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Abstract. In this paper, multiobjective optimization problems with
nondifferentiable quasiconvex functions are considered. We obtain some
duality results and a linear representation for the considered problems.
Since the well-known strong duality result is not valid for the problems,
we present a weaker form of it, named quasi-strong duality result.
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1 Introduction

We consider the following multiobjective problem

(P) : inf (901(1:)7 s v@p(x))
st (x) <0, t=1,...,q,
x €,
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where €2 is a convex set in R", and 1, ..., g, ¢1, ..., @p, are quasiconvex
functions from R" to R.

Since the feasible set of (P) is not necessarily convex, applying com-
mon methods of convex analysis is not applicable here. Therefore, we
take the quasiconvex analysis approach. Because of we do not assume
that the emerging functions are differentiable, we replace the derivatives
appearing in the classical results by some subdifferentials, named star
subdifferential and Penot subdifferential [11]. We use these subdiffer-
entials as they have links with variational subdifferentials and they are
more natural for quasiconvexity properties [14, 15].

If p=1, (P) was studied by Penot [13] and the results are extended
for semi-infinite case (i.e., the number of vys is infinite) in [0, 11]. Very
recently, Kanzi et al [7] presented Karush-Kuhn-Tucker (KKT) types
necessary and sufficient optimality conditions for (P) with p > 1. Since
the presentation of duality results and also the linearization of nonlin-
ear programming problems are two important applications of optimality
conditions, in the present paper we focus on Mond-Weir [12] type dual
problem and linear approximation of problem (P).

The structure of the subsequent sections of this paper is as follows:
In Sect. 2, we define required definitions, theorems, and relations of qua-
siconvex analysis. The Mond-Weir type dual problem and linearization
of (P) are studied in Sections 2 and 3, respectively.

2 Preliminaries

In this section we briefly overview some notions of quasiconvex analysis
widely used in formulations and proofs of main results of the paper. For
more details and discussion see [1, 5, 14, 15].

Given z,y € R", we write x < y (resp. x < y) when x; < y; (resp. z; <
yiandx # y)fori =1,...,n. Also,x £ ymeans x; < y; fori =1,...,n.
The zero vector of R" is denoted by 0.

Given a convex set H C R™, we denote by Ny (x¢), the normal cone
of H at g € H, i.e.,

Nu(wo) :=={d € R" | (d,h —x9) <0, VheH}.

The topological interior of H is denoted by int(H).
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Let ¢ be a function from R™ to R, and let g € R™. The sublevel set
and the strictly sublevel set of ¢ at xg are, respectively, defined by

S(p,x0) :== {x € R" | ¢(z) < p(x0)},
S%(¢, x0) := {x € R" | ¢(z) < ¢(x0)}.

¢ is said to be a quasiconvex and stictly quasiconvex function if for each
z,y € R™ and A € [0, 1], respectively, one has

P(Az + (1 = A)y) < max {¢(z),d(y)},
P(Az + (1 = A)y) < max {¢(x),¢(y)}-

we can see if ¢ is quasiconvex function, its corresponding sublevel and
strictly sublevel sets S(¢, zg) and S*(¢, z() are convex for all zy € R™.
Therefore, the following subdifferentials of ¢ at xzg are well-defined:

8¢ (x0) 1= Nss(950) (x0) \ {0}, 8¢ (w0) 1= N(g,a0)(%0)-
Equivalently,
O(wo) = {d € R\ {0} | ¢(a) < (o) = (d, & — o) < O},

O (wo) = {d € R" | ¢(x) < ¢(x0) = (d,x — o) < 0}

8p(x0) and 0*¢(x) are called, respectively, the star subdifferential and
the Penot subdifferential of ¢ at g in [0, 7, 14, 15]. Observe that, if
¢ is upper-semicontinuous (u.s.c.) on S*(¢,xg) and there is no local
minimizer of ¢ in ¢! (¢(zo)), then ([11])

8%¢(wo) = 8 p(xo) \ {0}. (1)

3 Quasi-Duality Results

Assume that ¢, : R" — R, for r € I := {1,...,p}, are quasiconvex
functions, and ® : R™ — R™ is defined by

(I)(:B) = (301 (:E)v s Spp(l'))‘
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A point & € R" is called the weak minimizer of ® if there is no z € R"
satisfying ®(z) < ®(&). The set of all weak minimizer of ® is denoted
by We.
Note that the problem (P) can be rewritten as
(P): inf ®(x)
st. Yu(z) <0, tel,
T €,

in which T :={1,...,¢}. The feasible set of (P) is denoted by M, i.e.,
M:={zeQ|(x) <0, teT}.

A point Z € M is said to be a efficient (resp. an weakly efficient) solution
to (P) if there is no x € M satisfying ®(z) < ®(z) (resp. ®(x) < ®(2)).
The set of all efficient (resp. weakly efficient) solutions of (P) is denoted
by EP) (resp. W),

For each feasible point £ € M, let

T(z) = {t €T | x(2) = O}.

Very recently, Kanzi and Soleimani-damaneh prove the following impor-
tant theorem in [7, Theorem 3.1].

Theorem 3.1. (KKT necessary condition) Suppose that & € W) while
& ¢ WE. If the functions p,, for v € I, are strictly quasicinver and
w.s.c., the functions vy, for t € T, are u.s.c., and there exists a vector
zs € int(M) with ¥(2«) < 0 for all t € T (Slater condition), then one
has

0> Fon(d)+ > OMu(E) + Na(d).

rel teT (%)

Notice, the above theorem is in the line of papers [2, 9, 10]. In fact,
these results present the necessary KKT conditions for nondifferentiable
multiobjective optimization problems under various assumptions.

The following technical lemma will be used in sequel.

Lemma 3.2. Suppose that the quasiconvex function f : R™ — R is u.s.c.
at zo € R™. Then, for each z € R™ with f(z) < f(z0) we have

(05,2 — 20) <0, VI €8 f(z). (2)
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Proof. For given 19% € 0%f(z0), we have 19% # 0 by (1). Owing to
f(z) < f(20), we can write <19(§), z — z9) < 0. By indirect proof assume
the inequality (2) does not hold, and hence <19%, z— zo> = 0. Thus, there
exists a sequence {p,} in Ry := (0, 400) converging to <19%, z— 20).
From well-known Riez Representation Theorem [!, 5], we can find
some z, € R" for v € N, such that p, = <19%,z,,>. Therefore, we

conclude that {z,} converges to z — zp and <19(§), z,,> > 0 for all v € N.
This means

<’l9%, (Z,, + Zo) — Zo> > 0.
So, the definition of 9% f(x¢) implies that f(z, 4+ z9) > f(20). From this
inequality and upper-semicontinuity of f we conclude that

lim f(z,+20) > f(20) = [f(2) = f(z =20+ 20) = f(20),

which contradicts the assumption of lemma. Hence, (2) holds. O
We now consider the following Mond-Weir [12] type dual problem to

(P):

(MWD) max P(y)
s.t. 0, € Z@%T(y) + Z *(y) + No(y).
rel teT(y)

Let Y denotes the feasible solution of (MWD), i.e.,

V= {yeR" [0, €Y o)+ Y ) + N} (3)
)

rel teT (y

From now on, an weakly efficient solution of a “max” problem like the
dual problem (MWD) is similarly defined as “min” problem by replacing
“<” by “>7.

The following theorem is quasiconvex version of results that pre-
sented in [1] by Clarke subdifferential for the problems with locally Lip-
schitz data.

Theorem 3.3. (Weak duality) Suppose that & € M and g € Y. If p;
is u.s.c. for each r € I, then ®(Z) £ ®(7).

5
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Proof. We present our proof in three steps.
Step 1: By the assumption of § € Y and (3), we find some 9% € 8%, (7),
for r € I, and 19% € 0%y (§), for t € T(§), and w € Ng(j) such that

v+ Y i +w=0, (4)
)

rel teT(y

The assumption of £ € M implies that
() <0 = (), vt € T(y).
So, T € S(1)¢,y) for each t € T(y), and hence
(07,8 —g) <0,  VteT(y) (5)

Step 2: By indirect proof we assume that ®(z) < ®(7), i.e., ¢ (T) <
©r(9), for all r € I. In view of Lemma 3.2 we deduce that

(93,8 —75)<0  Vrel (6)

Step 3: Since w € Nq(y), the definition of normal cone implies that
(w,& —§) < 0. Adding this inequality with (5) and (6), we conclude

that
(Y 05+ > 4w, i—g) <0
rel teT(9)
which contradicts (4). This contradiction completes the proof. ]

The following example shows that, Theorem 3.3 may not be valid if
one replaces 0* with 6% in definition of Y in (3).
Example 1. Consider the problem (P) by following data:

p=2 n=1 qg=1, ¢i1(x) =¢pa(z) =2, Q=R
(-1 zef24)
i) = { 0 otherwise.
Clearly, M = R. Considering § = —1, we get T'(—1) = {1}, and
S (1, —1) = [2,4] = 8%¢i1(~1) = (—00,0),

S¥(p1,—1) = §*(p2, —1) = (—o0, —1)
= p1(—1) = Ppa(—1) = (0, 400).
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Hence, 0 € 0%p1(—1) + 0%pa(—1) + 0% (—1), while ®() < ®(§) for
T=-2.

Notice, since 9*¢(7) C 9%¢(j) for each quasiconvex function ¢ :
R™ — R, Theorem 3.3 is still true if we replace 8% with 6% in definition
of Yin (3).

The forthcoming theorem presents quasi-strong duality relation be-
tween the prime problem (P) and the dual problem (MWD).

Theorem 3.4. (Quasi-strong duality) Assume that T € W) and § €
WMWD) - Under the hypothesis of Theorem 3.1, one has

D(y) = ©(2) £ ().

Proof. Theorem 3.1 concludes that

0> Foi(@) + D 0'hu(F) + Na().

rel tET(7)

This implies # € Y, and hence ®(z) < ®(7) by § € WMWD) " Now,
owing to weak duality Theorem 3.3, we obtain the result. O

Observe that, unlike when p > 1, if p = 1 (i.e., (P) is single-objective
optimization problem), Theorem 3.4 guarantees that ®(g) = ®(z) =
®(y) which implies ®(z) = ®(7), named “strong duality result” in [0,
Theotrem 4.2]. Thus, the quasi-strong Theorem 3.4 is an extension of
strong duality theorem from single-objective to multi-objective quasi-
convex optimization.

4 Linearization

Let g € M be a feasible point for problem (P). For given 9% :=
(19%, 08 € [Lc; 9%pr(z0), we consider the following linear multi-
objective problem:

(LP;ZE) inf @33 (x) := <<p1(1:0) + <19§, x — o), ..., op(x0) + <19%, T — :c0>)

s.t. (Wh o —x) <0,  VteT(xo), Vi € dFy(20)\{0},
x € Q.

7
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Observe that (LPZi) has infinite number of constraints in general, and so,
it is a linear semi-infinite multiobjective programming problem (LSIP).
The LSIPs have widely used in various theoretical and practical field;
see, e.g., [3, 8].

The feasible set of (Lsz) is denoted by M

LA HC

M2 = {zeQ| (W o—m) <0, teT(xo), 9} € dFhy(x0)\{0}}.

The following theorems establish the relationship between the optimality

of x for (P) and (LPgi). At first, we establish the efficient solutions of
these problems coincide.

5
Theorem 4.1. Let 7 € EFZ) for some 95 = (19%, . .,19?,) € [1,c; 0% (%)
If all the functions o,, r € I, and iy, t € T, are w.s.c., then & € B,

Proof. By contradiction assume that there exists some z* € M such
that ®(z*) < ®(Z), i.e., there exists ¢ € I such that

or(z®) < r(®), Vrel, and  @(a") < @r(F). (7)

Thus, by definition of star subdifferential and Lemma 3.2, we deduce
that

(98, 2" — &) <0, Vrel, and (192,30* —Z) <0.
The last inequalities and (7) imply that for each r € I we have

@r(m*) + <19§7x* - j) < @r(j) +0= ‘Pr(j) + <291§ﬂaj - j>’

o2 (%) < 2 (). 8)

On the other hand, since ¥y (z*) < 0 = () for all t € T'(Z), we have
<19f, x* — &) <0 for t € T'(z). This implies that z* is a feasible point for
(LP?), and thus (8) gives a contradiction. The proof is complete. I

The following theorem shows that the weak efficient solutions of (P)

and (LPii) are equal.
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§
Theorem 4.2. Let & € WF:) for some
93 = (19?,...,19%) € [1,c; 8%0r (). If all the functions ¢, r € I, and
Yy, t €T, are u.s.c., then T € W),

Proof. In direct proof assume ®(z*) < ®(z) for some z* € M. Similar
to the proof of (8), we get

oY (%) < Y (2). 9)

T

Repeating the proof of Theorem 4.1 shows that z* is a feasible point for
8
(LP?). Thus, (9) contradicts Z € W) | as required. O
The converse of Theorem 4.1 is not true in general, and the follow-
ing theorem presents a “weak version” of this converse. Of course, the
following theorem implies that the converse of Theorem 4.2 is true.

Theorem 4.3. For a given & € W), suppose that the hypothesis of

Theorem 5.1 are fulfilled. Then, & € E( (Lry ) for some 98 € [Ler D3p;(Z).

Proof. Take T'(z) = {t1,...,tx}. Applying Theorem 3.1, there exist
some 9% € 30, (%), r € I, some ﬂfv € Oy, (%), v=1,...,k, and a
n € Nq(Z) satisfying

S o=
rel v=1
Assume that x, € M}Z Y s arbitrarily given. Since
T € Q, and wtv(:i)g—(ﬁ%v,x*—@, Yo=1,...,k,
we deduce that
§ _ 5 _
<§19r , Tu — T) Zﬁ , Tx — T) n,x;) Zwtv

This implies that

Sor@ +Y (o -5 >y (@),  Ve.eMI.  (10)

rel rel rel

9
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Now, if & is not an efficient solution for (LP# ) with 98 := (19?, e 19?,) €
Il cr 3, (%), there exist z € M19 and ¢ € I such that

or(Z) + (93,2 — &) < (&) + (03,2 — &) = o,.(8), Vrel,

po(&) + (05, 2 — &) < @o(F) + (9,7 — &) = pu(3).
Adding these inequalities for r € I, we deduce that

> er@ + 052 = 8)| < 3 (@)

rel rel

which contradicts (10). O

An important point about the problem (LP?) is the index set of its
constraints, i.e., T'(Z). The following example shows that if we replace
T'(z) with T there, Theorems 4.1 and 4.2 will not be valid.

Exzample 2. Consider the problem (P) by following data:

p=1, n=1, T:{_171}7 901('1‘) :xga Q =R,
hr(x) =2, Poa(e)= -z -1
Clearly, M = [—1,0]. Considering = 0, we get 7'(0) = {1}, and
0%p1(0) = (0,+00), 9*1(0) = (0,400), I*Y_1(0) = (—00,0).

Hence, if we replace T'(Z) by T in (LP?), we receive to the following
problem:

Q) : max o
s.t. Bx <0, VB >0,
yr—1<0, Vy<O0,

where a > 0. Since the feasible set of (Q) is {0}, then Z is the solution
of (Q) while it is not solution of (P).
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