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1 Introduction

We consider one-dimensional time-independent Stable Lévy SDE’s of
the following form

{dX(t) = u(X(t) dt+ o(X(t)) dSa(t), t € [to, T 1)
X(to) = Xo.

where X (t) is a real-valued stochastic process and p,o are real well-
defined functions. {S(t), t € [to,T]} is SaS process with a € (1,2]
(for more details see [1, Page 30]). In this article, numerical methods on
a given time interval [t,T] are fixed by schemes based on equidistance
time discretization points ¢, = tg + nh, n = 0,1,..., N with step size
h= %, N =1,2,.... We focus our attention that convergence in the
strong sense. An approximation X, convergence strongly to the exact
solution X (¢,,) with order p > 0 if there exist constants hg, ¢ € (0, 400),
such that for all h € (0, hg)

E|X (t,) — Xn| < ch?.

For SDE (1), the well-known Euler-Maruyama (EM) method is given
by [1, Page 157]

XnJrl =X, + H(Xn)h + O-(Xn)ASOé (tn)
where AS,(t,) = Sa(tn+1) — Sa(tn), two split-step forward methods

takes attention of consideration.
The first one is drifting split-step Euler (DRSSE) method [5]

Xn = X + hp(Xy)
X1 = X + AS,(tn)o(X,)

The second type is called diffused split-step Euler(DISSE) method [5]:

Xn = X, + 0(X,)ASq(tn)
Xny1 = Xp + hM(Xn)
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Following classical three-stage Milstein (TSM) method we define the
following TSM method.

BN 2
)/{nl = )/(:n - %h& O'A(Xn) J/(Xn)
Xpo=Xn1+h M(an)
~ ~ 1 ~ ~
Xnt1 = Xn2 + ASy 0(Xn2) + 3hao(Xn2) 0/ (Xn2) AS,

The following assumptions are required when considering the conver-
gence properties of spiliting shemes for SDE

Assumption 1.1 ([10, 5]). The functions u(-), o(-) and o(-)o’(-) satisfy
Lipschitz condition, i.e, there exist positive real ki such that

(1) = p(z2) | V] (21) —o(22)| V] (z1)o" (21) =0 (22)0" (22)] < Ki|z1—22]

Assumption 1.2 ([10, 5]). The functions u(-), o(-) and o(-)o’(-) satisfy
B—growth condition for some 3 € (1,a), i.e, for some constant ks € RT

(@)|? v jo(@))? V |o(2)o" (2)|7 < ka(1 + |2|%)
In the Assumption 1.1 and Assumption 1.2, a VV b means max{a, b}.

Lemma 1.3. If i and o satisfy in Assumption 1.1 and if E|Xy| < o0
then E(Xy) < oo for k=0,1,..., N where

X=Xt 1 x50 ()
= Xp1+pu(Xe, )h+0(Xs, | )ASa(tk—1), k=1,...,N
Xo =X = X(to)
Xialt+h) =2+ p(X()h+ 0 (X () ASa(t)

Proof. First note that
- t+h
E(Xta(t+h) — Xi2(t+h) =E [/t [1(X(s)) — (X (2))] ds

t+h
4 / [0(X(5)) — o(X(1))] dSa(s)
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Therefore

ECSaalt-4 1)~ Kaolt+ )] <B [ I(X(6) - u(X@)
+ [o(X(s)) —o(X(1))]] ds
t+h
gk/ (L4 |t — ] ds
< k(1t+ h)h
Now we have
E|Xk11| =E )Ytkyk (tk+1)‘
=E )ytkyk (tht1) — X+ Xp — X, 5, (thy1) + X, 5, (tet1)
:E’Yk + (th,fk (trt1) — Xk)
(X x, (1) = Xy, x, ()|
<E|Xy|+E ‘th,m (trg1) — Yk’
+E ‘Xskik (tr+1) — Xy, x, (tk+1)‘
So if E }Yk‘ < oo then so is E |Y;€+1‘. In other words if E|Xy| < oo

thenE(‘YkD < oo fork=1,2,...,N.

The finiteness of the second part of inequality is veryfied as follows:

_ . tkt1
E ‘th,m (tr+1) — ch‘ :E’Xk +/ w(X(s)) ds

+ /ttk“ 0(X(s)) dSa(s) ~ X
| /t M (s)) ds

+ /tk“ o(X(5)) dSa(s)| < kh

tg
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Lemma 1.4. If conditions of Assumption 1.3 satisfy, then
E|Xk| <k(1+E|Xo|)

Proof. By using the conditional version of Assumption 1.3, we have

E ‘th,yk (tr+1) — Xy, x, (tk+1)‘ <k(1+E|X|)h
consider again the inequality , we obtain
E ‘thyk (ter1) — Yk) <k(1+E|Xg|)h
or equivalently
E|Xps1| < E|Xp| + k(1 +E X))

Now using the well known resulting inequality given in Assumption 1.5
we obtain the result. ]

Lemma 1.5 ([2, Page 15]). Suppose that for arbitrrary N € N and
k=0,1,..., N we have

up1 < (1+ Ah)ug + BRP (2)
whereh:%, AB>0, p>1, up. >0, k=0,1,...,N then

B
ATy + = (AT — 1)hP~ L, (3)

up < e 1

2 Strong Convergence of DRSSE and DISSE

We now obtain the strong convergence of split step Euler method, under
Assumption 1.1

Theorem 2.1. Let X} be the numerical approzimation X (t) after k
steps with step size h = %, N = 1,2,... E|Xi| < co. Apply one of
DRESE or DFSSE methods to the given SDE, under Assumption 1.1,
then for all k=0,1,..., N we have

E (X, = X (t)] [ X (to) = Xo) = O(h3)



B. TARAMI AND M. AVAJI

Proof. We denote Euler-Maruyama approximation step by
EEM — X3+ u(Xp)h + 0(Xp)ASa(ty), k=0,1,...,N -1

then there exists constants k1, k > 0 such that

E (|X(tk+1) — X1 ‘Xk = X(tk:))

<E <‘X(tk+1) — B ‘Xk = X(%))

+E (’Ek—i—l X (tr1)| ‘ch = X(tk))

<k(+E X)) +E (|BEY - X(ty1)| ‘Xk — X(t))
Now

(‘Ek—l-l X (trg))| ’Xk = X(tk)>
(for DRSSE method
E (Io(Xe,) — o (X + hu(Xi)| 18Salti)] [ Xk = X, )

for DFSSE method
E (Jo(Xe,) = 0(Xe + hu(Xe))| [ASalte)] | X = X )

<k (1+E|Xz|) h?

Therefore the inequality is less than or equal to &k (1 + E'| X)) h:. O

Lemma 2.2. Suppose the one-step approximation Ym(t—i— h) has order
of accuracy p1 for the mathematical expectation of the deviation and
order of accuracy py for the B—growth deviation (1 < 8 < o < 2) more
precicely, for arbitrary to <t <tg+T —h, x € R the following inequalty
hold:

Bt (4)

m\

IE(Xio(t+h) — Xpalt + h)) k(1L + [2]%)7 h
[B]X, 0 (¢ + h) — Xoult + 0] 7 < k(1 + |2]?)F his (5)

Proof. By using Minkowski’s inequality, we modified [2, Theorem 1.1]
for a-stable motion with g € [1,a] (1 <a<2). O
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Lemma 2.3. Let for all natural number N and for all k =0,1,...,N
we have IE( ]Xk\’B) < o0, where B is defined in Assumption 2.2. Then
the following inequality hold:

E(1%:/7) <k (1+E|Xol)

Proof. Suppose that E|z|? < co. Then using conditional version of
(5) we obtain

_ B
E| Xty e (bh41) = Kooy (bsn)] < K7 (14 Elagl?) 02 (6)

It is well-known that is a random variable X has bounded S—th moment,
then the solution X; ,(t+6) also has bounded S—th moment. Therefore
E|X; 4, (tri1)]? < oo which implies E| X}, 1|% < co. Since E| X[ < oo
we have proved the existance of all E|X,|? < oo, k= 0,..., N. Consider
the inequality

1 1
(B Xi1|%) 7 <(E|Xi|?) 5y (E| Xt 7, (te1) — Xi])? (7)
1
+ (E|th@k (tk—i-l) th,xk (tk+1)|) ’ (8)
we have

(B[ Xoy 2 (t1) = Xi|® < kh(1 + E|X4|%) (9)

It is not difficult to prove the inequality
E[E(X, v, — XulX(t))|” < kh° (1 + E[X4/?) (10)

Applying the inequality (6), (8) and (9) to inequality (10) and re-
calling that p; > 1, po > %, we arrive at the inequality (for h < 1)

E|Xpi1]? <E[Xp)? + kh(1 4+ E|Xy|P) = kb + (1 + kR)E[X,[®  (11)
Again using Assumption 1.5 we get to result. 0

Theorem 2.4. Let X be the numerical approximation to X (tx) at time
T after k steps with step size h = %,N =12,... ,E\Xﬂﬁ < 00, where
1< B <a<?2 Apply one of split-step Euler methods to the SDE (1)
under Assumption 1.2, then for all k =0,1,..., N we have

£ 1%, - X ()’ [Xo = X(0)]” = o)
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Proof. Let X 1§+1 stand for the local Euler approximation
XP ) = Xp+ hp(Xe) + 0(Xp)ASar, k=0,1,...,N—1

then A = E7 (\X(tkH) - xE | ‘Xo - X(t0)> . By using Minkowski’s

inequality, we have
Ay <B5 (X, — X | [ Xe = X (t)
+E? <|X,§+1 — X(tgs1)| ‘Xk - X(tk))
But Lemma attain that
B8 (X (ther) = XE | X0 = X(80) < [1+E 1)
<k[1+E|X5|]?

and
B (1 () = XBo [ = X (0]
(for DRSSE method _
Es ‘(U(Xk) — o(XE))” AS ’ ’Xk, — X(ty)
- for DFSSE method ]
B \(M(Xk) - u(XE))’ Asak\ﬁ ‘Xk = X (1)
then ] i
ES [\XkEl - Xk:+1\6 ‘Xk = X(tk)} <k [1 +E |Xk|ﬁ} s h
therefore

1 1
A<k [1T+EX])" btk [1+E1X°] 5

but % < % < 3 and therefore

1

k[1+E]Xk’B]éh+k1 [1+E X7 R N

=

h
k[T E|X,)] 5
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which tends to zero as h — 0. The proof is complet [

Theorem 2.5. Let X be the numerical approximation to X (tx) at time
ti after k steps with step size h = %, N =1,2,.... Apply the three-stage
Milstein method to the SDE (1) under Assumption 1.1, and Assump-
tion 1.2, then for all k =0,1,..., N we have

(B[ X - X01" [0 = x(t0)]) = 000,

where 1 < 6 < a < 2.

Proof. Denote the local Milstein approximation step

~ . 1 - .
XTI>4+1 = Xy + ASy 0(Xn,) + §U(Xn2)0/(Xn2)(ASa)2

then there exist some constant £ > 0 such that

H = ‘E [X(tnﬂ) ~ X ()| X = X(tn)} ‘

B [ X (1) = X2 [ X0 = X (1)
4 E [X})&l - Xn+1‘Xn - X(tn)} ’
<k(+E|Xu|)h+ Ho
with
Hy — ‘E [XMH - XnH’Xn - X(tn)] (

’E A8, (0(Xn) = o(Xn2))

X, = X(tn)] ’

+ ‘E [% (ASW)? 0(Xp)o! (Xn) — o—(an)a’(Ynz)\Xn =X (tn)} ‘

IN

+ ‘E [h (1(Xn) = (X)) ‘Xn = X(tn)}

)

if TSM method is used.

\

< kh (‘E [Xn X
<k(1+E|Xa)h

X, = X(tn)] ) + ‘E [Xn — Xo

o=t
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similary we check estimate for local S-th mean of tree-stage Milstain
and obtain for n =0,1,..., N — 1 by standard arguments

s = (B[ X(ts1) — X[ %, = X(0)])
( [lX n+1 M}-l’ﬂXn:X(tn)})
+
<

(5 [l = Xl 60 = X0
k(1+E|X,|)5 h? + Hy

=

W=

=

Hy = ( |:‘Xn+1 n+1|5 ‘Xn = X@ﬂ)})

(B [|ASa (o(Xn) = o (K2)|” [ X0 = (tn)Dé 1
+ (B [|3AS80 (0(Xa)o! (Xa) = 0(Xna)o! (X2))| [ X0 = X (ta)] )

IN

if TSM method is used.

) 1

<kih? (B [(Xo - Xu)” | X0 = X(t0)] )
<k

+ (E [(Xn — X))’ ‘Xn — X(tn)} 5

O

The last inequality is obtained under Assumption 1.2 and Assump-
tion 2.3 the exponent ps = % together with p; = 8 and apply it to finally
prove the strong order v = 1 of the three-stage Milstain methods as was
claimed in theorem.

3
(1+E1X/%) b3

3 Stability properties

The stability of the methods are considered in this subsection we apply
one-step scheme to the scalar linear test equation

AX () = AX () dt + pX(t) dSa(t),  X(to) =Xo  (12)
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(a) Upper bound of DRSSE and (b) Upper bound of TSM method
DISSE methods for o = 1.99 for a = 1.99 (Gray), a = 1.5 (Cyan),
(Gray), @ = 1.5 (Cyan), and a = and o = 1.01 (Pink).

1.01 (Pink).

Figure 1: Stability bounds for @ = 1.99, a = 1.5, and o = 1.01.

which is represented by
Xni1 = R(h, 5, h, S)Xn

where S = S,(t,,) is stable random variable S ~ Sa.S with dispersion h,
h = Ah, and k = hé,u. However, motivated by [10, 8, 5], we can extend

the definition of stability and introduce absolute-value (AV) stability for
a-stable motion.

Definition 3.1. The numerical method is to be AV-stable for fL, K and
" R(h, ,h) :]E‘R(ﬁ,n,h,S)‘ <1
R(h, k, h) is called AV-stability function of the numerical method.
Applying one of DRSSE or DISSE to (12) we obtain
X1 =(1+h)(1+kS)X,
=Ry(h,k,h,S) Xy
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Then bound of AV-stability function of these methods is given by
Ry = E|Ry| =|1 4 h| E(]1 + &S))
<|L+h| (1+ x| E[S])
- 2 2
=[1+h| (1+ —xT'(—
[L+h] (14 —£ T(=))
Now applying TSM method to (12) we obtain
7 L 5 L 5
=Ry (h, K, h,S)Xn

_ . 1 1
Ry = E|Ry| =|1+ hl|1 — 5#;\1 + kS + 5525\
2

. 1, 1, 2
< _ : Zrap(~
<|1+h||1 5h (14 (k+ 5h )|S|)7rh F(a)
s 1, 1,22
=1+ Al - 3~ ](1—{—(/{—1— = )Wr(a))
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