) () — (pf)(t) 2 (ag) ()
(

kJB
= ian (@) (8) 105 (00) (8) = R (af) (8) 22 (0) (2).

(
(
Now, by using Cauchy Schwarz integral inequalities, we have
Gl lo®]) (302, lafo(0))
+ (22 ) (32 lafo(t))

+ R Jena(t) 2T (0fg) (8) + 20 La(t) 1S, (pfa) (t)
— 220 () (&) 12, (ag) (8) = T2, (0f) (8) 22 (a9) (1)
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— (idenlaf@)) (925 pot)])
— (1210 0)) (iJen o))
< { e 0] 30, [af20) + 20 ) 1 a2 0] (29)

+ i Jana(®) i Tey (0f7) (0 + 2T5ua() e (pf7) ()

=2 32 () (0 290 (af) (©) = 2370, F (1) 3T [af(8)

< { e )] 2905 lag® O] + 175, O] 172 [ag*(0)]

+ i Jana(®) i ey (pg?) () + RT0a(t) R0 (p9”) ()

— 2 3Jen g (] 172, ag ()] = 2 175, Ipg(®) 7 lag(®)]}
At the end, applying (3), we get (27). O

Lemma 2.7. Let ¢ be an integrable function on [a,b] satisfying the
condition (7) on [a,b], let p and q be two positive functions on |a, b
and let h be a measurable, increasing, positive function on (a,b] with

h € C*([a,b]). Then for all o, 3 > 0, we have
8 )] k17, [0t >} + 1l ()] k1, [a9? ()]
+ kI8 0] K1, [P O] + w1y, la®)] k1 [pe?(t)]
=2 (Wl @) (17, lae(®)])
( e o)) (w12 lap(t)
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= (el @) ( #125 [(M = @) ((t) = m) a(1)])
= (22 (0)]) (RIE 1M = (1)) ((8) = m) a(8))

where k > 0.

Proof. Let us multiplying (11) by §Hqpn (t,7) X Hgp (t,p), (1,p) €
(a,t)?, s € R — {—1} witch gives in (12) and integrating with respect
to 7 and p over (a,t)?, we get

1
k2T, (a) Tk (B)

’ {/ [ [<h5ﬂ O ey o) 0

s s %‘1
« (" iU it N e o )4 <p>} drdp

s+1

[ {(W e e K ) ()

s+1

s+1 _ ps+l %_1
« (O h8<p>h'<p>q<p>] drdp

g [(W o) o o)

s s %‘1
X <h MU (p)> 1 (p) B (p) 4 (p) 902(p)] drdp

s+1

+/at /at {<h8+1 (tilflﬁﬂ (T)>§_1 b (1) B’ (1) p (T)

s+1 _ s+l %_1
X <h+ (t) - w7 (p)> he (p) W' (p) q (p) wQ(p)] drdp

s+1
= t [ t [<h3+1 (t) - ot <T>> N e

s+1
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y <hs+1 (t) — st (,O)
s+1

=[] Kﬁ“ e )>§_1h5(7)h’(f)p(r)s@(7)

y hs-l—l (t) o hS—I—l
s+1

£
) W (o) () q (o) @%)] drdp

<p)> fow (P I (p)q(p) wZ(p)] dep}

1
k2T (o) T (B)

{// !<h8+1 s+]fs+l( )>z_1hs(7)h'(7)(@(7)—m)p(T)

hs-l—l (t) o hs—l—l
X
( s+1

(o))"
& ) he (p) B’ (p) (M — w(p))q(p)] drdp

8
-]

// |:<hs+1 S+}1Ls+1( )> he (7)1 (7) (o(7) — m) p (7)

s+1 _ pstl i
" (h (ti+}1b (p)> he (p) B (p) (M—w(p))q(p)] drdp

/ / [(hs—H _ sl
s+1
. <hs+1 (tilillsﬂ (p))
%_

/ / {(W 5+T+1()> B (1) () (M = o(r)) p (1)
(t

y hs—l—l t _hs+1 (p)
s+1

a_y
)) B (7)Y () (M — () p ()

Bl

(r
h (p) W (p) (p(p) —m) q (p)] drdp

oy
) b (p) W (p) (p(p) —m) q (p)] drdp
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/)/1[(MH1 hﬁl()>%_1”<ﬂh%fﬂwfwv»<wv>nopv>

s+1

1=
|

s+1

/a/a |:<hs+1 S+T+1( )>’2—1

xh* (1) B (1) (M = o(7)) (p(7) = m) p(7)

s+1 _ 1s+1 1
« () h%mh%mqwidwp

/a/a [<h$ﬂ s+f1ﬁ“( )>z_1h5(7)h'(7)p(7)

. <h5+1 (t) — ho+ (p)) it

x (hSH Vet (p)>k 1 h* (p) W' (P)Q(P)] drdp

I

S 1 h* (p) W' (p) p (p)
(M = ¢(p)) (¢(p) —m) q(p)] drdp

// {(hSH S+}1LS+1()>£_1h5(7)h’(7)l)(7)

s+1 _ ps+1 %—1
X(h (ti+}1l (p)> h* (p) b (p) p (p)

x (M —¢(p)) (¢(p) —m)q(p)] drdp}

Thanks to (3), we end the proof. [
Now, we are ready to prove Theorem 2.5.
Proof. By (7) and (1), we have

\
—~~ N N

o TP e I
@k‘g
>
(=
—~
o~
=
N—
— /\ —~
W
5% s
$ o £
<
\
AS)
—
~
S~—
N—
AS)
—~
o~
~ ~— ~
\
2
=
—~
~
SN—
~—
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Now, from Lemma 2.6, by using (1) and Cauchy Schwarz integral in-
equality for double integrals with two parameters «, 5 > 0, applying
also the Lemma 2.7, (31) and (3), we get (26). This completes the
proof of the Theorem 2.5. O

Remark 2.8. Taking o = 8 in Theorem 2.5, we obtain Theorem 2.1.

Theorem 2.9. Let f be integrable function on [a,b] satisfying the con-
dition (7), p and q be two positive functions on [a,b] and let h be a mea-
surable, increasing and positive function on (a,b] with h € C* ([a,b]).
Then for allt > 0, the following inequality holds

WL O] 10 a2 O] + 10, PO 112, [af(0)]

+ kI @) k15, [PPPO] + kLl la®)] KIS pFPB] (32)
— 258 [P (O] &I, [af )] = 2 k15, [Df ()] KIS, [Qf(t)]‘

(M = m)?
< (2 +2 ’f‘oo)

< [I2 o] 12, a0 + 122, (0] eI, o]
where a, 5 >0, k > 0.

Proof. Applying Theorem 2.5 for f (z) = g (z), we obtain (32). O
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