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1 Introduction and Preliminaries

A vigorous research activity focuses on the research on fixed points for
given mappings with certain contractive conditions in various abstract
spaces. Banach contraction mapping has attracted the attention of many
authors to generalize, extend and improve the metric fixed point theory.
In this direction, the authors considered the extension of metric fixed
point theory to different abstract spaces such as symmetric spaces, quasi-
metric spaces, fuzzy metric spaces, partial metric spaces, probabilistic
metric spaces, spaces with graph, (ordered) G-metric spaces (see, e.g.
[1]-[30]). Also, one can observe the notions of cyclic contractions and
cyclic contractive type mappings in several works. This line of research
was initiated by Kirk, et al. [12]. For more results in this field, see ([7],
[19]-[21] and [23]).

The notion of α−admissible mappings has been introduced and ap-
plied by Samet et al. [24].

In this paper, we introduce the concept of cyclic-α−fπ$−contractive
mappings and their graphic version. In addition, we prove some fixed
point results regarding this new notion.

In the following, we give a few auxiliary facts which will be used in
our further considerations.

Definition 1.1. Let Υ be a self-mapping on a nonempty set Λ and
α : Λ×Λ→ [0,+∞) be a function. Υ is called an α−admissible mapping
if α (Υι,Υκ) ≥ 1, for all ι, κ ∈ Λ with α (ι, κ) ≥ 1.

The family Π of increasing functions π : [0,+∞) → [0,+∞) such

that
+∞∑
n=1

πn (t) < +∞ for each t > 0, where πn is the n-th iterate of π,

has been considered in [24].

Theorem 1.2. [24] Let (Λ, d) be a complete metric space and Υ be an
α−admissible mapping. Assume that α (ι, κ) d (Υι,Υκ) ≤ π (d (ι, κ)) ,
where π ∈ Π. Also, let:

(i) α (ι0,Υι0) ≥ 1, for some ι0 ∈ Λ,
(ii) either Υ is continuous, or, for any sequence {ιn} in Λ with

α (ιn, ιn+1) ≥ 1 for all n ∈ N∪{0} such that ιn → ι as n → +∞, we
have α (ιn, ι) ≥ 1 for all n ∈ N∪{0} .
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Then Υ possesses a fixed point.
Amini-Harandi [8] introduced any interesting generalization of the

partial metric spaces, known as metric-like spaces. For more details on
these spaces, we refer the reader to ([5, 6, 14, 23, 25, 26, 27]).

Definition 1.3. [8] A mapping d̂ : Λ × Λ → [0,+∞), where Λ is a
nonempty set, is called a metric-like on Λ if for any ι, κ, z ∈ Λ one has:

(d̂ 1) d̂ (ι, κ) = 0 implies ι = κ;
(d̂ 2) d̂ (ι, κ) = d̂ (κ, ι) ;
(d̂ 3) d̂ (ι, z) ≤ d̂ (ι, κ) + d̂ (κ, z) .

The pair
(

Λ, d̂
)

is said to be a metric-like space. A metric-like d̂ on

Λ satisfies all conditions of a metric except that d̂ (ι, ι) may be positive
for some ι ∈ Λ.

Definition 1.4. [8] Let
(

Λ, d̂
)

be a metric-like space, and let {ιn} be

a sequence of points in Λ. If lim
n→+∞

d̂ (ι, ιn) = d̂ (ι, ι) , then ι is said to

be the limit of the sequence {ιn} . In this case, we say that the sequence
{ιn} is convergent to ι which is denoted by ιn → ι as n→ +∞.

Definition 1.5. [8] Let
(

Λ, d̂
)

be a metric-like space, and let {ιn} be a

sequence of points in Λ. A sequence {ιn} is called d̂−Cauchy if and only
if

lim
n,m→+∞

d̂ (ιn, ιm) exists and is finite.

Definition 1.6. [8] A metric-like space
(

Λ, d̂
)

is said to be d̂−complete

if and only if for each d̂−Cauchy sequence {ιn} in Λ, there exists ι ∈ Λ
such that

lim
n,m→+∞

d̂ (ιn, ιm) = d̂ (ι, ι) = lim
n→+∞

d̂ (ιn, ι) .

Definition 1.7. ([5], [25]) A sequence {ιn} in metric-like space
(

Λ, d̂
)

is called a 0-d̂-Cauchy if and only if lim
n,m→+∞

d̂ (ιn, ιm) = 0. A metric-like

space
(

Λ, d̂
)

is said to be 0-d̂-complete if and only if every 0-d̂-Cauchy

sequence {ιn} in Λ converges to any element ι ∈ Λ such that

lim
n,m→+∞

d̂ (ιn, ιm) = d̂ (ι, ι) = lim
n→+∞

d̂ (ιn, ι) = 0.
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Every partial metric space is a metric-like space, but the opposite is
not true in general (see e.g., [8, 10, 25]).

Lemma 1.8. [25] Let
(

Λ, d̂
)

be a metric-like space and {ιn} be a se-

quence in Λ such that ιn → ι as n → +∞ and d̂ (ι, ι) = 0. Then
lim

n→+∞
d̂ (ιn, κ) = d̂ (ι, κ) for all κ ∈ Λ.

Lemma 1.9. [23] Let
(

Λ, d̂
)

be a metric-like space. Then,

(a) if d̂ (ι, κ) = 0, then d̂ (ι, ι) = d̂ (κ, κ) = 0;
(b) if {ιn} is a sequence in Λ such that lim

n→+∞
d̂ (ιn, ιn+1) = 0, then

lim
n→+∞

d̂ (ιn, ιn) = lim
n→+∞

d̂ (ιn+1, ιn+1) = 0;

(c) if ι 6= κ, then d̂ (ι, κ) > 0;

(d) d̂ (ι, ι) ≤ 2
n

n∑
i=1

d̂ (ι, ιi) holds for all ιi, ι ∈ Λ where 1 ≤ i ≤ n.

The concept of C-class functions which contains a large class of con-
tractive conditions has been introduced in [2] and [5].

Definition 1.10. [2] A continuous function f : [0,+∞)2 → R is called
a C-class function if

(C1) f (u, v) ≤ u;
(C2) f (u, v) = u implies that either u = 0 or v = 0,
for all u, v ∈ [0,+∞).
We denote the class of all C-functions by C.

Example 1.11. [2] Following examples show that the class C is nonempty:
1. f (u, v) = u− v.
2.f (u, v) = ru, for some r ∈ (0, 1) .
3. f (u, v) = u

(1+v)k
for some k ∈ (0,+∞) .

4. f (u, v) = log(t+uα)
1+v , for some α > 1 and some t < 1.

5. f (u, v) = u− v
k+v , where k ≤ 1.

6. f (u, v) = u− g (u) , where g : [0,+∞)→ [0,+∞) is a continuous
function such that g (ι) = 0 if and only if ι = 0.

Let Π = {π : [0,+∞)→ [0,+∞) : π is increasing and continuous}
and∐

= {$ : [0,+∞)→ [0,+∞) : $ is increasing and lower semi-continuous}.
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Definition 1.12. A triple (π,$, f) where π ∈ Π, $ ∈
∐

and f ∈ C is
said to be monotone if

ι ≤ κ implies f (π (ι) , $ (ι)) ≤ f (π (κ) , $ (κ)) ,

for any ι, κ ∈ [0,+∞).

Example 1.13. Let f (u, v) = u− v, $ (ι) =
√
ι and

π (ι) =

{ √
ι, if 0 ≤ ι ≤ 1,

ι2, if ι > 1.

Then (π,$, f) is a monotone triple.

Lemma 1.14. ([5, 19, 25]) Let
(

Λ, d̂
)

be a metric-like space and let {ιn}
be a sequence in Λ such that lim

n→+∞
d̂ (ιn, ιn+1) = 0. If {ιn} is not a 0-

d̂-Cauchy sequence in
(

Λ, d̂
)
, then there exist ε > 0 and two sequences

{mk} and {nk} of positive integers such that nk > mk > k and the
following sequences tend to ε+ when k → +∞ :

d̂ (ιmk , ιnk) , d̂ (ιmk , ιnk+1) , d̂ (ιmk−1, ιnk) , d̂ (ιmk−1, ιnk+1) , d̂ (ιmk+1, ιnk+1) .

2 Cyclic-α− fπ$−Contractive Mappings

To start with, we enunciate some definitions and notations which are
productive for the subsequent analysis.

(*) Let π ∈ Π, $ ∈
∐

and f ∈ C such that π (v)−f (π (u) , $ (u)) > 0
for all v > 0 and u = v or u = 0.

Note that condition (*) generalizes (1.2) of [13].
Following definition is a generalization of cyclic-type contractive map-

pings from [12]-[21] and [23].

Definition 2.1. Let
(

Λ, d̂
)

be a 0-d̂-complete metric-like space, p ∈ N

and Γ1,Γ2, ...,Γp, be d̂−closed nonempty subsets of Λ. Let ∆ =
p⋃
i=1

Γi

and α : ∆ ×∆ → [0,+∞) be a mapping. Υ : ∆ → ∆ is called a cyclic
α− fπ$−contractive mapping if
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(1) Υ (Γj) ⊆ Γj+1, for all j = 1, 2, ..., p, where Γp+1 = Γ1;
(2) for any ι ∈ Γi and κ ∈ Γi+1, (i = 1, 2, ..., p), where Γp+1 = Γ1

and α (ι,Υι)α (κ,Υκ) ≥ 1 we have

π
(
d̂ (Υι,Υκ)

)
≤ f

(
π
(
Md̂ (ι, κ)

)
, $
(
Md̂ (ι, κ)

))
(1)

where π ∈ Π, $ ∈
∐

and f ∈ C such that the triple (π,$, f) is monotone
and

Md̂ (ι, κ) =
ad̂ (ι, κ) + bd̂ (ι,Υι) + cd̂ (κ,Υκ) + e d̂(ι,Υκ)+d̂(κ,Υι)

2

m
, (2)

with a, b, c, e ≥ 0 and m = a+ b+ c+ 2e < 1.

Remark 2.2. If in Definition 2.1, Γ1 = Γ2 = · · · = Γp, then we say
Υ is an α − fπ$− contractive mapping. Further, if Υ : Λ → Λ is
an α − fπ$− contractive mapping, ι ∈ Fix (Υ) and α (ι, ι) ≥ 1, then
d̂ (ι, ι) = 0.

Indeed, if ι ∈ Fix (Υ) , α (ι, ι) ≥ 1 and d̂ (ι, ι) > 0, then Md̂ (ι, ι) ≤
d̂ (ι, ι) and by (1), since the triple (π,$, f) is monotone, we have

π
(
d̂ (ι, ι)

)
= π

(
d̂ (Υι,Υι)

)
≤ f

(
π
(
d̂ (ι, ι)

)
, $
(
d̂ (ι, ι)

))
.

So, π
(
d̂ (ι, ι)

)
= 0 or $

(
d̂ (ι, ι)

)
= 0. Therefore, d̂ (ι, ι) = 0. This is a

contradiction with d̂ (ι, ι) > 0. �

Definition 2.3. [6] Let
(

Λ, d̂
)

be a metric-like space and let α : Λ×Λ→
[0,+∞) be a function. Then Υ : Λ → Λ is said to be α−continuous on(

Λ, d̂
)
, if

ιn → ι and α (ιn, ιn+1) ≥ 1 for all n ∈ N implies Υιn → Υι.

Example 2.4. Let Λ = [0,+∞) and d̂(ι, κ) = ι+ κ be a metric-like on
Λ. Assume that Υ : Λ→ Λ and α : Λ2 → [0,+∞) are defined by

Υι =

{
ι4, if ι ∈ [0, 1]
sinπι+ 2, if ι ∈ (1,+∞)

, α (ι, κ) =

{
1, if (ι, κ) ∈ [0, 1]2

0, otherwise.
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Clearly, Υ is not continuous, but it is α−continuous on
(

Λ, d̂
)
. Indeed,

if ιn → ι as n → +∞ and α (ιn, ιn+1) ≥ 1, then ιn ∈ [0, 1] and so
lim

n→+∞
Υιn = lim

n→+∞
ι4n = ι4 = Υι.

Now, we formulate the following lemma which plays a significant role
concerning the results invoking cyclic contractions. Its proof is similar
to the corresponding result ([8], Lemma 1.8.) for partial metric spaces.

Definition 2.5. [18] Let Λ be a non-empty set, m a positive integer

and Υ : Λ → Λ an operator. By definition, Λ =
m⋃
i=1

Λi is a cyclic

representation of Λ with respect to Υ if
(1) Λi, i = 1, ...,m are non-empty sets;
(2) Υ(Λ1) ⊆ Λ2, ..., Υ(Λm−1) ⊆ Λm, Υ(Λm) ⊆ Λ1.

Lemma 2.6. Let

(
Λ =

p⋃
i=1

Γi, d̂

)
be a metric-like space and Υ : Λ→ Λ

be a cyclic representation. Assume that

lim
n→+∞

d̂ (ιn, ιn+1) = 0,

where ιn+1 = Υιn, (we can suppose that ι1 ∈ Γ1). If {ιn} is not a
0-d̂-Cauchy sequence, then there exist ε > 0 and two sequences {nk}
and {mk} of positive integers such that nk > mk > k and the following
sequences tend to ε+ when k → +∞ :

d̂ (ιmk−jk , ιnk) , d̂ (ιmk−jk+1, ιnk) ,

d̂ (ιmk−jk , ιnk+1) , d̂ (ιmk−jk+1, ιnk+1) , ...

where jk ∈ {1, 2, ..., p} is chosen so that nk −mk + jk ≡ 1, for each
k ∈ N. Note that, if p = 1, Lemma 1.14 is a special case.

3 Main Results

Now, we are ready to present our first new result of this section.

Theorem 3.1. Let
(

Λ, d̂
)

be a 0-d̂-complete metric-like space and α :

Λ × Λ → [0,+∞) be a mapping. Assume that Υ : Λ → Λ is an α −
fπ$−contractive mapping satisfying the following assertions:
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(i) Υ is an α−admissible mapping,
(ii) α (ι0,Υι0) ≥ 1 for an element ι0 in Λ,
(iii) Υ is α−continuous, or;
(iv) if {ιn} is a sequence in Λ such that α (ιn, ιn+1) ≥ 1 for all

n ∈ N and ιn → ι as n→ +∞, then α (ι,Υι) ≥ 1.
Then Υ admits a fixed point in Λ.
Moreover, if
(v) α (ι, ι) ≥ 1, whenever ι ∈ Fix (Υ) , then Υ admits a unique fixed

point.
Proof. Define Picard’s sequence ιn = Υnι0, where ι0 is the given point
for which α (ι0,Υι0) ≥ 1. Since Υ is an α−admissible mapping, we get
that α (ι1,Υι1) = α (Υι0,Υ (Υι0)) ≥ 1. Again, from the same reason, it
follows that α (ι2,Υι2) = α (Υι1,Υ (Υι1)) ≥ 1. Continuing this process
we have α (ιn,Υιn) ≥ 1 for all n ∈ N, and so, α (ιn,Υιn)α (ιn−1,Υιn−1) ≥
1 for all n ∈ N. In the case when ιn−1 = ιn for some n ∈ N, ιn−1 is a
fixed point of Υ. Therefore, assume that ιn−1 6= ιn for all n ∈ N. Hence,
by Lemma 1.9 (c), we have d̂ (ιn−1, ιn) > 0 for all n ∈ N. Now, we show
that the sequence d̂ (ιn, ιn+1) is increasing. Set

Γ =
ad̂ (ιn−1, ιn) + bd̂ (ιn−1,Υιn−1) + cd̂ (ιn,Υιn) + e d̂(ιn−1,Υιn)+d̂(ιn,Υιn−1)

2

m
.

By (1) and (2) we get

π
(
d̂ (ιn, ιn+1)

)
= π

(
d̂ (Υιn−1,Υιn)

)
≤ f (π (Γ) , $ (Γ))

(3)

On the other hand, from Lemma 3, part (d), we have d̂ (ιn, ιn) ≤
2d̂ (ιn−1, ιn) and by

(
d̂3
)

we have d̂ (ιn−1, ιn+1) ≤ d̂ (ιn−1, ιn)+d̂ (ιn, ιn+1) .

Therefore, from (3) we get,

π
(
d̂ (ιn, ιn+1)

)
≤ f (π (B) , $ (B)) (4)

where

B =

(
a+ b+ 3e

2

)
d̂ (ιn−1, ιn) +

(
c+ e

2

)
d̂ (ιn, ιn+1)

m
.
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From (4) it follows that

d̂ (ιn, ιn+1) ≤ B,

that is,

m · d̂ (ιn, ιn+1) ≤
(
a+ b+

3e

2

)
d̂ (ιn−1, ιn) +

(
c+

e

2

)
d̂ (ιn, ιn+1) ,

or equivalently,
d̂ (ιn, ιn+1) ≤ d̂ (ιn−1, ιn) .

Therefore, there exists d̂∗ ≥ 0 such that lim
n→+∞

d̂ (ιn, ιn+1) = d̂∗. To prove

d̂∗ = 0, we use the method of reductio ad absurdum. For this purpose,
we assume that d̂∗ > 0. By (4) together with the properties of π and $
we have

π
(
d̂∗
)
≤ f

(
π
(
d̂∗
)
, $
(
d̂∗
))

,

so, π
(
d̂∗
)

= 0, or, $
(
d̂∗
)

= 0. This is a contradiction. Hence,

lim
n→+∞

d̂ (ιn, ιn+1) = 0.

In order to prove that {ιn} is a 0-d̂−Cauchy sequence, let

lim
n,m→+∞

d̂ (ιn, ιm) 6= 0.

Taking ι = ιmk , κ = ιnk in (6) and utilizing lemma 2.6, we have

π
(
d̂ (ιmk+1, ιnk+1)

)
≤ f

(
π
(
Md̂ (ιmk , ιnk)

)
, $
(
Md̂ (ιmk , ιnk)

))
, (5)

where

m ·Md̂ (ιmk , ιnk) = ad̂ (ιmk , ιnk) + bd̂ (ιmk , ιmk+1) + cd̂ (ιnk , ιnk+1)

+ e
d̂ (ιmk , ιnk+1) + d̂ (ιmk+1, ιnk)

2
→
(
a+ c+

e

2

)
ε,

as k → +∞. Now, taking the limit in (5) as k → +∞, we get the
following:
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π (ε) ≤ f
(
π

(
1

m

((
a+ c+

e

2

)
ε
))

, $

(
1

m

((
a+ c+

e

2

)
ε
)))

≤ f (π (ε) , $ (ε)) ,

so, π (ε) = 0, or, $ (ε) = 0, that is, in both cases, we obtain that
ε = 0. This is a contradiction. Hence, lim

n,m→+∞
d̂ (ιn, ιm) = 0. In other

words, the sequence {ιn} is a 0-d̂−Cauchy sequence. Since
(

Λ, d̂
)

is 0-

d̂−complete, so there exists ι ∈ Λ such that lim
n→+∞

ιn = ι. Equivalently,

we have

d̂ (ι, ι) = lim
n→+∞

d̂ (ι, ιn) = lim
n,m→+∞

d̂ (ιn, ιm) = 0. (6)

At first, assume that (iii) holds. That is, Υ is α−continuous. Then
ι = lim

n→+∞
ιn+1 = lim

n→+∞
Υιn = Υι, i.e., ι is a fixed point of Υ.

Secondly, assume that (iv) holds. Then from (iv) it follows that
α (ι,Υι) ≥ 1. Further, α (ι,Υι)α (ιnk ,Υιnk) ≥ 1. In what follows, we
prove that ι is a fixed point of Υ. Since lim

n→+∞
ιn = ι, using the contrac-

tive condition (1), we obtain that

π
(
d̂ (Υι,Υιnk)

)
≤ f (π (Γk) , $ (Γk)) , (7)

where

Γk =
1

m

{
ad̂ (ι, ιnk

) + bd̂ (ι,Υι) + cd̂ (ιnk
,Υιnk

) + e
d̂ (ι,Υιnk

) + d̂ (ιnk
,Υι)

2

}

and m = a + b + c + 2e. Now, taking the limit in (7) as k → +∞,
using the (6) and the lower semi-continuous of the function $, we obtain

π
(
d̂ (ι,Υι)

)
≤ f

(
π
(
d̂ (ι,Υι)

)
, $
(
d̂ (ι,Υι)

))
, (8)

so, π
(
d̂ (ι,Υι)

)
= 0, or, $

(
d̂ (ι,Υι)

)
= 0. Thus, d̂ (ι,Υι) = 0 and,

therefore, ι is a fixed point of Υ.
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For the uniqueness of the fixed point of the map Υ, suppose that
ι, κ (ι 6= κ) are two fixed points of Υ. Since ι, κ ∈ Fix (Υ) we have,
d̂ (ι, κ) > 0, α (ι, ι) ≥ 1 and α (κ, κ) ≥ 1, (that is (v) holds). So,
α (ι,Υι)α (κ,Υκ) ≥ 1. Using (1) we have that d̂ (ι, ι) = d̂ (κ, κ) = 0.
Further, it follows

π
(
d̂ (Υι,Υκ)

)
≤ f (π (Γι,κ) , $ (Γι,κ)) , (9)

where

Γι,κ =
1

m

{
ad̂ (ι, κ) + bd̂ (ι,Υι) + cd̂ (κ,Υκ) + e

d̂ (ι,Υκ) + d̂ (κ,Υι)

2

}

=
1

m

{
ad̂ (ι, κ) + bd̂ (ι, ι) + cd̂ (κ, κ) + e

d̂ (ι, κ) + d̂ (κ, ι)

2

}

=
1

m

{
ad̂ (ι, κ) + b · 0 + c · 0 + e

2d̂ (ι, κ)

2

}
=

1

m
(a+ e) d̂ (ι, κ) . (10)

Since 1
m (a+ e) = a+e

a+b+c+2e < 1, then from (9) and (10), it follows that

π
(
d̂ (ι, κ)

)
≤ f

(
π
(
d̂ (ι, κ)

)
, $
(
d̂ (ι, κ)

))
,

that is, d̂ (ι, κ) = 0, which is a contradiction. This finishes the proof. �
We expound the following example to uphold our obtained result.

Example 3.2. Let Λ = [0,+∞) with the metric-like d̂ (ι, κ) = max {ι, κ}
for all ι, κ ∈ Λ and f (s, t) = s

1+t . Let Υ : Λ → Λ and α : Λ × Λ →
[0,+∞) be defined by

Υι =


1
5 ι

2, if 0 ≤ ι < 1
3

1−ι2
6 , if 1

3 ≤ ι ≤ 1
1
6 ι, if 1 < ι ≤ 2
2ι2 + 1, if ι > 2,

and α (ι, κ) =

{
5, if (ι, κ) ∈ [0, 2]2

0, otherwise.



12 V. PARVANEH et al.

Also, define π,$ : [0,+∞) → [0,+∞) by π (t) = t and $ (t) = 1.
Let α (ι,Υι)α (κ,Υκ) ≥ 1. Then (ι, κ) ∈ [0, 2]2. Now, we consider the
following cases:

1. Let 0 ≤ ι, κ < 1
3 . Then

d̂ (Υι,Υκ) =
1

5
max

{
ι2, κ2

}
≤ 1

2
max {ι, κ} =

1

2
d̂ (ι, κ) .

2. Let 1
3 ≤ ι, κ ≤ 1. Then

d̂ (Υι,Υκ) =
1

2
max {1− ι, 1− κ} ≤ 1

2
max {ι, κ} =

1

2
d̂ (ι, κ) .

3. Let 1 < ι, κ ≤ 2. Then

d̂ (Υι,Υκ) =
1

6
max {ι, κ} ≤ 1

2
max {ι, κ} =

1

2
d̂ (ι, κ) .

4. Let 0 ≤ ι < 1
3 and 1

3 ≤ κ ≤ 1. Then

d̂ (Υι,Υκ) = max

{
1

5
ι2,

1

2
(1− κ)

}
≤ 1

2
max {ι, κ} =

1

2
d̂ (ι, κ) .

5. Let 0 ≤ ι < 1
3 and κ > 1. Then

d̂ (Υι,Υκ) = max

{
1

5
ι2,

1

6
κ

}
≤ 1

2
max {ι, κ} =

1

2
d̂ (ι, κ) .

6. Let 1
3 ≤ ι ≤ 1 and 1 < κ ≤ 2. Then

d̂ (Υι,Υκ) = max

{
1

2
(1− ι) , 1

6
κ

}
≤ 1

2
max {ι, κ} =

1

2
d̂ (ι, κ) .

So,

π
(
d̂ (Υι,Υκ)

)
= d̂ (Υι,Υκ) ≤ 1

2
d̂ (ι, κ)

≤ 1

2
Md̂ (ι, κ) =

π
(
Md̂ (ι, κ)

)
1 +$

(
Md̂ (ι, κ)

) .
Since the conditions (i), (ii) and (iv) of Theorem 3.1 hold true, it follows
that Υ is an α − fπ$−contractive mapping, that is, Υ admits a fixed
point.�

Our second new result of this paper is the following:
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Theorem 3.3. Let
(

Λ, d̂
)

be a 0-d̂-complete metric-like space. Let p

be a positive integer, Γ1,Γ2, ....,Γp be nonempty d̂−closed subsets of Λ,

∆ =
p⋃
i=1

Γi and α : Λ × Λ → [0,+∞) be a mapping. Assume that

Υ : ∆ → ∆ is a cyclic α − fπ$−contractive mapping satisfying the
following assertions:

(i) Υ is an α−admissible mapping;
(ii) there exists an element ι0 in ∆ such that α (ι0,Υι0) ≥ 1;
(iii) Υ is α−continuous, or,
(iv) if {ιn} is a sequence in Λ such that α (ιn, ιn+1) ≥ 1 for all

n ∈ N and ιn → ι as n→ +∞, then α (ι,Υι) ≥ 1.
Then Υ admits a fixed point in ∩pi=1Γi. Moreover, if
(v) α (ι, ι) ≥ 1, whenever ι ∈ Fix (Υ) ,
Then Υ admits a unique fixed point.

Proof.
Let ι0 be a point of ∆ such that α (ι0,Υι0) ≥ 1. Then there exists

some i0 such that ι0 ∈ Γi0 . Υ (Γi0) ⊆ Γi0+1 implies that Υι0 ∈ Γi0+1.
Thus, there exists ι1 in Γi0+1 such that Υι0 = ι1. Similarly, Υιn = ιn+1,
where ιn ∈ Γin . Hence, for all n ≥ 0, there exists in ∈ {1, 2, ..., p}
such that ιn ∈ Γin and Υιn = ιn+1. On the other hand, as Υ is an
α−admissible mapping, then we get α (ι1,Υι1) = α (Υι0,Υ (Υι0)) ≥ 1.
Again, since Υ is an α−admissible mapping,

α (ι2,Υι2) = α (Υι1,Υ (Υι1)) ≥ 1.

Continuing this process, we get α (ιn,Υιn) ≥ 1 for all n ∈ N
⋃
{0} and

so,
α (ιn,Υιn)α (ιn−1,Υιn−1) ≥ 1 for all n ∈ N.

If ιn0 = ιn0+1 for some n0 ∈ N
⋃
{0} , then it is clear that ιn0 is a fixed

point of Υ. Now, assume that ιn 6= ιn+1 for all n. Hence, by Lemma 3
(c) we have d̂ (ιn−1, ιn) > 0 for all n. Now, we show that the sequence{
d̂ (ιn, ιn+1)

}
is increasing.

By (6) we get

π
(
d̂ (ιn, ιn+1)

)
= π

(
d̂ (Υιn−1,Υιn)

)
≤ f (π (Γ) , $ (Γ)) ,
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where

Γ =
ad̂ (ιn−1, ιn) + bd̂ (ιn−1, ιn) + cd̂ (ιn, ιn+1) + ead̂(ιn−1,ιn+1)+ad̂(ιn,ιn)

2

m
,

and m = a+ b+ c+ 2e ∈ (0, 1) .
Further, as in the proof of previous theorem we easily obtain that

d̂ (ιn, ιn+1) ≤ d̂ (ιn−1, ιn) as well as d̂ (ιn, ιn+1)→ 0 as n→ +∞. In order
to prove that the sequence {ιn} is a 0-d̂−Cauchy, we will use Lemma 5.
Therefore, putting ι = ιmk−jk , κ = ιnk in (6) we get

π
(
d̂ (ιmk−jk+1, ιnk+1)

)
≤ f

(
π
(
Md̂ (ιmk−jk , ιnk)

)
, $
(
Md̂ (ιmk−jk , ιnk)

))
,

(11)
where

m ·Md̂ (ιmk−jk , ιnk
) = ad̂ (ιmk−jk , ιnk

) + bd̂ (ιmk−jk , ιmk−jk+1) +

+ cd̂ (ιnk
, ιnk+1) + e

d̂ (ιmk−jk , ιnk+1) + d̂ (ιmk−jk+1, ιnk
)

2

→ aε+ b · 0 + c · 0 + e
2ε

2
= (a+ e) ε, as k → +∞.

Now, taking the limit in (11) as k → +∞, we obtain that

π (ε) ≤ f
(
π

(
(a+ e) ε

m

)
, $

(
(a+ e) ε

m

))
≤ f (π (ε) , $ (ε)) ,

which implies that π (ε) = 0, or, $ (ε) = 0, that is, in both cases, we ob-
tain that ε = 0. But, this is a contradiction. Hence, lim

n,m→+∞
d̂ (ιn, ιm) =

0. In other words, the sequence {ιn} is a 0-d̂−Cauchy sequence. Since

∆ is d̂−closed in
(

Λ, d̂
)
, this means that there exists a unique ι ∈ ∆

such that

d̂ (ι, ι) = lim
n→+∞

d̂ (ιn, ι) = lim
n,m→+∞

d̂ (ιn, ιm) = 0.

Further, as Υ (Γi) ⊆ Γi+1,Γp+1 = Γ1, it follows that the sequence
{ιn} has infinitely many terms in each Γi for i ∈ {1, 2, ..., p} . Hence, we
have the subsequences {ιni} of {ιn} where {ιni} ⊆ Γi, i = 1, 2, ..., p. It
is clear that each ιni converges to ι. It follows that Γ = ∩pi=1Γi 6= ∅,
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because it contains at least the element ι. Obviously,
(

Γ, d̂
)

is a 0-d̂-

complete metric-like space and Υ : Γ → Γ. Also, the restriction Υ|Γ of
Υ on Γ satisfies all conditions of previous theorem . Hence, Υ admits a
unique fixed point ι in Γ. This completes the proof of Theorem 7. �

4 Fixed Point Results for Cyclic fπ$−Graphic
Contractions

As in Jachymski [11], let
(

Λ, d̂
)

be a metric-like space and Ω be the

diagonal of Λ×Λ. Consider a directed graph G such that V (G) consists
of its vertices coincides with Λ, and E (G) consists of its edges covers
all loops, i.e., E (G) ⊇ Ω. Let G has no parallel edges. So, we treat
G to be the pair (V (G) , E (G)) . Moreover, we may consider G as a
weighted graph (see [11]) by corresponding to each edge the distance
between its vertices. For basic notations and further analysis on graph
structure of fixed point theory, one may refer to the informative papers
[11, 28, 29, 30].

Definition 4.1. [11] We say that a mapping Υ : Λ → Λ is a Banach
G−contraction or simply G−contraction if Υ preserves the edges of G,
i.e.,

for all ι, κ ∈ Λ ((ι, κ) ∈ E (G) implies (Υι,Υκ) ∈ E (G))

and Υ decreases the weights of the edges of G in the following way: there
exists α ∈ (0, 1) such that

(ι, κ) ∈ E (G) implies d (Υι,Υκ) ≤ αd (ι, κ) ,

for all ι, κ ∈ Λ.

Definition 4.2. A mapping Υ : Λ → Λ is called G−continuous, if for
given ι ∈ Λ and for any sequence {kn} of positive integers, Υknι→ κ ∈ Λ
as n→ +∞, implies that Υ

(
Υknι

)
→ Υκ, as n→ +∞.

Definition 4.3. [11] A mapping Υ : Λ→ Λ is called orbitally continu-
ous, if for given ι ∈ Λ and for a sequence {ιn} : ιn → ι as n→ +∞ and
(ιn, ιn+1) ∈ E (G) for all n ∈ N imply that Υιn → Υι.
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Definition 4.4. A mapping Υ : Λ→ Λ is called orbitallyG−continuous,
if for given ι, κ ∈ Λ and for any sequence {kn} of positive integers,
Υknι→ κ and

(
Υknι,Υkn+1ι

)
∈ E (G) for all n ∈ N imply that Υ

(
Υknι

)
→

Υκ, as n→ +∞.

In the sequel, we define cyclic fπ$−graphic contractive mappings
and prove the corresponding results in the framework of metric-like
spaces. Our results extend, compliment, generalize, improve and en-
rich ones from the existing literature ([1, 11, 17, 23]).

Definition 4.5. Let
(

Λ, d̂
)

be a graphic metric-like space. Let p be a

positive integer, Γ1,Γ2, ...,Γp be nonempty d̂−closed subsets of Λ and

∆ =
p⋃
i=1

Γi. We say that Υ is a cyclic fπ$−graphic contractive mapping

if

(a) Υ (Γi) ⊆ Γi+1, (i = 1, 2, ..., p), where Γp+1 = Γ1;

(b) For all ι, κ ∈ ∆ ((ι, κ) ∈ E (G) implies that (Υι,Υκ) ∈ E (G)) ;

(c) For all ι ∈ Γi and κ ∈ Γi+1, (i = 1, 2, ..., p) where Γp+1 = Γ1 and
(ι,Υι) ∈ E (G) and (κ,Υκ) ∈ E (G) we have

π
(
d̂ (Υι,Υκ)

)
≤ f

(
π
(
Md̂ (ι, κ)

)
, $
(
Md(ι,κ)

))
,

where π ∈ Π, $ ∈
∐

and

Md̂ (ι, κ) = max

{
d̂ (ι, κ) , d̂ (ι,Υι) , d̂ (κ,Υκ) ,

d̂ (ι,Υκ) + d̂ (κ,Υι)

4

}
.

If we take Λ = Γi, (i = 1, 2, ..., p), in the Definition 16, Υ is said to be
an fπ$−graphic contractive mapping.

Theorem 4.6. Let
(

Λ, d̂
)

be a complete graphic metric-like space . Let

p be a positive integer, Γ1,Γ2, ...,Γp be a nonempty d̂−closed subsets of

Λ, ∆ =
p⋃
i=1

Γi and Υ : ∆ → ∆ be a cyclic fπ$−graphic contractive

mapping. Suppose that the following assertions hold:
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(i) (ι0,Υι0) ∈ E (G) for an ι0 ∈ Λ,

(ii) Υ is orbitally G−continuous on
(

Λ, d̂
)
, or,

(iii) for any sequence {ιn} ⊂ Λ with ιn → ι as n → +∞ and
(ιn+1, ιn) ∈ E (G) , we have (ι,Υι) ∈ E (G) .

Then Υ admits a fixed point say ι ∈ ∆ and ι ∈ ∩pi=1Γi.

Proof.Define α : ∆ × ∆ → [0,+∞) by α (ι, κ) = 1, If (ι, κ) ∈ E (G) ,
that is, α (ι, κ) = 0, otherwise. At first we prove that Υ is α−admissible.
Let α (ι, κ) ≥ 1. Then (ι, κ) ∈ E (G) . As Υ is a cyclic fπ$−graphic
contractive mapping, we have (Υι,Υκ) ∈ E (G) , that is, α (Υι,Υκ) ≥ 1.

So, Υ is an α−admissible mapping. Let Υ be G−continuous on
(

Λ, d̂
)
,

that is,

ιn → ι as n→ +∞ and (ιn, ιn+1) ∈ E (G) for all n ∈ N imply that Υιn → Υι.

So, Υ is α−continuous on
(

Λ, d̂
)
. From (i) there exists ι0 ∈ Λ such that

(ι0,Υι0) ∈ E (G) . That is, α (ι0,Υι0) ≥ 1.

Let ι ∈ Γi and κ ∈ Γi+1, where α (ι,Υι)α (κ,Υκ) ≥ 1. Then, ι ∈ Γi
and κ ∈ Γi+1, where (ι,Υι) ∈ E (G) and (κ,Υκ) ∈ E (G) . Now, since Υ
is a cyclic fπ$−graphic contractive mapping, then

π
(
d̂ (Υι,Υκ)

)
≤ f

(
π
(
Md̂ (ι, κ)

)
, $
(
Md̂ (ι, κ)

))
.

That is, Υ is a cyclic α− fπ$− contractive mapping. Let {ιn} ⊂ Λ be
a sequence such that ιn → ι as n→ +∞ and α (ιn+1, ιn) ≥ 1. Therefore,
(ιn+1, ιn) ∈ E (G) and then from (iii) we have (ι,Υι) ∈ E (G) . That is,
α (ι,Υι) ≥ 1. Hence, all conditions of Theorem 3.1. are satisfied and Υ
admits a fixed point, say ι ∈ ∆ and ι ∈ ∩pi=1Γi. �

If in Theorem 7, we take π (t) = t and f (s, t) = rs for some r ∈
(0, 1) , then we deduce the following corollary.

Corollary 4.7. Let
(

Λ, d̂
)

be a graphic 0-d̂-complete metric-like space

G. Let p be a positive integer, Γ1,Γ2, ...,Γp be nonempty d̂−closed subsets

of Λ, ∆ =
p⋃
i=1

Γi and α : ∆×∆→ [0,+∞) be a mapping. Assume that

Υ : ∆→ ∆ be a mapping such that:
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(i) Υ (Γi) ⊆ Γi+1, (i = 1, 2, ..., p), where Γp+1 = Γ1;

(ii) ((ι, κ) ∈ E (G) implies that (Υι,Υκ) ∈ E (G)) , for all ι, κ ∈ ∆,

(iii) (ι0,Υι0) ∈ E (G) , for an element ι0 in ∆,

(iv) Υ is orbitally G−continuous, or,

(v) if {ιn} is a sequence in Λ such that (ιn, ιn+1) ∈ E (G) for all
n ∈ N and ιn → ι as n→ +∞, then (ι,Υι) ∈ E (G) ;

(vi) There exists r ∈ (0, 1) such that (ι,Υι) ∈ E (G) and (κ,Υκ) ∈
E (G) implies that

d̂ (Υι,Υκ) ≤ rmax

{
d̂ (ι, κ) , d̂ (ι,Υι) , d̂ (κ,Υκ) ,

d̂ (ι,Υκ) + d̂ (κ,Υι)

4

}

for any ι ∈ Γi, κ ∈ Γi+1, (i = 1, 2, ..., p), where Γp+1 = Γ1.

Then Υ admits a fixed point, (say z) and z ∈ ∩pi=1Γi.

If in Theorem 7, we take Γi = Λ, where i = 1, 2, ..., p, then we deduce
the following result.

Theorem 4.8. Let
(

Λ, d̂
)

be graphic a 0-d̂−complete metric-like space.

Assume that Υ : Λ→ Λ be an fπ$−graphic contractive mapping satis-
fying the following assertions:

(i) ((ι, κ) ∈ E (G) implies that (Υι,Υκ) ∈ E (G)) , for all ι, κ ∈ Λ,

(ii) (ι0,Υι0) ∈ E (G) , for an element ι0 in Λ,

(iii) Υ is orbitally G−continuous, or,

(iv) if {ιn} is a sequence in Λ such that (ιn, ιn+1) ∈ E (G) for all
n ∈ N and ιn → ι as n→ +∞, then (ι,Υι) ∈ E (G) .

Then Υ admits a fixed point in Λ.

Corollary 4.9. Let
(

Λ, d̂
)

be a graphic 0-d̂−complete metric-like space

G. Let p be a positive integer, Γ1,Γ2, ...,Γp be nonempty d̂−closed subsets

of Λ and ∆ =
p⋃
i=1

Γi. Assume that Υ : ∆→ ∆ be a mapping such that:

(i) Υ (Γi) ⊆ Γi+1, (i = 1, 2, ..., p), where Γp+1 = Γ1;

(ii) For all ι, κ ∈ ∆ ((ι, κ) ∈ E (G) implies that (Υι,Υκ) ∈ E (G)) ;

(iii) (ι0,Υι0) ∈ E (G) , for an element ι0 in ∆,

(iv) Υ is orbitally G−continuous, or,



SOME NEW FIXED POINT RESULTS FOR ... 19

(v) if {ιn} is a sequence in Λ such that (ιn, ιn+1) ∈ E (G) for all
n ∈ N and ιn → ι as n→ +∞, then (ι,Υι) ∈ E (G) ;

(vi) There exists r ∈ (0, 1) such that (ι,Υι) ∈ E (G) and (κ,Υκ) ∈
E (G) implies that

d̂(Υι,Υκ)∫
0

ρ (t) dt ≤ r
α∫

0

ρ (t) dt

for any ι ∈ Γi, κ ∈ Γi+1, (i = 1, 2, ..., p), where

α = max
{
d̂ (ι, κ) , d̂ (ι,Υι) , d̂ (κ,Υκ) , d̂(ι,Υκ)+d̂(κ,Υι),

4

}
, Γp+1 = Γ1 and

ρ : [0,+∞)→ [0,+∞) is a Lebesgue-integrable mapping satisfying
ε∫

0

ρ (t) dt >

0 for all ε > 0. Then Υ admits a fixed point z ∈ ∩pi=1Γi.

5 Application

The existence of solution for the following integral equation is the main
purpose in this section.

µ(ι) = f
(
ι,
∫ %(ι)

0 g(ι, κ, µ(ρ(κ)))dκ
)
. (12)

where ι ∈ [0,∞).

By applying Theorem 3.1, we will establish the existence of solution
for the integral equation (12).

Let BC([0,∞)) be the space of all real, bounded and continuous
functions on the interval [0,∞). We endow it with the metric like

d(ι, κ) = sup{|ι(t)|+ |κ(t)| : t ∈ [0,∞)}.

Theorem 5.1. Suppose that the following assumptions are satisfied:

(i) ρ, % : [0,∞) −→ [0,∞) are continuous functions so that

Λ = sup{|%(t)| : t ∈ [0,∞)} < 1,
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(ii) The function f : [0,∞)× R −→ R is continuous so that∣∣f(ι, µ)∣∣ ≤ ∣∣µ∣∣,
for all ι ∈ [0,∞) and µ ∈ R, µ 6= 0,

(iii) ∣∣∣g(ι, κ, µ(ρ(κ)))
∣∣∣ ≤ |µ(ρ(κ))|

where g : [0,∞)2 × R −→ R is continuous,

(iv) M = max{f(ι, 0) : ι ∈ [0,∞)} <∞ and

G = sup
{∣∣∣g(ι, κ, 0)

∣∣∣ : ι ∈ [0,∞)
}
<∞.

(v) π(λt) ≤ λ[π(t)] for all λ ∈ [0, 1) and for all t ∈ [0,∞).

Then the integral equation (12) admits at least one solution in the space
BC([0,∞)).

Proof. Let us consider the operator Υ : BC([0,∞)) −→ BC([0,∞))
defined by

Υ(µ)(ι) = f
(
ι,

∫ %(ι)

0
g(ι, κ, µ(ρ(κ)))dκ).

In view of given assumptions, we infer that the function Υ(µ) is continu-
ous for arbitrarilyµ ∈ BC([0,∞)). Now, we show that Υ(µ) is bounded
in BC([0,∞)). As

|Υ(µ)(ι)| =
∣∣∣f(ι, ∫ %(ι)

0
g(ι, κ, µ(ρ(κ)))dκ)

∣∣∣
≤
∣∣∣f(ι,∫ %(ι)

0
g(ι, κ, µ(ρ(κ)))dκ)− f(ι, 0)

∣∣∣+
∣∣∣f(ι, 0)

∣∣∣,
we have ∣∣∣f(ι,∫ %(ι)

0
g(ι, κ, µ(ρ(κ)))dκ)− f(ι, 0)

∣∣∣
≤
∣∣∣ ∫ %(ι)

0
g(ι, κ, µ(ρ(κ)))dκ

∣∣∣
≤ Λ‖µ‖+ ΛG.
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Thus, ∣∣∣f(ι,∫ %(ι)

0
g(ι, κ, µ(ρ(κ)))dκ)− f(ι, 0)

∣∣∣ ≤ Λ‖µ‖+ ΛG.

From the above calculations, we have

‖Υ(µ)(ι)‖ ≤ Λ‖µ‖+ ΛG+M.

Due to the above inequality, the function Υ is bounded.
Now, we show that Υ satisfies all the conditions of Theorem 3.1. Let

µ1, µ2 be some elements of BC([0,∞)). Then we have

π
(∣∣Υ(µ1)(ι)

∣∣+
∣∣Υ(µ2)(ι)

∣∣)
≤ π

(∣∣∣f(ι,∫ %(ι)

0
g(ι, κ, µ1(ρ(κ)))dκ)

∣∣∣+
∣∣∣f(ι,∫ %(ι)

0
g(ι, κ, µ2(ρ(κ)))dκ)

∣∣∣)
≤ π

(∣∣ ∫ %(ι)

0
g(ι, κ, µ1(ρ(κ)))dκ|+ |

∫ %(ι)

0
g(ι, κ, µ2(ρ(κ)))dκ

∣∣)
≤ π

(∫ %(ι)

0
|µ1(ρ(κ))|dκ+

∫ %(ι)

0
|µ2(ρ(κ))

∣∣dκ)
≤ π

(
%(ι)(d(µ1, µ2))

)
≤ π

(
Λd(µ1, µ2)

)
=

π(d(µ1, µ2))

1 +$(d(µ1, µ2))
,

where π,$ : [0,+∞) → [0,+∞) are defined by π (t) = t and $ (t) =
t−Λt

Λt .
Thus, we obtain that

π(d(Υ(µ1),Υ(µ2))) ≤ f(π(d(µ1, µ2)), $(d(µ1, µ2))).

Using Theorem 3.1, we obtain that the operator Υ admits a fixed
point. Thus, the functional integral equation (12) admits at least one
solution in BC([0,∞)). �

Example 5.2. Let

ι(t) = 1
8 arctan(

∫ tanh t
0

sinh ι(s)+arctan ι(s)
2et ds). (13)
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We observe that the integral equation (13) is a special case of (12) with
ρ(t) = t and %(t) = tanh t, where t ∈ [0, 1]. Also,

f(t, ι) =
arctan(ι)

8
,

and

g(t, s, ι) =
sinh ι+ arctan ι

2et
.

To solve this equation, we need to verify the conditions (i)-(iv) of
Theorem 5.1.
Condition (i) is clearly evident. Take π(t) = cosh t. Now,

|f(t, ι)| ≤ | arctan ι|
8

≤ |ι|
8
≤ |ι|.

So, we find that f satisfies condition (ii) of Theorem 5.1. Also,

M = sup{|f
(
t, 0
)
| : t ∈ [0,∞)} = 0.

Obviously, condition (iii) of Theorem 5.1 is valid, that is, g is continuous
on [0,∞)× [0,∞)× R, and

G = sup

{∣∣∣ ∫ tanh t

0

1

2et
ds
∣∣∣ : t ∈ [0,∞)

}

= sup
t∈[0,∞)

(
tanh t

4et
) ' 0.1.

On the other hand,

|g(t, s, ι(ρ(s)))| = |sinh ι(s) + arctan ι(s)

2et
|

≤ |ι(s)|.

As a result, all the reservations of Theorem 5.1 are valid. So, there is
at least one solution for integral equation (13) which is an element of
BC[0,∞).



SOME NEW FIXED POINT RESULTS FOR ... 23

Acknowledgements
Authors are very grateful to all the referees. In particular, the referee
report with 43 query points, has improved the quality, content and pre-
sentation of this paper.

References

[1] M. Abbas, T. Nazir, B. Z. Popov́ıć, and S. Radenović, On weakly commuting
set valued mappings on a domain of sets endowed with directed graph, Results
Math., 71(3) (2017), 1277-1295.

[2] A. H. Ansari, Note on “ϕ − ψ−contractive type mappings and related fixed
point”, The 2nd Regional Conference on Mathematics and Applications, Payame
Noor University, (2014), 377-380

[3] S. Banach, Sur les opérations dans les ensembles abstraits et leur application
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