Journal of Mathematical Extension

Vol. 16, No. 3, (2022) (5)1-25

URL: https://doi.org/10.30495/JME.2022.1599
ISSN: 1735-8299

Original Research Paper

A New Approach to the Study of Solutions for
a Fractional Boundary Value Problem in Holder
Spaces

Z. Ahmadi

University of Sistan and Baluchestan

R. Lashkaripour*

University of Sistan and Baluchestan

Sh. Heidarkhani
Razi University

Abstract. In this paper, we study the existence of nontrivial solutions
for a fractional boundary value problem in Holder spaces by a technical
approach based on Leray-Schauder nonlinear alternative. Moreover,
using the concept of orthogonal set on Banach fixed point theorem we
obtain another existence result with weaker conditions. Also, recent
results are extended and improved. In addition, we give some examples
to illustrate the feasibility and effectiveness of our results.

AMS Subject Classification: Primary 47H10; Secondary 34B15

Keywords and Phrases: Caputo’s fractional derivative, boundary
value problem, fractional equation, nontrivial solution, fixed point.

Received: March 2020; Accepted: November 2020
*Corresponding Author



1 Introduction

Fractional differential equations(FDEs) are generalization of ordinary
differential equations and integration to arbitrary non-integer orders.
FDEs have gained importance due to their numerous applications in
many fields of science and engineering. Indeed, there are a large number
of phenomena including fluid flow, diffusive transport akin to diffusion,
rheology, probability, electrical networks, etc, that are modeled by dif-
ferent equations involving fractional order derivatives, see for details
[11, 14, 15, 16, 17, 19, 20, 23, 25, 26, 27, 28] and references therein. In
recent decades, many researchers proved the existence and multiplicity
of solution of nonlinear initial fractional differential equations by the
use of some fixed point theorems, one can see [1, 5, 6, 8, 9, 13, 24].
Among them, Guo [13] with Leray-Schauder nonlinear alternative has
given some sufficient conditions for the existence of nontrivial solutions
to the following nonlinear fractional differential equation boundary value
problem
{ u(t) + f(tu(®) + 9(H) =0, 0<t<1,
u(0) =0, u(l) = Bu(n),

where 1 < o <2, 0<np<1land B €R, B> #£1, and D, is the
Riemann-Liouville differential operator of order «, f[0,1] x R — R
is continuous and g(t) : [0,1] — [0, +00) is Lebesgue integrable. Es-
pecially, f does not have the nonnegative assumption and monotonicity
which was essential for the technique used in almost all existed literature.
Recently, Cabrera et al. [9] have studied the existence and uniqueness
of solution for the following boundary value problem of fractional type
with nonlocal integral boundary conditions

CD()Jru( ) = Af(tu(t)), t€0,1],

— g1
wmzwmﬂmnzvénmr@gmaﬁ, )

where “Dff, denotes the Caputo fractional derivative and 0 < a < 1,
0<n<1and~,p,A€R, as follows.



Theorem 1.1. [9] Suppose that 0 < a <1,0<n <1, \,p>0,v€R

r 1
and’y##

such that

. Let f:]0,1] x R — R be a continuous function

|f(t,2) — f(t.y)| < o(lz —yl)
for any t € [0,1] and xz,y € R, where ¢ : [0,00) — [0,00) is nonde-
creasing and ¢(0) = 0. Set
W(p+1) 1

2
B ‘W’—F(/ﬂrl)‘ (p+a)(p+a

al'(a)’

pto

)77
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Under assumption that A < I Problem (1) has a unique solution in the
space Hq [0, 1].

In present paper, in Section 2, as motivated by the work of Guo [13],
we obtain sufficient conditions of the existence of nontrivial solutions for
the following boundary value problem

D3 ult) + f(tult) + g(t) =0, teo,1],

M (n— s)P~1L

) =ty utm = [ LIl .
where 0 <a<1,0<n<1land,peR,and f:[0,1] x R — R and
g :[0,1] — [0, +00) are continuous. Also, some remarks and examples
to support the results proved herein and to compare to the main results
of Cabrera et al. [9]. Finally, in Section 3, we recall the definition of
orthogonal set introduced in [I, 2, 12], and obtain another result for
the existence of solutions of Problem (2) with weaker conditions. Some
recent results are extended and improved.

2 Preliminaries

At first, we recall some important definitions, lemmas and propositions.

Definition 2.1. [23] For at least n-times continuously differentiable
function h : [0,00) — R, the Caputo derivative of fractional order g is
defined as

1 t
cMq _ o \n—g—17(n)
Dy, h(t) =g /0 (t—s) '™ (s)ds,



where n = [¢] + 1 and [¢] denotes the integer part of ¢. Here, I'(a)
denotes the classical Gamma function.

Definition 2.2. [23] The Riemann-Liouville fractional integral of order
q of a function h : (0,00) — R is defined by

1 t (s
10 = i | gt

provides that the right side is point wise defined on (0, c0).

Lemma 2.3. [19] Suppose that p,q > 0 and h € L*[0,1]. Then
1P I8 h(t) = IVF'0(t) and Dy Il h(t) = h(t)
for any t € [0,1].
Lemma 2.4. [19] Suppose that 3 > a > 0 and h € L*[0,1]. Then
D IS h(t) = IP7 h(t) for any t € [0,1].

(p+1)
0

r
Lemma 2.5. [22] Suppose that v # and p > 0. Then for a

function h € C|0,1], the solution of the fractional differential equation
¢ g+ :h(t)a te {Oal]a

with 0 < a < 1 and under the boundary condition

n —5)r1
z(0) =I5, x(n) = 7/ ()"

o Tl it

where 0 < n < 1, is given by

_ 1 t —o1h(s\ds AT (p+1) " (5 — s)po-l "
x(t)—r(a)/o(t )*'h(s)d +F(p+1)_wp/0 T 1oy e)ds:

Let Cla, b] be the space of the continuous functions on closed interval
[a, b] with the sup-norm, i.e.,

[2]loo = sup{|z(t)] : ¢ € [a, b]}-



Set 0 < a <1 fixed, denoted by H,[a, b] the space of the real functions
z defined on [a,b] and satisfied in the Holder condition, that is, all
functions x so that there exists a constant J{$ such that

|z(t) — =(p)| < HZ|t — p|* (3)

for any ¢,p € [a,b]. Also, we define the least possible constant for
inequality (3) is satisfied for x € H,[a, b] by HS as follows:

[2(t) = 2(p)|

Hg:s“p{ t—pp

tt,p € [a,b],t #p}-
In [7], the authors proved the spaces Hyla,b] with 0 < a < 1 endowed
with the following norm

[(t) = 2()|

2t,p € la, b, t p}:xa + HZ,
e 0,81, £ p - = (o)

e = l2(a)] +sup{

is a Banach space.
We need the following proposition to prove our main results.

Proposition 2.6. Assume that0 < a<1,0<n<1,p>0,v€R and

r 1
v # (pip—k)' Suppose that f : [0, 1]xR — R and g : [0,1] — [0, +00)
Ui

are continuous functions and u € H*[0,1]. Let T be the function defined
by

— s a—1
(Tuy(t) = — L+ X (1= )" () + g(s))ds

P =T(p+1) L(p+ a)
1 /t .
— = [ E=95)"[f(s,uls)) + g(s)]ds
I'(a) Jo
for any t € [0,1]. The operator T : H*[0,1] — H*[0, 1] is completely
continuous.

Proof. Let M be any bounded subset of H*[0,1]. As f and g are
continuous functions and v € H*[0,1] C C[0,1], there exists M =
sup{|f(s,u) + q(s)| : s € [0,1];u € [—||tllo, ||[u||oc]}. By the same ar-
gument as given in Proposition 1 in [9], we have Tu € H“[0, 1] for all



u € H[0,1]. In the following, without loss of generality, we can suppose
that ¢t > p. For any u € H“[0, 1],

Tu(t) — T
ITullo = [Tu(0)) +Sup{| “(|t) |;“‘(p)| tpe [a,b]}
7F p+1 p+a 1
<
e ]/ s uls) + )l
N { M([Fl(p— )" = (t = s)*Vds + [, (t — 5)°ds)
sup :
L(a)lt —p|
t,p € [a,b]}
MT (o + 1) ‘/ el
L(p+a) |ynP =T p+1
M[( p)® +p ta+(t P) }
+ sup a :t,p € |a,b
{ Tl = plo 0
MI‘(oz—l—l)’ v ‘np‘m 2M  (t —p)©
- Tlp+ta) [P -Tp+)[p+a TI(a)alt—p)*
MT(a + 1)pPte vy 2M
< 00,
Flp+a+1) |y —T(p+1)| TD(a+a)

and so all the functions in 7'(M) are uniformly bounded. Also, we show
that all the functions in T'(M) are equicontinuous. Let h(t) = (t—s)*~!,
then h(t) is continuously differentiable function. For any t¢1,ts € [0,1]
with £ < to, there exist positive constants M; such that

|h(t2) — h(t1)] = |h(p)(t2 — t1)| < Milts — ta], p € [t1,t2].

M1+ My)
Setﬁ‘—T>1

such that when [t2 — t1| < 0, we obtain

. For any u € H*[0,1], Ve > 0, there exists § = 5,

~ T(a)



1

= Ty, (2= 9 s u() + g(s)lds

+ / ty — ) — (11— 8 [f (s, u(s)) + g(s)]ds
0

to 1
< Md8+/ MM]_‘tQ—t]_|>
(a) t1 0

M+ M
:Mh@—m = |ty — )| < e

o)

An application of the Arzela-Ascoli theorem shows that 1" is completely
continuous and the proof is complete. U

‘ -

<

!

The following result is one of the pivotal results in fixed point theory
which we use later.

Lemma 2.7. [10] Let X be a real Banach space, Q2 be a bounded open
subset of X, 0€ Q, T : Q — X be a completely continuous operator.
Then either there exists x € 0Q, p > 1 such that T'(x) = px, or there
exists a fived point x* € Q.

3 Main results

We formulate our main results as follows.

r 1
Theorem 3.1. Suppose that f(t,0) # 0 for all t € [0,1], v # #’
and there exist nonnegative and continuous functions p,r defined on [0, 1]
such that

£t u(®)| <p@®)|u)] +r(E), uweH0,1],t€ (0,1),almost every where,

(p+1) " (n—s)tet
’W’ —T(p+1) /0 Tp+a) PO
[ =9 == s peds + (- o) as)as
sup 0 L < 1.

L)t — ']

Then Problem (2) has at least one nontrivial solution u* € H*[0, 1].



Proof. Arguing as in [13], let

" (g =)ot
/o T(pta) PO

A = ’ Wp+1)
e —=T(p+1)

’
t

{ | = = s + [ (=) p(s)as
sup :

t

* M)t — 7]~
t,t € [a,b], t;ét'}
and
_ (p+1) /” (n—s)rtet
b= ‘vn” "I+ D] Tera) O
t, t
/ [ —s)o‘_l—(t—s)”‘_l]k(s)ds—l—/ (t — 8)* 'k(s)ds
0 t’ .
i S“p{ @l — " |
t,t €la,b], t;ét'},
where k(s) = r(s)+g(s). From our assumptions, we observe that A < 1.
Since f(t,0) # 0 for all ¢ € [0, 1], there exists [a,b] C [0, 1] such that

i £.0)] > 0.
argggblf(, )| >

Taking into account that r(t) > |f(¢,0)|, almost every where ¢ € [0, 1],
we see that B > 0. Set m = B(1-A)~1, Q,,, = {u € H,[0,1] : |Jul| < m}.
Lemma 2.5 follows that Problem (2) has a solution u = u(¢) if and only
if u solves the operator equation

(Tu)(t) =

— g a—1
T+ 1) X (1= ) s u(s)) + g(s)]ds

P —T(p+1) L(p+a)
1

— t —5)*7 Y f (s, u(s s)]ds
- e | =9 ) + (o)

in H, [0, 1]. Therefore, we only need to find a fixed point of 7" in H, [0, 1].
Applying Proposition 2.6, we observe that the operator T : H,[0, 1] —
Ha[0,1] is completely continuous. Without loss of generality, we can



suppose t >t and u € O, p > 1 satisfying Tu = pu. Then

um

N

N

IN

plul
Tu(t) — Tu(t
7l = (Tu()] + sup { PO =L

t,t €la,b],t £t Big}

(p+1) T (n—s)tet
’777” —Llp+1) /0 T(p+a) &) +allds

{ | ot = 5" [ (s, u(s) + g(s)ds
sup T(a)ft — |

Ji (€ =5 (s uls)) + o(s)ds|
L@ — 7| }

’ M(p+1)

= L(p+1)

" (n— 3)p+a—1
/o Ty 1oy M(sus) +g(s)lds

/O (=) = (¢ = 8)* M| £(s,u(s)) + g(s)|ds
sup{ T(a)ft — |

[ =97 1) + oo s
(@t — ] }

(p+1) T (n—s)rtet
T(p+1) T (n—s)tet
e D | [ )+ a(slas
/o [(t — s)a_1 — (tl — s)a_l]p(s)ds + l/ (t— s)a_lp(s)ds
P (o)t — ]2

/0 [t — 52" — (f — ) "Jg(s)ds
S“p{ T(a)t —t ]

L(a)lt —t']~
Allu|| + B = Am + B.

[ =900+ g(s))ds}
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Then
B

B
<A+ —=A+———=A+(1-A4A)=1.
w<A = A B = A+(1-A)=1

This contradicts g > 1. Hence, Lemma 2.7 follows that T" has a fixed
point u* € Q. Since f(¢,0) # 0 for all ¢t € [0,1], Problem (2) has a
nontrivial solution u* € H,[0, 1]. This completes the proof. [

In the sequel, we present some theorems with some sufficient condi-
tions for the existence of a nontrivial solution to Problem (2).

Theorem 3.2. Suppose that f(t,0) # 0 for all t € [0,1], t € [0,1],

r 1
< M, and there exist nonnegative and continuous functions p,r

defined on [0,1] such that

[F&u@®)] <p@)|u@)| +7rE), weH*0,1],t € [0,1], almost every where,
and one of the following conditions holds:
(a1) The function p(s) satisfies in

el (p)T(p+ 0™ +2((p+ 1) — ") T(a+p+1)
(ap +a?)(@)l(a + p)(T(p+1) —n?)
€ [0,1], almost everywhere,

mes{s €[0,1] : p(s) <

el (p+ D" +2(C(p+ 1) —yn’)(a+p)l(a+p) | _ .
(ap + o) (@) (a + p)(T(p+1) = n?) ’

p(s) <

’

1 1
(ag) There exist constants k,\ > 1 with — + = 1 such that if we set

A
ra®1,
pra—(—7F—
7 _ VT (p + D k
- 1
(C(p+1) — yn?)(ka +kp —k — 1) kT(p + )
=1 =1
PRI 05 NI (S W et AL
T(a) ™'P T )

(ka—k+1)k(t—t')

1
1
we hcwe/ p(s ))‘ds < 7
0



Then Problem (2) has at least one nontrivial solution u* € H*[0, 1].

Proof. We only need to show that A < 1, where A is defined in Theorem

3.1. We consider the following cases:

L(p+1)
n

(a1) Here, taking the condition v < into account, we obtain

(p+1) T (n—s)tet
B ‘F(p +1) — P /0 T(p+a) pls)ds
J A e e e O e A O
+sup{ I‘(a)|t—t’|a :
t,t €la,b], t;ét'}

[Ivlal“( P)L(p+n" " +2(T(p+1) *vnp)F(aﬂﬂrl)}
(ap+o?)L(a)l(a+ p)(T(p+ 1) = yn?)

Cp+1) (" (n—s)"T"!
- <F(P+1)’Y77p/o Mpta)

{/Ot [(t —s)* ' = (tfs)“_l]dsqL/;(tfs)a_lds |

L(a)lt — ']

-+ sup

t,t € [ab], t;ét'})

< [hlaf(p)l“(p + 0" +2(T(p+ 1) —m)T(a+p+ 1)}
- (ap+ )T (@)l (e + p)(T'(p+ 1) —yn?)
YT(p+1) nte
Plp+1) —ym? (p+ a)l'(p+ a)

-ty v e (tt')o‘]

X

-+
[0 « [ e

i St €lah), t#£ L
e [a,b], t # )

+ sup

IA

[hlaF Clp+1)n"** +2(T(p+ 1) —vn”)l“(a+p+1)}
(ap+a?)I(a)l (e + p)(I'(p + 1) —y0°)
( YT(p+1) e 2 )
Plp+1) =, L(p+a+1) ol'(a)

=1.

11
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T 1
(a2) Using the Holder inequality and bearing the condition vy < W
in mind, we obtain
- (p+1) 7 (g — s)rta-l
4 'F(PJF 1) — e /o T(p+ ) p(s)ds
tl .
/ (£ =)™ = (t— )" "p(s)ds + / (t — ) p(s)ds
0 Y .
+ sup{ NOIEE :
tt € [ab], t;ét’}
1 1
< A

F(|Z|£(1p)tlv)n” UO” (mF_(;)::)l)de] ‘ [/Onp(s)kds}

! ’

+ sup { [/O (e - [/0 (6= ") [/Ot/ p(s) ds]>

C(a)|t —t'|~

T(a)|t —t'|»

T+ 1) 7]"+°‘*(%) {/n p(s)kds} x
C(p+1) =1° (ka+kp—k—1)%T(p+a) LJo

)@= o astt ) pioast }

IN

k-1

7 4 (t— ) ) — e ()
(koo — k + 1) (t — t')e
/ k—1
t—t ) t .
s [ [aeragt)
(ko —k+1)xft—t'|* Jv
ly|T(p + 1)pere—C5H)
(C(p+1) — ne) (ko + kp — k — 1) T(p + o)

k—

/af(ﬂ) _ ’ ozf(@)_ af(i‘l)
+ 1 sup{'t E4+2(t—t) % t % |}

1 o (
+ () sup { [

([ Pl

IN

[(e) (ka —k+ 1)kt —t)
1
X /0 p(s))‘ds}/\



Here, we give an example to illustrate Theorem 3.2.

1 1
Example 3.3. Let vy = -2, n = -, p =2, a = X k=2, f(t,u) =

4
3(1 — tanh? (¢
u?( - anh” (7)) for all ¢ € [0,1]. Owing to Theorem

U
3.2, the problem

t
and g(t) = —

1 u?(1 — tanh?(t)) t
D2 - 1
aru(t) + 211 +t—|—31 0, te]l0,1],
2 .01 L (g—9)?
u(0) = =215, u(3) = =2 [y @) u(s)ds,

admits at least one nontrivial solution u* € H%[0,1]. Indeed, simple
calculations show that
Mol ()T (p+ Dn? ™ +2(T(p+1) =) T(a+p+1)
(ap + o) (o)l (a+ p)(I'(p+ 1) — 1)

~ 998,

and
u3(1 — tanh?(t))

| u?+1
for all positive function r(t). Then p(t) = 1 — tanh?(t) and

| < (1 — tanh®(t))[u(t)| + r(t)

< Dl (@)l + )n"™ +2(T(p+1) = ")l (a+p+1)

(ap + o)L (@) (a + p)(T(p 1) — 17 =228

p(s) <1

On the other hand, we observe that Banach fixed point theorem can
not be applied to our example because f is not Lipschitz contraction
mappings, but we have

(&, u(@®))] < p(t)u(t) +r(t).
Now, we give a variant of Theorem 3.2.
L(p+1)
77/7

there exist nonnegative and continuous functions p,r defined on [0, 1]
such that

[FEu@)] < p@)|u@)| +r(), weH0,1],t € [0,1], almost everywhere,

Theorem 3.4. Suppose that f(t,0) # 0, t € [0,1], v > , and

and one of the following conditions holds:

13
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(b1) The function p(s) satisfies

p(s) < [yl ()T (p + 1)1+ 4+ 2(yn” = T(p+ 1))L(a+ p+ 1)

(ap + o)l (a)l(a+ p)(yn? =T (p+1)) ’
€ [0,1], almost every where,

mes{s € [0,1];p(s) <

ol ()T (p -+ 1™ + 2(yn” ~T(p + )T+ p+ 1) } o

(ap+ o)L ()T (a + p)(yn? —T(p+ 1))

1 1
(ba) There exist constants k, A > 1 with X + = 1 such that if we set

T (p + Do)
(y9° = D(p+1))(ka + kp — k — 1)¥0(p + )

1 o5 ot — ¢ )a— () — pa—(55)]
+ sup T ,
o) (ho kot i)

1
we have fo 5) ds < ?

Then Problem (2) has at least one nontrivial solution u* € H*[0,1].

Proof. By the same arguments as given in the proof of Theorem 3.2,
the conclusion follows by applying Theorem 3.1. (]

Here, we use Banach fixed point theorem to give an extension of
Theorem 3.1.

1
Theorem 3.5. Suppose that f(t,0) 2 0, t € [0,1], v # (p+ ) and

there exists nonnegative and continuous function p defined on [(), 1] such
that

[f(t,w(t) — f(tua(t))] < p(t)|ua(t) — ua(t)], w1, ug € H0,1],
t € [0, 1], almost every where,

1
M< —
_N7
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where M = sup{|p(s)| : s € [0,1]} and

(p+1) note

L(p+1) —yn?|(a+ p)L'(a+p)

Then Problem (2) has at least one nontrivial solution u* € H*[0, 1].

Proof. If us = 0, then |£(t, w1 (£))] < p(t)]ut (t|+]f(t, 0))],u1 € H[0, 1],

t € [0,1] x R almost every where. Applying Theorem 3.1, it follows that
Problem (2) admits a nontrivial solution u* € H[0,1]. If ug # 0,
we show that the function T' given in the proof of Theorem 3.1 is a
contraction. We have

HTu1 - T’U,Q” =

+

IN

IN

Jr

|Tu1(0) = Tu2(0)]

[Tus () — Tua(t)] = [Tus (t) — Tua(t)]] |
sup =t :

t,t'e[o,l],t;ét'}

W(p+1) /”(77—8)”+"_1
Llp+1)—m* Jo Tlp+a)

/0 (t — )" [f(5,u1(5)) — £(5, ua(s))]ds
o)t — ]

[f (s, u1(s)) = f(s, ua(s)]ds

sup

’

/0 (¢ = )2 (s, ua(s)) = f(s,uz(s))]ds

T(a)|t —t'|~
We+1) [T m—s) e (s ds
o [T s (9) — Fsua(o)ld

| 1= = (=9 s (9) = Fs )
o )t -t
[ 6= 97 s (9) = fs (o) s
@l — "

T(p+1) /" (1= 5)" " "p(B)]ua(s) —ua(s)]
Llp+1) = Jo I(p+a)
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/0 (= 8)" " = (¢ = )" )p() ur (s) - uz(s)|ds

oo Tt =t
/t, (t —8)* " 'p(t)|ui(s) — ua(s)|ds
! =t
AL (p+ 1) " (n —s)rtest

< Mllur — uo| F(p+1)—7np/0 T 1 a) ds'

(E=t)" +%+g+ (t=t)",
o T(a)|i—t|~

2 Al (p+1) " (n— s)Ptet . o
- [ar(oo e A ]M| 1~ uall

This proves that T is contraction. Applying Banach fixed point theo-
rem, Problem (2) has a unique solution in H*[0,1]. O

Here, we give the following example as an application of Theorem
3.5.

Example 3.6. Let a = Consider the

1
B :’ = — d
n p=5andy

~ 1007

N | =
N | —

following problem

T
“Dgy + Esin@(t +1))sin(u(t) — 1) + cost =0, te€]0,1],
1
2

1 1_ S _% (4)
u0) = g lnth) = g5 [ gt
Clearly, we see that v # F('Onjl) and
£ a() = Fl s = |55 sin(2(t + 1) sinan (1) ~ 1)

- 11—0 sin(2(t + 1)) sin(xa(t) — 1)
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_ Tlo sin(2(¢ + 1)) sin(z1 (£) — 1) — sin(@a(t) — 1)|
< %cos(t + D)sin(t+ 1)|(x1(t) — 1) — (z2(t) — 1)|
< écos(t+1)|$1(t) — x2(t)].

Namely, the first condition of Theorem 3.5 is satisfied with f(¢,z) =
1 1
Esin(2(t+ 1))sin(z—1) for each t € [0,1], z € R and p(t) = 5005(15—1—1)

for each t € [0,1]. Moreover, we have

N:i 2 200

4 [— x ———=] =227 and M ==0.19.
Nz [599 101\@]

This concludes that M < % Hence, applying Theorem 3.5, Problem
(4) admits a unique nontrivial solution z* € H*[0,1]. It is simple to
verify that Theorem 1.1 [9] can not be applied to our example. In fact,
it is just enough to put g(t,z) = %Osin(Q(t +1))sin(l —z) — cos(t) and
A = 1. Therefore, we have the following problem equivalent to Problem
(4), that is

‘D2, = Ag(t,u(t)), telo, }], 1
1 1 1 2 (l — 3)75
_ J2 1y~ 2
u(0) 100 o+ 12) 100 J/, I'(3) u(s)ds,

Moreover, an easy computation shows
|f(t21(t) = (&, 22(t))] < oz (t) — 22(t]),

1
where ¢(x) = B cos(t + 1)z for t € [0, 1]. But, clearly

I(p+1) =P | (p+a)T(p+a) al'(a) ’
and so ) 1
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In the following, by setting some conditions for f and ~ in Theorem
3.5, we give a theorem for the existence of a negative solution to Problem

(2)-

Theorem 3.7. Suppose that f : [0,1] x R — [0,00), f(¢,0) # O,
r 1

tG[O,l],O§7<w

function p defined on [0,1] such that

|f(tua(t) = [t ue(t))] < p()|ur(t) — ua(t)],
uy, ug € H*0,1],t € [0, 1], almost every where,

and there exists nonnegative and continuous

1
M < —
_N;

where M and N are defined in Theorem 3.5. Then Problem (2) has at
least one negative solution u* € H*[0, 1].

Proof. As the same proof of Theorem 3.5, we can show that T is
contraction. Then, Problem (2) has at least one solution u* € H®|0, 1].
On the other hand, since f and g are nonnegative functions and 0 < v <

r 1
#, the function Tu(t) for each ¢ € [0, 1] admits negative value,
n
that is
Tu(t) <0 for all ¢ € 0,1].
Hence, u* is negative. O

4 Another results for the existence of solution
of Problem (2)

In this section, we present some theorems that condition

[t ur(t) — [t ua(t))| < p(B)ur(t) — ua(t)]

is not necessarily needed for all u; and us. In fact, it is sufficient to
satisfy just in a limited number of u; and wug in H*[0,1]. Very recently,
Eshaghi Gordji et al. [12] introduced the notation of the orthogonal sets
and gave a real generalization of Banach fixed point theorem. For the
depth of the subject, we refer to [1, 2]. In below, we remind some useful
definitions to prove some fixed point theorems with weaker conditions.



Definition 4.1. [12] Let X # (), and L C X x X be a binary relation.
If 7 1 7 satisfies the following condition:

Jwo: (Vy, yLxo) or (Vy, zoly),

then 7 L 7 is called an orthogonality relation and the pair (X, 1) an
orthogonal set(briefly, O-set).

Note that in the above definition, we say that xg is an orthogonal el-
ement. Also, we say that elements x,y € X are l-comparable either
zlyory L

Definition 4.2. [1] Let (X, L) be an O-set. A sequence {z,} is called
a strongly orthogonal sequence(briefly, SO-sequence) if

(VYn,k;  zplapir) or (Vn,k;  xpiplay).

Let (X, 1) be an O-set and ”d” be a metric on X. The triplet
(X, L,d) is called an orthogonal metric space.

Definition 4.3. [!] Let (X, L,d) be an orthogonal metric space. X is
said to be strongly orthogonal complete(briefly, SO-complete) if every
Cauchy SO-sequence is convergent.

Definition 4.4. [1] Let (X, L,d) be an orthogonal metric space. A
mapping f : X — X is strongly orthogonal continuous (briefly, SO-
continuous) in a € X if for each SO-sequence {a,} in X, a, — a, then
flan) — f(a). Also, f is SO-continuous on X if f is SO-continuous in
each a € X.

Definition 4.5. [12] Let (X, L) be an O-set. A mapping T': X — X is
said to be L-preserving if x Ly implies T'(z) LT (y).

Definition 4.6. [2] Let (X, .L,d) be an orthogonal metric space and
0 < A< 1. A mapping T : X — X is called an orthogonally
contraction(briefly, L-contraction) with Lipschitz constant A if for all
x,y € X with z Ly,

d(Tx,Ty) < Md(z,y).
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Theorem 4.7. [7] Let (X, L,d) be an SO-complete metric space(not
necessarily complete metric space) and 0 < A < 1. Let T : X —
X be SO- continuous, 1-contraction with Lipschitz constant A and 1 -
preserving. Then T has a unique fixed point z* € X.

We state the main result of this section as extension of Theorem 3.7,
in which the condition |f(t,u1(t)) — f(t,u2(t))| < p(t)|ui(t) —uz2(t)| only
in wug,uy with uy(t)ua(t) > 0 is assumed.

Theorem 4.8. Suppose that 0 < a <1, 0<n <1, p>0and0<~vy<
T(p+1)
——
the following assumptions:

. Assume that f : [0,1] x R — [0, 00) is a function satisfying

(e1) f is continuous and f(t,0) # 0 for allt € [0, 1];

(e2) there ezists nonnegative and continuous function p defined on [0, 1]
such that

[t ur(t) — f( ua(B))] < p(8)[ur(t) — ua(t)],
up(t)ua(t) > 0,t € [0,1], almost every where,
ps) < 3

2 T 1 atp
where N = + e+ 1) n
ol'(a)  |T(p+1) —mr (a+p)l(a+p)

Then, Problem (2) has a unique negative solution u* € H*[0,1].
Proof. Consider the following orthogonality relation in X:
ulv < w(t)v(t) >0 forall ¢tel0,1] and u,v € HY0,1].

Then (X, 1) is an O-set with orthogonal element z¢ = 0. Since (X, d)
is a complete metric space, then (X, L,d) is SO-complete. Clearly, T
is SO-continuous and _|-contraction. Now, we prove T is |-preserving.
Let u,v € H*[0, 1] with v L v. We must show that

Tu(t)Tv(t) >0 forall ¢ e [0,1].



L(p+1)
p

Since f and g are positive and 0 < v < , by definition of Tu(t),

we have
Tu(t) <0 forall ¢te0,1] and u e H*[0,1]. (5)

This concludes that Tu(t)Tv(t) > 0, and so T' is L-preserving. Applying
Theorem 4.7, there exists unique nontrivial solution u* € H%[0, 1] to
Problem (2). Hence, using (5), we observe that u* is negative. This
completes the proof. O

We end this paper by giving a variant version of Theorem 4.8.

Theorem 4.9. Suppose that 0 < a <1, 0<n <1, p>0and0<~vy<

r 1
#' Assume that f :[0,1] x R — [¢,00) is a function satisfying

the following assumptions:
(hl) fis continuous;

(h2) f(t,0) # 0 and f(t,z(t)) is decreasing respect to the second argu-
ment for any t € [0,1];

(h3) there exists nonnegative and continuous function p defined on [0, 1]
such that

(8, ur (1) — [t ua(®))] < p(t)[un(t) — u2(t)],

)
ur(t) <wug(t) <etel0,1], almost every where,

1

p(S) < Na

where c is arbitrary nonnegative value and

2 YL(p+1) note
V=t Y To+ D@t ptatn) |

Then, Problem (2) has a unique negative solution u* € H*[0,1].

Proof. We consider the following orthogonality relation in X:

ulv & wu(t)<v(t)<c forall tel0,1] and u,v € H*[0,1].
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Then (X, 1) is an O-set with orthogonal element zp = ¢. Now, it is
enough to show that T is L-preserving. Let u,v € H*[0,1] with u L v.
We must show that

Tu(t) <Tw(t) <c forall te|0,1].

Applying (h2), we have

(T00) =~y [ (€= 9 U (svu(s) + g
We+1) (" (n—s)t
e [ e (s + gl

1 t
5 | €= 9 s 00) + gl
T 1 N (p _ g\pta—1
7772/_(?;;_2 1) A (nr(psl_ Oé) [f(S,U(S)) +g(5)]d8
— (T0)(t).
O? the)other hand, since f and g are positive value and 0 < v <
e+l
'r’P

, by definition of T'u(t), we have

Tu(t) <0 forall te€|0,1]. (6)

Therefore, since c is nonnegative value, we conclude that Tu(t) < Tv(t) <
c. Applying (6) and Theorem 4.7, Problem (2) has a unique negative so-
lution v* € H¥[0,1]. O
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