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Abstract. Let G be a group and Aut®(G) denote the group of all
automorphisms of G centralizing G/®(G) elementwise. In this paper,
we give a necessary and sufficient condition on a finite p-group G for
the group Aut®(G) to be elementary abelian.
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1 Introduction

Let G be a finite group and N a characteristic subgroup of G. We let
Aut" (@) denote the subgroup of Aut(G), the automorphism group of G,
which centralize G/N. Clearly Aut™ (G) is a normal subgroup of Aut(G)
and a € Aut™ (G) if and only if z712% € N for all € G. Now let M be
a normal subgroup of G. Let us denote by C AutN (G) (M) the group of all

automorphisms of Aut? (G) centralizing M. Tt is well-known that if G
is a finite p-group, then so is the group Aut®(G), where ® denotes the
Frattini subgroup of G, the intersection of all the maximal subgroups of
G. Clearly Aut®(G) is a normal subgroup of Aut(G) containing Inn(G),
the group of inner automorphisms of G. In [5], Liebeck gave an up-
per bound for the nilpotency class of Aut®(G). Miiller in [7] proved
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that if G is a finite non-abelian p-group, then Cy o) (Z) = Inn(G) if
and only if ® < Z and ® is cyclic, where Z = Z(G). This turns out
that Aut®(G)/Inn(G) is non-trivial if and only if G is neither elemen-
tary abelian nor extraspecial. In this paper we give a necessary and
sufficient condition on a finite p-group G for the group Autcb(G) to be
elementary abelian. A similar description has been made by Jafari in
[3] and Kaboutari Farimani and Nasrabadi in [4] for the occurrence of
elementary abelian group in the central automorphism group and the
absolute central automorphism of finite purely non-abelian and finite
p-groups, respectively.

Throughout this paper all groups are assumed to be finite groups.
Our notation is standard and follows that of [2]. In particular, a p-group
G is said to be extraspecial if G' = Z(G) = ®(G) is of order p, where
G’ stands for the derived subgroup of G. Also a non-abelian group that
has no non-trivial abelian direct factor is said to be purely non-abelian.
Recall an abelian p-group A has invariants or is of type (aq, ag, ..., ax) if it
is the direct product of cyclic subgroups of orders p®*, p®2, ..., p®, where
ap > az > ... > ap > 0. For a finite group G, Q;(G), exp(G) and o(x)
respectively denote the subgroup of G' generated by those x in G' with
xP" = 1, the exponent of G and the order of z € G. We use Hom(G, A)
to denote the group of homomorphisms of G into an abelian group A
and Z, for the cyclic group of order n. Finally if « is an automorphism
of G and z is an element of G, we write x® for the image of x under a.

2 Some Basic results

In this section we give some basic results which will be used in the rest
of the paper.

Lemma 2.1. [9, Lemma 2.4] Let G be a finite group with ®(G) <
Z(G). Then there is a bijection from Hom(G/G', &(G)) onto Aut®(G)
associating to every homomorphism f : G — ®(G) the automorphism oy
by x%f =z f(x) of G. In particular, if G is a p-group and exp(®(G)) =
p, then Aut®(G) = Hom(G/G', ®(Q)).

Let G be a finite group and ®(G) < Z(G). For any o € Aut®(G),
the map fo(z) = x712% defines a homomorphism from G into ®(G). By
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Lemma 2.1, the mappings o — f, and f +— ay are inverses of each other,
so that a bijection between Aut®(G) and Hom(G, ®(G)) exists. Hence
Aut®(G) = {as|f € Hom(G,®(G))} and |Aut®(G)| = [Hom(G, ®(G))|.
We note that if f,g € Hom(G, ®(G)), then aray = agay if and only if
fog=gol.

We recall that if X < ®(G) < Z(G) and A/G" is a direct factor of
G/G', then any element f of Hom(A/G’, X) induces an element f of
Hom(G/G', X') which is trivial on the complement of A/G" in G/G’. To
simplify the notation we shall identify f with the corresponding homo-
morphism from G into X which is induced by f. Throughout the paper
we shall make use of this convention without any further explanation.

As an application of Lemma 2.1, we get the following corollary.

Corollary 2.2. [/, Lemma 3.2] Let G be a finite p-group. Then Aut®(G) =

1 if and only if G is elementary abelian.

Proof. Let Aut®(G) = 1. Since Inn(G) < Aut®(G), it follows that G is
abelian and by Lemma 2.1, ®(G) = 1, which shows that G is elementary
abelian. The converse is evident. g

In proving the following lemma, we have used the argument given
by Jafari ([3, Lemma 2.2]).

Lemma 2.3. Let G be a finite group with ®(G) < Z(G), ®(G) = X; x
Xs and G/G/ = Al/G/ X AQ/G/. If for 1 <i,5 <2,

Bij = {af|f € Hom(4;/G', X;)},
then
(i) the subgroups B;j of Awt®(G) having mutually trivial intersections,
(i) |Byj| = [Hom(A;/G', X;)| and |Aut®(G)| = [Bui||Bai|| Biz|| Baal,
(i1i) Aut®(G) = By By B2 Bog,
(iv) Aut®(G) is abelian if and only if [Bij, By) = 1 fori, j, k,1 € {1,2},

(v) if Aut®(Q) is abelian, then Aut®(G) = By x Byy X Bia X Bas.
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Proof. (i) It is straightforward.

(ii) This is immediate by using Lemma 2.1.

(iii) It is readily seen that the correspondence v : By X Baj X Bia X Bag —
Bi1B21B12Boy defined by (ay, oy, an, ) — apagapoy is one-to-one.
Hence ‘Auth(G)’ = |Bll X le X Blg X B22| < |BllHB21HB12HB22’7
which shows that Aut®(G) = By By B12Bas, as required.

(iv)-(v) These are easily proved. [

3 Elementary Abelian p-Groups of The Aut®(G)

In this section, we determine the finite p-group G for the group Autq’(G)
to be elementary abelian. By Corollary 2.2, we may assume that G is
not an elementary abelian.

First we consider the case when p is odd and G be a finite p-group.

Theorem 3.1. Let G be a finite p-group, p odd, then Aut®(G) is el-
ementary abelian if and only if ®(G) < Z(G) and exp(G/G') = p or
exp(®(G)) = p.

Proof. Suppose that Aut®(G) is elementary abelian p-group. Then
®(G) < Z(G) and exp(G’') = p by [6, Lemma 0.4]. Now since the map
a:g— gPt! defines an automorphism of G which lies in Aut®(G), we
see that exp(G) < p? and so exp(G/G’) = p or exp(®(G)) = p.

Conversely, suppose that ®(G) < Z(G). If exp(G/G’) = p, then
(@) = ¢ and Aut®(G) = Aut? (G) = Hom(G/G', &), by [3, Lemma
3.1], which implies that Aut®(G) is elementary abelian. If exp(®(G)) =
p, then by Lemma 2.1, the result follows at once. O

The following definition is taken from [3].

Definition 3.2. Let G be a finite abelian p-group and G = A x B with
B =7, x ... xZ,. Then B is said to be an elementary part of G. Also
if A is cyclic of order p™ with n > 1, then it is called a cyclic part of G.

Lemma 3.3. Let G be a finite p-group with ®(G) < Z(G). Suppose
that A/G’ and X are direct factors of G/G' and ®(QG), respectively and
T = {oy|f € Hom(A/G', X)}. If exp(A/G") =p or exp(X) =p and G’
contains an elementary part of ®(G), then T is elementary abelian.
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Proof. It is easy to see that the map ¢ : Hom(A/G', X) — T defined
by f — oy is one-to-one. Suppose that G/G' = L/G'x A/G’, y € G and
f,9 € Hom(A/G', X). If exp(A/G’) = p, then fog(y) = f(9(y)G') =1,
since

9(y)G € ®(Q)/G'=d(G/G") < d(L/G).
Also if exp(X) = p, then fog(y) = f(9(y)G') = f(G') = 1, since an

elementary part of ®(G) is contained in G'. Hence ¢ is an isomorphism
from Hom(A/G’, X) onto T, so the result follows. O

Notation. Let G be a finite p-group with ®(G) < Z(G), G/G" =
(aG") x B/G" and x € ®(G) with o(z) | o(aG"). We define the map
f € Hom(G/G', ®(G)) by f : a’G" + x* (i > 0), which is trivial on the
complement of (aG’) and denote it by f, . in the rest of the paper.

We next consider the case p = 2 and give a necessary and suffi-
cient condition on a 2-group G for the group Aut‘p(G) to be elementary
abelian.

Theorem 3.4. Let G be a finite 2-group. Then Aut®(G) is elementary
abelian if and only if ®(G) < Z(G) and one of the following conditions
holds:

(i) exp(G/G') =2 or exp(®(G)) = 2;

(ii) exp(®(G)) = 4 and (n,n1,n2,...,ns), where n > 1, and n; = 1
for 1 <i <s, and (m,my,ma,....,m;), where m > 1 and m; = 1
for 1 < i < r, be the invariants of of G/G' and ®(G), respec-
tively. Furthermore G' contains an elementary part of ®(G), and
if an elementary part of ®(Q) is equal to G', then exp(G/G') = 8;
otherwise, exp(G/G') = 4.

Proof. Since Aut®(G) is elementary abelian, ®(G) < Z(G) and by [6,
Lemma 0.4], exp(G’) = 2. Let exp(G/G’) = 2" (n > 1), exp(®(G)) = 2™
(m > 1) and suppose that aG’ is an element of order 2" in G/G’. Setting
G/G" = (aG") x K/G' and assume that x € ®(G) such that o(z) = 4. We
let G’ = a'kG’, where t > 0 and k € K. If 2t t, then (aG’) = (a!G"),
whence G/G' = (zG")(K/G"). Since (zG') < ®(G/G"), it follows that
G/G' = K/G', a contradiction. By taking the homomorphisms f, ,2 and
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g = far from G/G’ into ®(G), we deduce that o(a) < 8 and ¢/2 is odd,
because a®” = az't2. Next, we claim that K /G' is elementary abelian.
To see this, if exp(K/G’) = 2',1 > 1 and uG' is an element of order 2
in K/G', then we write G/G' = (aG’) x (uG’) x K1/G". By considering
the homomorphisms f, ,2 and f, ,2 from G/G’ into ®(G), we find that
o(u) =4 and n = 2. Therefore we may assume that [ = 2 and setting
G’ = a'u"k1G', where ki € K. By taking the homomorphism h = f, ;
from G/G’ into ®(G), we deduce that 2 | r and r/2 is odd, because
uor® = uz"+2. Now

hog(a) = hog(aG’') = h(x) = h(xG") = h(a'u"k1G') = 2" # 1 = goh(a),

a contradiction. This shows that G/G’ is of type (n,n1, no, ..., ns), where
n > 1and n; =1 for 1 <i < s. Next, we note that ®(G) has invariants
(m,m1,ma,...,m,), where m > 1 and m; = 1 for 1 < i <r. To see this,
let z1, 22 € ®(G) such that o(x1) = o(z2) = 4. It is sufficient to prove
that (z1) ({x2) # 1. Otherwise, since x1G’ # G, it follows that 1G’ €
®(G/G") < (a®G') and so 21G" = a*G’, where i € {1,3}, similarly
129G’ = a® ', with j € {1,3}. Therefore by setting the homomorphisms
[ = fam and h = f,,, from G/G" into ®(G), we observe that for
i€ {1,3},

ho f(a) =ho f(aG") = h(x1) = h(11G’) = h(aQiG’) = x%i,
and for j € {1, 3},
foh(a)=foh(aG) = f(x3) = f(xaG') = f(a¥C') = 2.

It follows that x?j = 23', a contradiction. Hence (z1)[(x2) # 1, as
required.

To continue the proof, suppose that (b) is a cyclic part of ®(G). We
choose an element z of order 4 in (b). Since G’ # G’, it follows that
G’ € ®(G/G") < (aG'). Writing 2G’ = a'G’, where t > 0. According
the previously-mentioned points and by setting the homomorphism f, .,
we find that 2 | ¢t and t/2 is odd. Therefore o(zG’) = o(a'G’) = 271
and so ®(G/G") = ®(G)/G" = (xG’). We show that G’ contains an
elementary part of ®(G). Let u be any element of order 2 in ®(G).
Since uG’ € (xG"), it follows that Q1 (®(G)) < ()G’ and hence ®(G) =
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YN (P(G)) = (b)G'. We are now choose a subgroup A of G’ such
that ®(G) = (b) x A, which shows that an elementary part of ®(G) is
contained in G'. Since |(b) (" G’| < 2, we distinguish two cases.

First we assume that |(b) ((G’| = 1. In this case ®(G) = (b) x G’
and an elementary part of ®(G) is equal to G'. So we deduce that that
n =3 and m = 2.

In the other case, (b) (G’ = (2?) and o(zG’) = 2, from which we
get n = m = 2. Now let u be any element of order 2 in ®(G). Hence
uG € (zG'). If uG = G, then o(z) = 2, a contradiction. Therefore
u € G’ and G’ contains an elementary part of ®(G).

Conversely, assume that ®(G) < Z(G). If (i) holds, then by similar
argument that was applied for Lemma 3.1, we observe that Autq)(G) is
elementary abelian.

Now suppose that (i) holds. We write G/G" = (aG’) x K/G' and
®(G) = (b) x H, where (aG") and (b) are cyclic parts of G/G" and ®(G),
respectively. First we assume that o(aG’) = 8 and o(b) = 4. Since G’
and an elementary part of ®(G) coincide, o(bG’) = 4 and so bG’ = a? G,
where [ € {1,3}. Let X; = (b), Xo = H, A;/G' = (aG"), A3 = K and
for 1 < 1,7 <2, Bij = {af]f S HOH](AZ‘/G/,X]‘)}.

We are able to show that [By1, Baa] = 1; the other cases are treated
similarly. To do this, assume that a;y € Bi1, ag € B, where f =
fapt:0 <t <3and g € Hom(Az/G’, X3). Then

go fla)=g(b") = g(t'G) = g(a®G') =1= f(G') = fogla),
where [ € {1,3} and for k € K,
go f(k)=go f(kG") = g(G") =1 = f(G') = fog(kG') = fog(k),

since an elementary part of ®(G) is equal to G’. This shows that afay =
agos and so [Bii, Bao] = 1. Therefore Autq’(G) is abelian, by using
Lemma 2.3(iv). We claim that each non-trivial element of By; is of
order 2; by Lemma 3.3, the other groups are elementary abelian. To see
this, let oy € Byy where f = f, 41,0 <t < 3. Then for [ € {1, 3},

aa? — (abt)af — (abt)btbQZt — ab?t(l-‘rl) =a,

as required, which together with Lemma 2.3(v), Aut®(G) = Byy x By x
Bio X Bgy. Now the result follows at once.
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For the other case, since exp(G/G’) = 4, it follows that o(bG") = 2

and hence bG' = a®>G’. We omit the proof which is quite similar to the
previous case. ]
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