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Abstract. In this paper we study the irreducibility of some compos-
ite polynomials, constructed by a polynomial composition method over
finite fields. Finally, a recurrent method for constructing families of irre-
ducible polynomials of higher degree from given irreducible polynomials
over finite fields is given.
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1. Introduction

The problem of irreducibility of polynomials over Galois fields is a case of
spacial interest and plays an important role in modern engineering. One
of the methods to construct irreducible polynomials is the polynomial
composition method that allows constructions of irreducible polynomials
of higher degree from given irreducible polynomials over finite fields.

Let Fq be the Galois field of order q = ps, where p is a prime and s is a
natural number. For a finite field Fq we denote by F∗q the multiplicative
group of nonzero elements of Fq. Recall that the trace function of Fqn

over Fq is defined by

TrFqn |Fq
(α) =

n−1∑
i=0

αqi
, α ∈ Fqn ,
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where Fqn is an extension field of the finite field Fq. For convince we
denote TrFqn |Fq

by Trqn|q. Notice also the transitivity of the trace in
the sense that

TrFqn |Fp
(α) = TrFq |Fp

(TrFqn |Fq
(α)), α ∈ Fqn . (1)

Suppose that P (x) =
∑n

i=0 cix
i be an irreducible polynomial over Fq of

degree n. Its reciprocal polynomial is defined as

P ∗(x) = xnP (1/x).

Some authors have been studied the irreducibility of the polynomial

F (x) = (dxp − rx+ h)nP (
axp − bx+ c

dxp − rx+ h
), (2)

for some particular cases. Varshamov studied one case from (2) and
gave the following proposition:

Proposition 1.1. ([10, Theorem 3.13]) Let P (x) =
∑n

i=0 cix
i be an

irreducible polynomial over Fq and p be the characteristic of Fq. Then
the polynomial P (xp−x−δ0) is an irreducible polynomial over Fq if and
only if

Trq|p(nδ0 − cn−1) 6= 0.

Also, for this case, Kyuregyan gave a recurrent method for constructing
irreducible polynomials in the following proposition:

Proposition 1.2. (Kyuregyan [8, Theorem 2]) Let F (x) =
∑n

u=0 cux
u

be an irreducible polynomial over Fq and suppose that there exist an
element δ0 ∈ Fp such that F (δ0) = a, with a ∈ F∗p and

Trq|p(nδ0 − cn−1)Trq|p(F
′(δ0)) 6= 0.

Let g0(x) = xp − x+ δ0 and gk(x) = xp − x+ δk, where δk ∈ F∗p, k > 1.
Define F0(x) = F (g0(x)), and Fk(x) = F ∗

k−1(gk(x)) for k > 1, where
F ∗

k−1(x) is the reciprocal polynomial of Fk−1(x). Then for each k > 0,
the polynomial Fk(x) is an irreducible polynomial of degree nk = npk+1

over Fq.
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We note that the above proposition is the generalization of Varshamov’s
theorem, that the reader can find it in [10]. He also gave another re-
current method for constructing irreducible polynomials in the following
proposition:

Proposition 1.3. (Kyuregyan [7], Corollary 2) Let s be odd integer, δ
be any element of F∗2s, and the sequence of functions ϕm(x) be defined
by

ϕm(x) = am(x) + δbm(x)

under the initial condition

ϕ0(x) = x+ δ.

Then the polynomial ϕm(x) of degree 2m defined by the recurrent relation

ϕm(x) = x2m−1
ϕm−1(x+

δ2

x
)

is an irreducible polynomial over F2s, where

a1(x) = x2 + δ2, b1(x) = x

and
am(x) = a2

m−1(x) + b2m−1(x)

and also
bm(x) = am−1(x)bm−1(x).

The aim of this paper is to determine under what conditions

F (x) = x2nP (
x2 − δ0x+ δ1

x2
), δ0, δ1 ∈ F∗2s

is an irreducible polynomial over F2s, where P (x) is an irreducible poly-
nomial of degree n over F2s, and also giving a recurrent method for
constructing families of irreducible polynomials Fk(x), for k > 0 over fi-
nite fields, when F0(x) = P (x). Such polynomials are used to implement
arithmetic in extension fields and are found in many applications, in-
cluding coding theory [1] and [6], cryptography [2], [4] and [5], computer
algebra system [3].
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In [9] Melsik K. Kyuregyan and Gohar M. Kyuregyan presented a new
method for constructing irreducible polynomials over finite fields. They
proved the following results which will be used in the proof of our results.

Proposition 1.4. (M. K. Kyuregyan and G. M. Kyureghyan [9], Lemma
1) A monic polynomial f(x) ∈ Fq[x] of degree n = dk is irreducible
over Fq if and only if there is a monic irreducible polynomial h(x) =∑k

i=0 hix
i over Fqd of degree k such that Fq(h0, h1, ..., hk) = Fqd and

f(x) =
∏d−1

v=0 h
(v)(x) on Fqd [x], where

h(v)(x) =
k∑

i=0

hqv

i x
i.

2. Irreducibility of Composition Polynomials

In this section we examine the irreducibility of composite polynomial
x2nP (x2−δ0x+δ1

x2 ) over F2s . We prove some results that will be helpful to
construct sequences of high degree irreducible polynomials over a finite
fields. The following proposition will be helpful to derive our results.

Proposition 2.1. ([10], Corollary 3.6) For a, b ∈ F∗q the trinomial xp−
ax − b is irreducible over Fq if and only if a = Ap−1, for some A ∈ Fq

and Trq|p( b
Ap ) 6= 0.

Theorem 2.2. Let P (x) =
∑n

i=0 cix
i be an irreducible polynomial over

F2s of degree n. Then

F (x) = x2nP (
x2 − δ0x+ δ1

x2
), δ0, δ1 ∈ F∗2s

is an irreducible polynomial of degree 2n over F2s if and only if

Tr2s|2(
δ1
δ20

(
P ∗′(0)
P ∗(0)

+ n)) 6= 0.
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Proof. Let α ∈ F2sn be a root of P (x). Irreducibility of P (x) over F2s

implies that it can represented over F2sn as

P (x) = cn

n−1∏
u=0

(x− α2su
).

By substituting x2−δ0x+δ1
x2 for x and multiplying its both sides by x2n,

we get

F (x) = x2nP (
x2 − δ0x+ δ1

x2
)

= cnx
2n

n−1∏
u=0

(
x2 − δ0x+ δ1

x2
− α2su)

= cn

n−1∏
u=0

(1− α2su
)(x2 − (

δ0
1− α

)
2su

x− (
δ1

α− 1
)
2su

)

= cn(1− α)
2sn−1
2s−1

n−1∏
u=0

(x2 − (
δ0

1− α
)
2su

x− (
δ1

α− 1
)
2su

).

Proposition 4 implies that F (x) is an irreducible polynomial over F2s if
and only if

x2 − δ0
α− 1

x− δ1
α− 1

is an irreducible polynomial over F2sn . Then by Proposition 5, F (x) is
an irreducible polynomial over F2s if and only if

Tr2sn|2(
δ1

α−1

( δ0
1−α)

2 ) = Tr2sn|2(
δ1
δ20

(α− 1)) 6= 0.

On the other side by (1),

Tr2sn|2(
δ1
δ20

(α− 1)) = Tr2s|2(Tr2sn|2s(
δ1
δ20

(α− 1))). (3)
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Recall that for an irreducible polynomial f(x) =
∑n

i=0 aix
i of degree n

over Fq, we have
Trqn|q(β) = −an−1

an
,

where β ∈ Fqn is a root of f(x)(see [6], page 51). So

Tr2sn|2s(
δ1
δ20

(α− 1)) =
δ1
δ20
Tr2sn|2s(α− 1)

=
δ1
δ20

(Tr2sn|2s(α)− Tr2sn|2s(1))

=
δ1
δ20

(
cn−1

cn
+ n). (4)

Hence (3) and (4) imply that

Tr2sn|2(
δ1
δ20

(α− 1)) = Tr2s|2(
δ1
δ20

(
cn−1

cn
+ n)).

By the given condition Tr2s|2(
δ1
δ2
0
(P ∗′(0)

P ∗(0) +n)) 6= 0, F (x) is an irreducible
polynomial over F2s . �

Example 2.3. Consider the irreducible polynomial P (x) = x2 + x +
(α + 1) over the Galois field F4 = {0, 1, α, α + 1}, where α is a root of
the irreducible polynomial x2 + x+ 1 over F2. According to Theorem 2.

F (x) = x4P (
x2 − (α+ 1)x+ α

x2
)

= (x2 − (α+ 1)x+ α)
2
+x2(x2−(α+1)x+α)+(α+1)x4

= (α+1)x4+(α+1)x3+(α+ 1)

is an irreducible polynomial over F4.

Corollary 2.4. Let P (x) =
∑n

i=0 cix
i be an irreducible polynomial over

F2 of degree n. Then

F (x) = x2nP (
x2 − x+ 1

x2
)

is an irreducible polynomial of degree 2n over F2 if and only if
cn−1

cn
+ n 6= 0.
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3. Recurrent Method

In this section we shall describe a computationally simple and explicit
recurrent method for constructing higher degree irreducible polynomials
over finite field F2s starting from an irreducible polynomial.

Theorem 3.1. Let P (x) be an irreducible polynomial of degree n over
F2s. Define

F0(x) = P (x),

Fk(x) = xn2k
Fk−1(

x2 − x+ 1
x2

) k > 1. (5)

Suppose that

Tr2s|2(
P ′(1)
P (1)

) · Tr2s|2(
P ∗′(0)
P ∗(0)

+ n) 6= 0.

Then (Fk(x))k>1 is a sequence of irreducible polynomials over F2s of
degree n2k.

Proof. We start our proof by setting δ0, δ1 = 1 in Theorem 2.2. Ac-
cording to Theorem 2.2. and hypothesis of theorem , F1(x) is an irre-
ducible polynomial over F2s of degree 2n. Also by Theorem 2.2. for
every k > 2, Fk(x) is an irreducible polynomial over F2s if and only if

Tr2s|2(
F ∗k−1

′(0)

F ∗k−1(0) ) 6= 0. On the other hand, from (5), we have

F ∗
k (x) = xn2k

Fk(
1
x

)

= xn2k
((

1
x

)
n2k

Fk−1(
( 1

x)2 − ( 1
x) + 1

( 1
x)2

)

= Fk−1(x2 − x+ 1), (6)

for every k > 1. So
F ∗

k (0) = Fk−1(1), (7)
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and
F ∗

k
′(0) = F ′

k−1(1), (8)

for every k > 1. On the other side

F ′
k(x) = xn2k−2F ′

k−1(
x2 − x+ 1

x2
). (9)

So
F ′

k(1) = F ′
k−1(1), (10)

for every k > 1. Using (8) and (9), we get

F ∗
k
′(0) = P ′(1). (11)

Obviously by (5)
Fk(1) = Fk−1(1), (12)

for every k > 1. So (7) and (12) imply that F ∗
k (0) = P (1), for every

k > 1. Thus by hypothesis of theorem Fk(x) is an irreducible polynomial
over F2s , for every k > 2, and the proof is completed. �

Corollary 3.2. Consider the irreducible polynomial F0(x) = x2 + x+ 1
over the Galois field F2. According to Theorem 3., for each k > 1,

Fk(x) = x2k+1
Fk−1(

x2 − x+ 1
x2

),

is a sequence of irreducible polynomials over F2 of degree 2k+1.
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