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1 Introduction and Preliminaries

A vigorous research activity focuses on the research on fixed points for
given mappings with certain contractive conditions in various abstract
spaces. Banach contraction mapping has attracted the attention of many
authors to generalize, extend and improve the metric fixed point theory.
In this direction, the authors considered the extension of metric fixed
point theory to different abstract spaces such as symmetric spaces, quasi-
metric spaces, fuzzy metric spaces, partial metric spaces, probabilistic
metric spaces, spaces with graph, (ordered) G-metric spaces (see, e.g.
[1]-[30]). Also, one can observe the notions of cyclic contractions and
cyclic contractive type mappings in several works. This line of research
was initiated by Kirk, et al. [12]. For more results in this field, see ([7],
[10)-[21] and [23]).

The notion of a—admissible mappings has been introduced and ap-
plied by Samet et al. [24].

In this paper, we introduce the concept of cyclic-a— frw—contractive
mappings and their graphic version. In addition, we prove some fixed
point results regarding this new notion.

In the following, we give a few auxiliary facts which will be used in
our further considerations.

Definition 1.1. Let T be a self-mapping on a nonempty set A and
a: AxA — [0,+00) be a function. T is called an a—admissible mapping
if (Yo, YTk) > 1, for all ¢,k € A with a (¢, k) > 1.

The family II of increasing functions 7 : [0,+0c0) — [0, +00) such

+o0o

that > 7" (t) < +oo for each t > 0, where 7" is the n-th iterate of ,
n=1

has been considered in [21].

Theorem 1.2. [2/] Let (A, d) be a complete metric space and T be an
a—admissible mapping. Assume that o (1, k) d (Y, Tr) < w(d(i,K)),
where m € 11. Also, let:

(i) (Lo, Yip) > 1, for some ¢y € A,

(ii) either Y is continuous, or, for any sequence {t,} in A with
a(tnytne1) > 1 for all n € NU{0} such that v, — ¢ as n — 400, we
have o (tn,t) > 1 for all n € NU{0}.
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Then T possesses a fixed point.

Amini-Harandi [8] introduced any interesting generalization of the
partial metric spaces, known as metric-like spaces. For more details on
these spaces, we refer the reader to ([5, 0, 14, 23, 25, 26, 27]).

Definition 1.3. [2] A mapping d : A x A — [0,+00), where A is a
nonempty set, is called a metric-like on A if for any ¢, x,z € A one has:
(d 1) d (1, k) = 0 implies ¢ = &;
(d2)d(u,k)=d(k1);
(d3)d(1,2) <d(t,k)+ d(k,z).
The pair (A, CZ) is said to be a metric-like space. A metric-like d on

A satisfies all conditions of a metric except that d (,¢) may be positive
for some ¢ € A.

Definition 1.4. [3] Let (A,a?) be a metric-like space, and let {¢,} be

a sequence of points in A. If lim d(L,Ln) = J(L,L), then ¢ is said to
n—-+4o0o

be the limit of the sequence {i,} . In this case, we say that the sequence
{tn} is convergent to ¢ which is denoted by ¢, — ¢ as n — +o0.

Definition 1.5. [¢] Let <A, ci) be a metric-like space, and let {¢,,} be a

sequence of points in A. A sequence {¢,,} is called J—Cauchy if and only
if

lim  d(n,tm) exists and is finite.
n,m—-+00

Definition 1.6. [3] A metric-like space (A, cf) is said to be d—complete

if and only if for each d—Cauchy sequence {tn} in A, there exists ¢ € A
such that

Hm  d(tn,tm) =d(e,0) = lim d(n,0).

n,m—-+o0o n—-+o0o

Definition 1.7. ([5], [25]) A sequence {t,,} in metric-like space (A, c?)
is called a 0-d-Cauchy if and only if hfi d (tn,tm) = 0. A metric-like

space (A, a?) is said to be O-J—complete if and only if every O—J—Cauchy
sequence {t,,} in A converges to any element ¢ € A such that

lim  d (en,tm) =d(1,0) = £r+n d (tn, 1) = 0.

n,m—-+00
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Every partial metric space is a metric-like space, but the opposite is
not true in general (see e.g., [3, 10, 25]).

Lemma 1.8. [2)] Let (A,d) be a metric-like space and {i,} be a se-

quence in A such thal v, — ¢ as n — 400 and d(t,1) = 0. Then
lim d (i, k) =d(t,k) for all k € A.

n—-+0o00

Lemma 1.9. [23] Let (A,d) be a metric-like space. Then,

(a) if d(1,k) =0, then d(1,1) = d (k, k) = 0;
(b) if {in} is a sequence in A such that Lm d(in,tni1) =0, then

n—-+0o

nEI—&I—loo d (L”’ [’”) - nEI}-IOO d (Ln-l-l? Ln+1) =0;

(c)if v # K, then d (1, k) > 0;
(d) d(1,0) < Zd Ly ti) holds for all 1,0 € A where 1 < i <mn.

The concept of C class functions which contains a large class of con-
tractive conditions has been introduced in [2] and [5].

Definition 1.10. [2] A continuous function f : [0, +00)? — R is called
a C-class function if

(C1) f (u,v) < u;

(C2) f(u,v) = u implies that either u =0 or v =0,

for all u,v € [0, 400).

We denote the class of all C-functions by C.

Example 1.11. [2] Following examples show that the class C is nonempty:
L. f(u,v) =u—w.
2f(u v) = ru, forsomere (0,1).

f(u,v) = (1+ - for some k € (0, +00).
f(u,v) = loglti: )| for some o > 1 and some ¢ < 1.
fu,v) =u— 5, Where kE<1.
6. f(u,v) =u—g(u), where g : [0,+00) — [0, +00) is a continuous
function such that g (¢) = 0 if and only if ¢ = 0.
Let II = {7 :[0,+00) — [0, +00) : 7 is increasing and continuous}
and

[I={w:[0,+0) — [0,40) : w is increasing and lower semi-continuous}.
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Definition 1.12. A triple (7,0, f) where 7 € I, @w € [ and f € C is
said to be monotone if

t < K implies f (7w (1), w (1) < f (7 (k),w (K)),
for any ¢, k € [0, +00).
Example 1.13. Let f (u,v) = u — v, @w (1) = /¢t and

(VL it0<i<,
W(L)_{ 2, if 0> 1.

Then (7, w, f) is a monotone triple.

Lemma 1.14. ([5, 19, 25]) Let (A, af) be a metric-like space and let {iy, }
be a sequence in A such that EEI_] Cz(Ln,Ln_H) = 0. If {tn} is not a 0-

cZ—Cauchy sequence in (A,c?) , then there exist € > 0 and two sequences

{my} and {ni} of positive integers such that ny > my > k and the
following sequences tend to et when k — +o0 :

~

d (Lmk7 Lnk) ) d (Lmky Lnk—f—l) ) d (Lmk—h Lnk) ) d (Lmk—h Lnk—i-l) ) d (Lmk—}—h Lnk—f—l) .

2 Cyclic-a — frw—Contractive Mappings

To start with, we enunciate some definitions and notations which are
productive for the subsequent analysis.

(*)Letm € Il,w € [ and f € Csuch that 7 (v)—f (7 (u) , @ (u)) >0
for all v > 0 and u = v or u = 0.

Note that condition (*) generalizes (1.2) of [13].

Following definition is a generalization of cyclic-type contractive map-
pings from [12]-[21] and [23].

Definition 2.1. Let (A, ci) be a O—J—complete metric-like space, p € N

. P
and I'1,T'g,...,T'p, be d—closed nonempty subsets of A. Let A = |J I;
i=1
and o : A X A — [0, +00) be a mapping. Y : A — A is called a cyclic
«a — frow—contractive mapping if
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(1) Y(I'j) CTjyq, for all j =1,2,...,p, where I', 11 =T'q;
(2) for any ¢ € I'; and k € T'jyy, (i = 1,2,...,p), where I')1; =Ty
and a (¢, Te) a(k, Tk) > 1 we have

s (d(’rb, T/@)) < fm (My(e, k)@ (Mj(1,K))) (1)

where m € I, w € [[ and f € C such that the triple (7, @, f) is monotone
and

37 37 7 CZ(L,T,% +d(k, Y
ad (L, k) +bd (1, Te) + cd (k, YK) + e%

Mci (L, K,) = m ) (2)
with a,b,c,e > 0and m=a+ b+ c+ 2e < 1.
Remark 2.2. If in Definition 2.1, I'y =T'y = --- =T, then we say

T is an o — frw— contractive mapping. Further, if T : A — A is
an o — frw— contractive mapping, ¢+ € Fix (1) and «(1,1) > 1, then
d(t,0) =0.

Indeed, if v € Fiz(Y),a(,¢) > 1 and d(1,1) > 0, then M;(e,0) <
d(t,0) and by (1), since the triple (m,w@, f) is monotone, we have

T (CZ(L, L)) =7 (CZ(TL, TL)) <f (7r (J(L, L)) , (J(L, L))) .

So, m (CZ(L, L)) =0orw (CZ(L, L)) = 0. Therefore, d (1,1) = 0. This is a
contradiction with d (,1) > 0. O
Definition 2.3. [0] Let (A, a?) be a metric-like space and let o : AXA —

[0,400) be a function. Then T : A — A is said to be a—continuous on
(A, CZ) i

tn =t and a (i, tpy1) > 1 for all n € N implies ¢, — Y.

Example 2.4. Let A = [0, +00) and d(¢, k) = ¢ + k& be a metric-like on
A. Assume that T : A — A and o : A2 — [0, +00) are defined by

A if L €]0,1] 1, if (1,k) €0,1]?
Te= { sinme+2, if 0 € (1, +00) ’ ot k) = 0, otherwise.
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Clearly, T is not continuous, but it is a—continuous on <A, d) . Indeed,

if v, - v as n — +oo and @ (tn,tnt1) > 1, then ¢, € [0,1] and so

lim Y, = lim ¢ =4 =7
n——+00 n—-+00

Now, we formulate the following lemma which plays a significant role
concerning the results invoking cyclic contractions. Its proof is similar
to the corresponding result (]3], Lemma 1.8.) for partial metric spaces.

Definition 2.5. [18] Let A be a non-empty set, m a positive integer

m
and T : A — A an operator. By definition, A = |J A; is a cyclic
i=1
representation of A with respect to T if

(1) Aj, i = 1,...,m are non-empty sets;
(2) T(Al) - A27 ey T(Am—l) c Am7 T(Am) - Al-

P .
Lemma 2.6. Let (A = U Ty, d) be a metric-like space and T : A — A
i=1
be a cyclic representation. Assume that

ngrfoo d (Ln, Ln—i—l) - O,

where tny1 = Yin, (we can suppose that vy € Tv). If {v,} is not a
O—J—Cauchy sequence, then there exist € > 0 and two sequences {ny}
and {my} of positive integers such that ny > my > k and the following
sequences tend to e when k — +00 :

A(Lmkfjk) Lnk) , d (quk*ijrl? Lnk) >
d (L’mk—jka Lnk-i-l) ) d (Lmk—jk-i-h Lnk+1) g oo

where ji, € {1,2,...,p} is chosen so that ny — my + jr = 1, for each
k € N. Note that, if p=1, Lemma 1.1/ is a special case.

3 Main Results

Now, we are ready to present our first new result of this section.

Theorem 3.1. Let (A,d) be a O—J—camplete metric-like space and o :

A X A — [0,400) be a mapping. Assume that T : A — A is an o —
frw—contractive mapping satisfying the following assertions:
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(i) Y is an a—admissible mapping,

(i1) a (g, Yeo) > 1 for an element vy in A,

(iii) Y is a—continuous, or;

(v) if {tn} is a sequence in A such that o (ip,tny1) > 1 for all
n €N and t, — ¢ as n — 400, then a (¢, Te) > 1.

Then Y admits a fized point in A.

Moreover, if

(v) a(t,t) > 1, whenever v € Fix (Y), then T admits a unique fized
point.
Proof. Define Picard’s sequence ¢, = T™1g, where ¢ is the given point
for which « (¢9, Yep) > 1. Since T is an a—admissible mapping, we get
that « (¢1,Te1) = a(YTep, T (Tep)) > 1. Again, from the same reason, it
follows that « (12, Yie) = @ (Y1, T (Te1)) > 1. Continuing this process
we have « (¢, Tip) > 1foralln € Ny and so, a (¢, Yin) @ (tn—1, Tin—1) >
1 for all n € N. In the case when ¢,_1 = ¢, for some n € N, ¢,,_1 is a
fixed point of Y. Therefore, assume that ¢,,_1 # ¢, for all n € N. Hence,
by Lemma 1.9 (c), we have d (tn_1,tn) > 0 for all n € N. Now, we show
that the sequence d (i, tny1) is increasing. Set

r_ acz(Ln_l, tn) + bd(L,L_l, Yip—1)+ ch(Ln, Te,) + ed(L"’I’TL”)gd(L"’TL"’I)
m

By (1) and (2) we get

T <CZ(Ln,Ln+1)> T <CZ(TLn 1,TLn)>
<f(@ @), =)

(3)

On the other hand, from Lemma 3, part (d), we have d(tn,tn) <

)
QJ(Ln_l, tn) and by (CZ3> we have J(Ln_l, tnt1) < CZ(Ln_l, Ln)—i-CZ(Ln, lnt1) -
Therefore, from (3) we get,

7 (d (s tns1)) < f (7 (B) @ (B)) @)

where

((l +b+ %) dA(Lnfla Ln) + (C + %) dA(Ln, LnJrl)

m

B =
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From (4) it follows that

d (Lna Ln+1) < B,

that is,

m- CZ(Lnabn—i—l) < (a +b+ 3;) Cz(Ln—laLn) + (C+ g) CZ(LTuLn—i—l) ,

or equivalently,

~

d (Lna Ln+1) < CZ (Ln—la Ln) .
Therefore, there exists d* > 0 such that lir}rl d (tnytnt1) = d*. To prove
n—-+0o0o

d* = 0, we use the method of reductio ad absurdum. For this purpose,
we assume that d* > 0. By (4) together with the properties of 7 and w

we have m(d) <f(n(d).=(d)).

SO, T (ci*) =0,o0r,w (d*) = 0. This is a contradiction. Hence,

ngﬂl_loo d(tn,tnt1) = 0.

In order to prove that {¢,} is a 0-d—Cauchy sequence, let

lim d(bn,bm) #0.

n,m—-+o0o

Taking ¢ = ¢, , K = tn, in (6) and utilizing lemma 2.6, we have

™ (CZ ([’mk+17 Lnk+1)) <f (7T (M(;Z (Lmk’ L”k)) , W (MJ (Lmlw [’nk))) ) (5)
where

m - M; (b tny,) = acZ(Lmk, tny) + bd(amk, bmg+1) + cd(ank, lng+1)

d(Lmlw Lnk+1) + J(Lmk-f—lv Lnk) N (
2

+e a—l—c+g>5,

2

as k — +oo. Now, taking the limit in (5) as k — 400, we get the
following:
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= (w5 (et g)e)) = (5 ((arerg)e)
=TT\ m 2)°) )% \m 2
< fm(e), @ (),
so, () = 0, or, w(e) = 0, that is, in both cases, we obtain that
e = 0. This is a contradiction. Hence, lim d(tn,tm) = 0. In other

n,m—-+o0o
words, the sequence {¢,,} is a O—CZ—Cauchy sequence. Since (A, d) is O-

d—complete, so there exists 7 € A such that liT tn, = t. Equivalently,
n—-+0oo

we have

d(z,7) = ngrfoo d(,tn) = nﬂll%n%roo d (tnytm) = 0. (6)
At first, assume that (iii) holds. That is, T is a—continuous. Then

1= lim ¢y = lim Yu, =77, ie., Tis a fixed point of T.
n—-+o0o n—-+0o0o

Secondly, assume that (iv) holds. Then from (iv) it follows that
a(7,Y7) > 1. Further, o (z,Y7) a (tn,, Yipn,) > 1. In what follows, we

prove that 7 is a fixed point of Y. Since lirf Ln, = T, using the contrac-
n—-+0oo

tive condition (1), we obtain that

7 (X7, Ten,)) < f (7 (D), (Th), (7)

where

1 R N ~
Fk = { d(z,bnk) +bd(szz) +Cd(L"k’TLnk) te

d (2, Tt )+ d (tn, , Y7)
- 2

and m = a + b+ ¢ + 2e. Now, taking the limit in (7) as k& — +o0,
using the (6) and the lower semi-continuous of the function w, we obtain

7 (CZ 1, Tz)) <f (71' (d @, TZ)) @ (d @, Tz))), (8)

so, T (cZ(Z, TZ)) =0, or, @ (ci(Z, TZ)) = 0. Thus, CZ(Z, T7) = 0 and,
therefore, 7 is a fixed point of Y.
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For the uniqueness of the fixed point of the map Y, suppose that
7,k (1 #FR) are two fixed points of Y. Since 7,k € Fix (T) we have,
d(z,®) > 0, a(z,7) > 1 and a(%,&) > 1, (that is (v) holds). So,
o (7,T7) a (%, YR) > 1. Using (1) we have that d(z,7) = d (%,%) = 0.
Further, it follows

7 (d(12,7R)) < f (7 (Toz) , @ (Tr)) (9)
where
1] ; ; 1(7,YR) +d (%, YT
FL,n:m{ad(b,/i)+bd(L,TL)+Cd(/€,TH)+ed(L7 “);d(“’ L)}
1 R R . y— 7 — —
= — {ad(b,/-e)erd(L,L)+cd(m,n)+ed<b’ﬁ)+d('f’b)}
m 2
1 5 24 (1.7
:{ad(ba’{)+b'0+C'0+€ d(L’@}
m 2
—l(a—ke)cz(z R) (10)
= — 7).
Since L (a+e) = s, < 1, then from (9) and (10), it follows that

T (ci(l,ﬁ)) <f (7r <J(Z,E)) @ (d(z,ﬁ))) ,

that is, d (z,%) = 0, which is a contradiction. This finishes the proof. [J
We expound the following example to uphold our obtained result.

Example 3.2. Let A = [0, +-00) with the metric-like d (1, k) = max {1, 5}
for all t,x € A and f(s,t) = 133 Let T: A > Aand a: A xA —
[0, +00) be defined by

L2 ifo< <t
1—2 el . 2
fs<.<1 5, if (¢, k) €10,2]
— 6 ° 1 3 =0 = — ) ) )
T éb, ifl<e<2 and o (1, k) { 0, otherwise.

202 4+1, if v > 2,

11
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Also, define 7w, : [0,+00) — [0,400) by 7 (t) = ¢t and w(t) = 1.
Let (1, Te)a (K, Tk) > 1. Then (¢, x) € [0,2]%. Now, we consider the
following cases:

1. Let 0 <1,k < 3. Then

~

. 1 1 1
d(YTe,Tk) = gmaX{L2,/€2} < §maX{L,f£} = §d(L, K).

2. Let % <,k < 1. Then

R 1 1 1.
d(Ye,Tk) = imax{l—b,l—/ﬂ} < §max{L,/<;} = id(a,m).
3. Let 1 <,k < 2. Then
. 1 1 1.
d(YTe,Tk) = 6maX{L, Kk} < §maX{L, K} = §d(L,I<J).

4. Let0§L<%and%§m§1.Then

. 1,51 1 1-
d(Ye,Tk) = max{5L2, B (1- ﬁ)} < 5 max {t,k} = §d(L, K).

5. Let0§L<%andn>1.Then

5 1,1 1 A
d(YTe,Tk) = max {L2, m} < —max{y,k} = -d(1,K).

1
5 6 2 2

6. Let%gbglandl<n§2.Then
AT TR) = max ) £ (1—0), 2w b < 2 max{i,x) = 2d (15)
t, Tk) = max | o t),gh (< gmaxiy, k) =od(y,k).
So,
. . 1.
. (dm, Tm)) = d (00, Tk) < 5d (1)
_ 7 (M (1, k)
1+w(MJ(L,m))'
Since the conditions (i), (ii) and (iv) of Theorem 3.1 hold true, it follows
that T is an o — frw—contractive mapping, that is, T admits a fixed

point.[]
Our second new result of this paper is the following;:

1
< §MJ (La 'L{)
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Theorem 3.3. Let (A,af) be a O—CZ—complete metric-like space. Let p
be a posz’tz’ve integer, I'1,I'a, ....,I'p be nonempty d—closed subsets of A,
U I and o : A x A — [0,400) be a mapping. Assume that

T : A —> A is a cyclic a — frw—contractive mapping satisfying the
following assertions:

(i) Y is an a—admissible mapping;

(ii) there exists an element vy in A such that «(tg, Yeo) > 1;

(i1i) T is a—continuous, or,

(v) if {tn} is a sequence in A such that o (ip,tny1) > 1 for all
n €N and v, — ¢ as n — 400, then a (¢, Te) > 1.

Then Y admits a fized point in NE_ T';. Moreover, if

(v) a(t,t) > 1, whenever v € Fix (Y1),

Then YT admits a unique fized point.

Proof.

Let ¢y be a point of A such that « (19, Yeg) > 1. Then there exists
some ig such that (o € I';,. T (I'i,) C T'ip41 implies that Yy € Tjj41.
Thus, there exists ¢1 in I';,41 such that Tig = ¢1. Similarly, Te,, = ¢p41,
where ¢, € T;,. Hence, for all n > 0, there exists i,, € {1,2,...,p}
such that ¢, € I';, and Y¢;, = tp4+1. On the other hand, as T is an
a—admissible mapping, then we get a (1, Te1) = a (Y, Y (Teg)) > 1
Again, since T is an a—admissible mapping,

a2, Yo) =a (Y, T (Tey)) >1
Continuing this process, we get « (tp, Ti,) > 1 for all n € N|J{0} and

S0,
a (tn, Yin) a(tn-1,Ytn—1) > 1 for all n € N.

If 1y = tng+1 for some ng € N{J {0}, then it is clear that ¢y, is a fixed
point of Y. Now, assume that ¢, # t,41 for all n. Hence, by Lemma 3
(c) we have d (tn—1,tn) > 0 for all n. Now, we show that the sequence

d (tn, tngy1) b is increasing.
By (6) we get

T <d(an,cn+1)> ™ <CZ(TLn 1,TLn)>
< f(@(l),=(I)),

13
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where

ad (['n—l’ Ln) + bd (Ln—h Ln) + CCZ (Ln7 Ln-i—l) + Gad(bn717bn+%)+ad(bmbn)

i

r =

andm=a+b+c+2ec(0,1).

Further, as in the proof of previous theorem we easily obtain that
CZ(Ln, tn+1) < a?(Ln,l, Ln) as well as J(Ln, tn+1) — 0 asn — +oo. In order
to prove that the sequence {i,} is a O—cZ—Cauchy, we will use Lemma 5.
Therefore, putting ¢ = ¢y, —j,, & = tn, in (6) we get

T (d (Lmk_jk+17 [’nk+1)> <f (7r (Md ([’mk_jk7 Lnk)) , W (MJ (Lmk_jk’ Lnk))) )
(11)

where

m: M(i (Lmk*jm Lnk) = CLCZ (Lmk*jw Lm«) + bd(l’mk*jk7bmk*jk+1) +

i d (1~ (i
+cd (bny s tng+1) +€ (L JkaLnk-i-l);’ (bmg—jp+1s tny)

2
Ha5+b~0+¢:o0+e§:(a+e)5, as k — +oo.

Now, taking the limit in (11) as k¥ — 400, we obtain that

7o) < f (w (<jn>) - ((“» < f(n(e), (),

m

which implies that 7 (¢) = 0, or, @ (¢) = 0, that is, in both cases, we ob-

tain that € = 0. But, this is a contradiction. Hence, lim J(Ln, L) =
n,m—-+o0o

0. In other words, the sequence {¢,} is a O—cZ—Cauchy sequence. Since
A is d—closed in (A,cf) , this means that there exists a unique 7 € A
such that

d(z,7) = ngrfood(bn,z) = n,wllg%rood (tnytm) = 0.

Further, as T (I';) € I'jy1,Tp41 = Ty, it follows that the sequence
{tn} has infinitely many terms in each I'; for i € {1,2,...,p}. Hence, we
have the subsequences {i,,;} of {v,} where {vp,} C T,0 =1,2,...,p. It
is clear that each v, converges to z. It follows that I' = Nf_ Ty # 0,
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because it contains at least the element 7. Obviously, (F,d) is a 0-d-

complete metric-like space and Y : T' — I'. Also, the restriction T|p of
T on I satisfies all conditions of previous theorem . Hence, T admits a
unique fixed point 7 in I'. This completes the proof of Theorem 7. [J

4 Fixed Point Results for Cyclic frw—Graphic
Contractions

As in Jachymski [11], let (A,J) be a metric-like space and  be the

diagonal of A x A. Consider a directed graph G such that V' (G) consists
of its vertices coincides with A, and E (G) consists of its edges covers
all loops, i.e., E(G) 2 Q. Let G has no parallel edges. So, we treat
G to be the pair (V (G),E (G)). Moreover, we may consider G as a
weighted graph (see [11]) by corresponding to each edge the distance
between its vertices. For basic notations and further analysis on graph
structure of fixed point theory, one may refer to the informative papers

[ ’ ? ? ]

Definition 4.1. [I1] We say that a mapping T : A — A is a Banach
G —contraction or simply G—contraction if T preserves the edges of G,
ie.,

for all .,k € A ((t,k) € E(G) implies (Y¢,Tk) € E(G))

and Y decreases the weights of the edges of G in the following way: there
exists o € (0,1) such that

(t,k) € E(G) implies d (Y, Tk) < ad (¢, k),
for all v,k € A.

Definition 4.2. A mapping T : A — A is called G—continuous, if for
given © € A and for any sequence {k,} of positive integers, Y*», — x € A
as n — o0, implies that T (Tk”L) — Tk, as n — +o00.

Definition 4.3. [11] A mapping T : A — A is called orbitally continu-
ous, if for given ¢ € A and for a sequence {t,} : t, = ¢ as n — 400 and
(tnstn+1) € E(G) for all n € N imply that Y, — Y.

15
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Definition 4.4. A mapping T : A — A is called orbitally G—continuous,
if for given ¢,k € A and for any sequence {k,} of positive integers,
Thry — kand (They, YFn+11) € E(G) for alln € Nimply that T (YF.) —
Tk, as n — +oo.

In the sequel, we define cyclic frww—graphic contractive mappings
and prove the corresponding results in the framework of metric-like
spaces. Our results extend, compliment, generalize, improve and en-
rich ones from the existing literature ([1, 11, 17, 23]).

Definition 4.5. Let (A, d) be a graphic metric-like space. Let p be a
positive integer, I'1,I'g, ...,I', be nonempty d—closed subsets of A and
A= fj I';. We say that T is a cyclic frw—graphic contractive mapping
T

a) T(I';) CTipq, (i=1,2,...,p), where I') 1 =T'y;

b) For all ¢,k € A ((¢, k) € E(G) implies that (Y¢,Yk) € E(G));

(
(
(c) Forall v €Ty and k € I'i4q, (i =1,2,...,p) where I',yy =T'; and
T.) € E(G) and (k,Tk) € E(G) we have

(¢
W(CZ(TL,M)) f(m (Mg (1, 5)) @ (Magu))

where 7 € I, @ € [] and

M (¢, k) :max{d(b,,.;)7J(L’TL)’CZ(K7TK)7d(L,TH)l—d(m,TA)}'

If we take A =T, (i = 1,2,...,p), in the Definition 16, T is said to be
an frow—graphic contractive mapping.

Theorem 4.6. Let (A, d) be a complete graphic metric-like space . Let
p be a positive integer, I'1,I'a,...,I'), be a nonempty d—closed subsets of
A A= U I and T : A — A be a cyclic frw—graphic contractive

1=

mapping. Suppose that the following assertions hold:
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(i) (10, Yeo) € E(G) for an (g € A,

(ii) Y is orbitally G—continuous on (A,(i) , or,

(i1i) for any sequence {u,} C A with v, — ¢ as n — +oo and
(tnt1,tn) € E(G), we have (1, Y1) € E(G).

Then Y admits a fized point say T € A and T € NE_,T;.
Proof.Define o : A x A — [0,+00) by a(¢,k) = 1, If (1,k) € E(G),
that is, a (¢, k) = 0, otherwise. At first we prove that T is a«—admissible.
Let a(¢,6) > 1. Then (1,k) € E(G). As Y is a cyclic frw—graphic
contractive mapping, we have (Y¢, Tx) € E (G), that is, a (Y¢, Tk) > 1.
So, T is an a—admissible mapping. Let T be G—continuous on (A, cf) ,
that is,

tn = tasn — +oo and (in,tny1) € E(G) for all n € N imply that Y, — Te.

So, T is a—continuous on (A, J) . From (i) there exists ¢y € A such that
(t0, Tw) € E(G). That is, a (o, Yep) > 1.

Let « € I'; and x € I'j41, where a (¢, Te) a (k, Yk) > 1. Then, ¢ € I';
and x € I';41, where (¢, Tt) € E(G) and (k, Tk) € E (G) . Now, since T
is a cyclic frw—graphic contractive mapping, then

T (J(TL, TK,)) < f(m(My(e,k)) @ (Mg(,5))) -

That is, T is a cyclic « — frw— contractive mapping. Let {¢,} C A be
a sequence such that ¢, — ¢t as n — +oo and « (t41,tn) > 1. Therefore,
(tnt1,tn) € E(G) and then from (iii) we have (¢, Y¢) € E (G). That is,
a (1, Te) > 1. Hence, all conditions of Theorem 3.1. are satisfied and T
admits a fixed point, say 7 € A and 7 € Nt_ ;. O

If in Theorem 7, we take 7 (¢t) = ¢ and f (s,t) = rs for some r €
(0,1), then we deduce the following corollary.

Corollary 4.7. Let (A,d) be a graphic O—J—complete metric-like space
G. Let p be a positive integer, I'1,I's, ..., T'), be nonempty d—closed subsets
of A, A = fj Iy and a: A x A — [0,+00) be a mapping. Assume that
T:A— Alzbif a mapping such that:

17
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(1) T(Iy) C T, (i =1,2,...,p), where I'y1y =T

(ii) ((t,k) € E(G) implies that (Y¢,Tk) € E(GQ)), for all 1,k € A,

(113) (10, Yeo) € E(G), for an element ¢y in A,

(iv) Y is orbitally G— continuous, or,

(v) if {in} is a sequence in A such that (in,tn+1) € E(G) for all
n €N and t, — ¢ as n — 400, then (¢, L) € E(G);

(vi) There exists r € (0,1) such that (¢, T¢) € E(G) and (k, k) €
E (G) implies that

i ; ; ; d (s, Yk) +d (kY
d(T%Tﬁ)STmax{d(%l‘&),d(L,TL)jd(,i”rﬁ)’ (¢, li)jl' (K, L)}

forany €Ty, k €Tip1, (1=1,2,...,p), where I'pyq =T1.

Then Y admits a fized point, (say z) and z € NE_,T;.

If in Theorem 7, we take I'; = A, where i = 1,2, ..., p, then we deduce
the following result.

Theorem 4.8. Let (A, J) be graphic a 0-d— complete metric-like space.

Assume that Y : A — A be an frw—graphic contractive mapping satis-
fying the following assertions:

(i) ((t,x) € E(G) implies that (Y¢,Tk) € E(G)), for all 1,k € A,

(i1) (t0, Yio) € E(G), for an element 1y in A,

(i1i) Y is orbitally G— continuous, or,

(v) if {tn} is a sequence in A such that (tn,tn+1) € E(G) for all
n €N and 1, — ¢ as n — +o0, then (1, L) € E(G).

Then YT admits a fized point in A.

Corollary 4.9. Let (A, (i) be a graphic 0-d— complete metric-like space

G. Let p be a positive integer, I'1,I'a, ..., I'), be nonempty d—closed subsets
P

of A and A = |J T;. Assume that Y : A — A be a mapping such that:
i=1

(1) T (L) CTigq, (i =1,2,...,p), where I'y1y =T

(ii) For all v,k € A ((t, k) € E(G) implies that (Y¢, Tk) € E(G));
(113) (0, Yeo) € E(G), for an element 1y in A,

(iv) Y is orbitally G— continuous, or,
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(v) if {tn} is a sequence in A such that (in,tn+1) € E(G) for all
n €N and t, — ¢ as n — +o0, then (1, L) € E(G);

(vi) There ezists r € (0,1) such that (¢, T¢) € E(G) and (k,Tk) €
E (G) implies that

d(Ye,Tk) o
/ p(t)dtgr/p(t)dt
0 0

forany 1€ Ty, k € Tiy1, (1 =1,2,...,p), where
o = max {ci(b,lﬁ?),d(b,Té),d(H,T/’i),W}, Fpr1 =T and

3
p:[0,4+00) — [0, +00) is a Lebesgue-integrable mapping satisfying [ p (t) dt >
0

0 for all e > 0. Then Y admits a fized point z € NE_,T';.

5 Application

The existence of solution for the following integral equation is the main
purpose in this section.

(0 = £ (1 S5 9o pp()))di) (12

where ¢ € [0, 00).

By applying Theorem 3.1, we will establish the existence of solution
for the integral equation (12).

Let BC(]0,00)) be the space of all real, bounded and continuous
functions on the interval [0,00). We endow it with the metric like

d(t, k) = sup{|e(t)| + |k(t)| : t € [0,00)}.
Theorem 5.1. Suppose that the following assumptions are satisfied:
(i) p,0:[0,00) — [0,00) are continuous functions so that

A =sup{[e(?)] : t € [0,00)} <1,
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(ii) The function f :]0,00) x R — R is continuous so that
[/ ()] < [,
for all Lt € [0,00) and p € R, # 0,
(i)
900 1(p())| < 1o ()]
where g : [0,00)? x R — R is continuous,

(iv) M =max{f(¢,0):¢ € [0,00)} < o0 and
:LG[0,00)}<OO.

G = sup {‘g(L, k,0)

(v) w(At) < A[m(t)] for all X € [0,1) and for all t € [0,00).

Then the integral equation (12) admits at least one solution in the space

BC([0, 0)).

Proof. Let us consider the operator T : BC([0,00)) — BC(]0,00))

defined by 0
T()(0) = £ (i / 9(e, 5, 1(p()))dr).

In view of given assumptions, we infer that the function Y () is continu-
ous for arbitrarilyy € BC([0,00)). Now, we show that Y (u) is bounded

in BC([0,00)). As
o(v)
0] =76 [ atem o))

< |16 [ atem o) — 50,00+ |10

we have

. [ ate m ot pan) - 50,0)

o(t)
<| /0 900, 1(p (1)) |
< Aflu]l + AG.
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Thus,

o(v)
7o [ sl o)) = 0.0 < Al + AG.
From the above calculations, we have

() (I < Allpll + AG + M.

Due to the above inequality, the function T is bounded.
Now, we show that T satisfies all the conditions of Theorem 3.1. Let
1, 2 be some elements of BC(]0,00)). Then we have

7 ()] + [T () )]
o(t) o(v)
olasr 1ol + £ (o [ gle et
0 0

‘/OQ(L)Q(L7K’M1 )))dk| + !/ (¢, K, pa(p ,L@)))d/{‘)
()m(p(ﬁ))!dwr/g |2 (p \dn)

m(d(p1, p2))
1+ @ (d(pa, p2))’
where 7,w : [0,+00) — [0,+00) are defined by 7 (t) = ¢t and w (t) =
—A
S
Thus, we obtain that

m(d(T (1), Y(p2))) < f(m(d(p, p2)), w(d(pr, p2)))-

Using Theorem 3.1, we obtain that the operator Y admits a fixed
point. Thus, the functional integral equation (12) admits at least one
solution in BC([0,00)). O

< n(Ad(n ) =

Example 5.2. Let

L(t) _ %arctan(fotanht sinh ¢(s)+arctan L(s)d ) (13)

2et
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We observe that the integral equation (13) is a special case of (12) with
p(t) =t and o(t) = tanh ¢, where t € [0,1]. Also,

arctan(t)
f(t,e) = 8(’
and
sinh ¢ + arctan ¢
g(t,s,1) = .

2et

To solve this equation, we need to verify the conditions (i)-(iv) of
Theorem 5.1.
Condition (i) is clearly evident. Take 7(t) = cosht. Now,

| arctan ¢|

8
< el.

|f(t, )] <
lef
8

So, we find that f satisfies condition (ii) of Theorem 5.1. Also,

<

M = sup{|f(t,0)] : t € [0,00)} = 0.

Obviously, condition (iii) of Theorem 5.1 is valid, that is, g is continuous
on [0,00) X [0,00) x R, and

tanh ¢ 1
G = sup )/0 ﬁds‘:te[O,oo)

tanht
= sup (

te[0,00) et

) ~0.1.

On the other hand,

sinh ¢(s) + arctan ¢(s)
2et

lg(t, s,0(p(s)))| = |
< lu(s)]-
As a result, all the reservations of Theorem 5.1 are valid. So, there is

at least one solution for integral equation (13) which is an element of
BC|0, 00).
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