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Abstract. In the current article, we introduce and investigate two new
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1 Introduction

Denote by A the collection of analytic functions in the open unit disk
U= {z €C:|z| <1} that have the form:

f) =2+ ana". (1)
n=2
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Further, let S indicate the subclass of A consisting of the form (1)
which are univalent in U. One of the important and well examined
subclass of S is the class $*(a) of starlike functions of order «, (0 < a <
1), defined by the condition

Re (foéi';)) >a ,z€U

and the class C(a) of convex functions of order «, (0 < o < 1), is defined
by the condition

zf”(Z))
Re <1+ 702) >a ,z€U.

Especially, for a = 0, the above classes reduce well-known classes S*
and C which are the class of starlike functions and the class of convex
functions, respectively.

Also, a function f € A belongs to K, the class of close-to-convex
functions, if and only if there exists g € §* such that

Re (e”zgf(/g)> >0,2zeU

for 6 € (-3, 5). Especially, for § = 0, the class K reduce to the class of
close-to-convex functions and defined by K.
Further, a function f € § is said to be strongly starlike of order « if

2f'(2)
CIr)

and is said to be strongly convex of order « if

L0
7 )| <2 7Y

2
for some «a, (0 < a < 1). Also we denote these classes S*(a) and C(w),
respectively. Clearly, S*(1) = S* and C(1) = C. In 1966, Stankiewicz
[27] and in 1969, Brannan and Kirwan [5] introduced these classes, in-
dependently. It is interesting that the classes S*(a) and C(«) become
smaller but S*(a) and C(a) become larger as a increases.

T
<OZ§ ,ZE[U

arg (1 +
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The class K(a) of strongly close-to-convex functions defined by

Zf’(Z)‘ m
arg <a— ,ze€U
9(2) 2
for (0 <a<1)and geS*.

Although the class K was firstly formally introduced by Kaplan [10]
in 1952, in 1941 Ozaki [11],( also see [13]) had already considered the

functions in A satisfying the following condition for the class of close-
to-convex functions:

Re <1 + z;:;i?) > —% ,2 € U. (2)

The functions satisfying the inequality (2) are close-to-convex and there-
fore these functions are in S by the definition of Kaplan [10].

In 2017, Ozaki’s condition was generalized by Kargar and Ebadian

[11] as follows:
Definition 1.1. [11] Let F(d) denote the class of locally univalent nor-
malized analytic functions f in the unit disk satisfying the condition
z2f"(z) 1
Re (1 — =9 U. 3
e(—i-f,(z) >2 2 € (3)

for some —% <o <1,

The class F(1) was studied by Ponnusamy et al.[1(]. It is clear that
1
F(z)=C
3
and

F@o)cccS*cKcCS

for all § € (—%,1). Although the definition of the class K involve an
independent starlike function g, the definition of the class F(d) doesn’t
involve such a function. But members of F(1) have coefficients which

grow at the same rate as those in K [10].

In 2019, Allu et.al. [3] extended the class F(9) as follows:

3
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Definition 1.2. [3] The function f € A is called strongly Ozaki close-
to-convex if and only if

(gt (Do

for0<a<1l, % <6 <1 and z € U. This class denoted by Fo (4, a).

In [1], Babalola defined the class £y of A—pseudo starlike functions
as follows:
Let f € Aand A > 1isreal. Then f belongs to the class £y of A—pseudo
starlike functions in the unit disc z € U if and only if

%(4QQV>>QZGU

He also proved that all pseudo starlike functions are univalent in the
unit disc U. Especially, for A = 1, one can obtain the class of starlike
functions.

The class of starlike functions includes the class of f belongs to the class
Ly of A—pseudo convex functions in the unit disc z € U if and only if

m(Wﬁz?V)>uzeU

According to the Koebe One-Quarter Theorem |
f € S has an inverse f~! defined by f~'(f(z)) =

F(F N w)) = w, (Jw| < ro(f),ro(f) > 1), where

g(w) = f_l(w) = w—a2w2—|—(2ag — a3) w3—(5ag — basas + a4) whe
(5)

A function f € A is said to be bi-univalent in U if both f and
f~! are univalent in U. Let X stands for the class of bi-univalent func-
tions in U given by (1). In their pioneering work, Srivastava et al. [20]
have apparently revived the study of analytic and bi-univalent func-
tions in recent years, it was followed by such works as those by Ali [2],
Adegani and et al. [l], Caglar et al. [7] and others (see, for example
[8, 0, 19, 21, 22, 23, 24, 25, 26, 28]). We notice that the class ¥ is not

empty. For example, the functions z, %, —log(1—z) and %log %Z are

every function

}
z, (z € U) and
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members of . However, the familiar Koebe function is not a member of
3. Until now, the coefficient estimate problem for each of the following
Taylor-Maclaurin coefficients |ay|, (n = 4,---) for functions f € X is
still an open problem. Also,Brannan and Taha [6] introduced certain
subclasses of bi-univalent function class ¥ similar to the familiar sub-
classes S*(a) and C(a). These are S5,(«) and Cx(«) which are named
bi-starlike function of order «, (0 < a < 1) and bi-convex function of
order «, (0 < a < 1),respectively. Furthermore, we know that it is not
true: A function f is bi-convex in U if and only if zf’ is bi-starlike in
U. This is clear from that the function f(z) = 1% which is bi-convex,
however for that the function zf’ is the Koebe function which is not
bi-starlike because of not bi-univalent.

Motivated by the above mentioned papers, by using A—pseudo con-
vex functions,we introduce two new subclasses of bi-univalent function
class ¥ namely, strongly Ozaki A—pseudo bi-close-to-convex function
classes. Also, we derive estimates on the initial coefficients of these new
subclasses of the bi-univalent function class .

2 The Function Class F} (6, )

We begin by defining the subclass ]-"372(5, a) as follows:

Definition 2.1. The function f given by (1) is said to be in the class
]-"372(5, a) if the following conditions are satisfied: f € ¥ and

(e ()]s o
(e ()]s o

for0<a< ,% 0 <1; A>1; z,we U and the function g is given
by (5).

and

5
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We note that for A = 1, the class ]-*872((5, «) reduces to the class
Fox(9, ) introduced and studied by Tezelci and Eker [28].

Now, we continue by finding the upper bounds for the initial coeffi-
cient of the functions in the class F) « (6, ) as follows:

Theorem 2.2. For 0 < a < 1; % <6<1; A>1, let a function f be
in the class ]:(/}72(5, a) . Then

las] < a(26 +1) (8)
V(25 + 1Da(8A2 —TA+1) +4(2)A — 1)2(1 — a)
and
_ 20+ 1Da [(AN2 4+ X —1) +2[2A% —4x + 1]
las] < 3EN AT L)(BA 1) ' ©)
Proof. Let f € .7-"3,2(5, «). From (6) and (7), we have
26 —1 2 ([EFE)TY o
%11 241 < 7(2) ) = Ip(2)] (10)
and
26 -1 2 ([lwg' ()M _ o

where p(z) and g(w) are the functions with positive real part i.e are
Caratheddory functions which have the following series expansions:

p(2) =1+ p1z+pez? +p3z®- -, (12)

and
qw) =1+ qw+ @w? + +guwd - - - . (13)

Comparing the corresponding coefficients in (10) and (11), after sim-

plifying, we have
4

2041

(2\ —1)ag = ap; (14)

2
2041

ala—1) ,

[4(2A% — 4X + 1)a3 + 3(3)\ — 1)az] = aps + 51 (15)
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and 4
BTN 2\ —1)a2 = aq: (16)
2 2 2 ala—1)
51 [2(4X° + X — 1)a3 — 3(3X — 1)ag] = ags + 5 ai (17)
It follows from (14) and (16) that
P1=-—q (18)
and 39
2 2 2,92 2
m(”\—l) ag = o (pi + q1). (19)
From(15), (17) and (19), we find that
20 +1)%a?
a2 = (26 +1)%a*(p2 + q2) (20)

420+ D8N —TA+1) +16(2A — 1)2(1 — )

Since p(z) and g(w) are Caratheddory functions, considering Caratheédory
lemma we have |p,| <2 and |g,| <2 forn € N={1,2,---} ( see [15]).
Hence, by further computations, we obtain

(26 +1)%a?
20 + Da(8A2 —TA+1)+4(2X - 1)%(1 — )

jaz|* < ( (21)
which is the desired inequality (24).
Next, by using (15),(17) and (18) we can easily see that

— 1 —1 = 2a(4 —1
%11 (BAN=TA+1)(BA —1)az = 2a(4X\* + X — 1)psy (22)

—40a(2X% — 4\ + 1) g2 + 3a(a — 1)(3\ — 1)p7.

If we take @ = 1, applying Caratheddory lemma, we obtain

(26 +1) [(4AN2 + A= 1) + 2|20 — 4 + 1]

<
las] < 3N —TA+ 1)(BA— 1)

Consider 0 < o < 1. From (22), we can write

12
20+1
= aRe {2(4\* + X — 1)ps — 4a(2)? — 4)\ + 1)g2 + 3(a — 1)(3X — 1)pi} .

(23)

(8X2 — TA 4+ 1)(3\ — 1) Re(a3)
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From Herglotz’s representation formula [15] for the functions p(z) and
q(w), we have
2w —it
1+e "2
= t
pe) = [ T
and ) .
T1l4e "w
= - t
o) = [ T

where (;(t) are increasing on [0, 27| and p;(27) — p;(0) =1, ¢ =1, 2.
Also, we have

27
pMﬂA eIty (1)

2m )
Gn = 2 / e " dps(t)
0
for n € N. Now, we can write (22) as follows:

12
20+1

2
(8X2 — TA+ 1)(3\ — 1)Re(as) = 4a(4X® + X — 1) / cos2tdp (t)
0

+8a(—2X2 + 41— 1) /O : cos2tdps(t)
—12a(1 — ) (31 — 1) [(/0% costdul(t)) — </02W sintd,ul(t)>2]

2m 2m
< 4a(4)® 4+ ) — 1)/ cos2tdpuy () + 8a|2X* — 4\ + 1| / cos2tdps(t)
0 0

2

2

+12a(1 — @) (3) — 1) ( /0 ” sintdul(t)>

2w
= 4o {(4)\2 +A-1) /0 (1 — 2sin’t)duy (t)

2T
+2[20% — 41 + 1| / (1 — 2sin*t)dus(t)
0

+3(1—a)(3r—1) </027r sz’ntdul(t)> 2}
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By Jensen’s inequality [17], we know

( /0 Qﬂ |sint|du(t)>

2

2m
< / sintdpu(t).
0

Hence, we have

12

51 (822 —7TA 4 1)(3\ — 1)Re(as) <

Ao {((AN* + X — 1) +2[22* —4A + 1))

2
—4)2)\% — 4\ + 1] / sin’tdpus(t)
0

— 24N +X—1) = 3(1 —a)(3A - 1)] /% sz’thd,ul(t)} .
0

and so

(26 + D)o [(4X2+ X —1) +2[2A2 —4A + 1]

[
Re(a3) < 382 —7TA+1)(BA—1)

which implies

(26 + 1)a [(4X2+ X — 1) +2[2A2 — 4\ + 1]
38X —TA+1)(3X—1)

laz| <

(for details, see [12]). This completes proof of the theorem. [

By taking A = 1 in Theorem (2.2) we state

Corollary 2.3. [25] Let f given by 1 be in the class ]-'(1)72(5, o) =
fO,E((s, Oé)
a(20+1)

las| <
V20(20 + 1) +4(1 — )

and
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Remark 2.4. We consider a function f(z) given by
where 0 < a < 1.It is easy to see that f(z) € S. For this function f(z),
we have that

z

T N
glw) = [1(2) = ;- €8,

For such f(z) and g(w), we have that

z2f"(2)  1+az
f'(z)  1—az

1+

and
wg"(w) 11— aw

gdw) 14aw

1+

It follows that f(z) satisfies

2 1+zf”(z) 2 1+ a? - 2 2a
20 + 1 f'(2) 26 +1 \ 1 — a2 26 +1 \ 1 — a2

for z € U. Also, this gives us that

20 — 1 2 2f"(2) 2 1+ a? 2 2a
+ 1+ - < .
20+1  20+1 f(z) 260+1\1—a? 26+1\1—-a?

From the above inequality, we have that

26 —1 2 2f"(2) 1 2a
arg<25+1+25+1<1+ 702) < sin Tt a? , 2 €.

Next, we consider the function g(w). It is easy to see that g(w) satisfies

2 wg” (w) 2 1+a? 2 2a
1+ - <
20+1 g (w) 20+1\1—a? 20+1\1—a?

for w € U. This implies that

25—1+ 2 1+wg”(w)
TIN2w+1 T2+ 1 7 (w)

Therefore, if we consider a real number « such that

2 2a
a = —sin ,
T 1+ a2

then f(z) belongs to the class }—5,2(5’ Q).

1+ a2

2
<sin_1( a > ,we U
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3  The Function Class F(d, )

We define the subclass ]:872(5, B) as follows:

Definition 3.1. The function f € A given by (1) is said to be in the
class .7:()372(5, B) if the following conditions are satisfied: f € ¥ and

et ()
and N @g: N 251 : ([(wgiEZ;yP)) > 6 27)

for0 < B < 1; % <6<1; A>1, z,w € U and the function g is given
by (5).

We note that for A = 1, the class }"3’2(6,,6’) reduces to the class
Fox(0,B) introduced and studied by Tezelci and Eker [28] and for A =

1,6 = %, the class .7-"(’}’2(5, B) reduces to the class Cx (/) introduced and
studied by Brannan and Taha [0].

Now, we continue by finding the upper bounds for the initial coeffi-
cient of the functions in the class F) (6, 8) as follows:

Theorem 3.2. For 0 <3< 1; % <6<1; A>1, let f bein the class

.7:372(5, B) . Then
(I1-=p0)(20+1)
a2 S\/ 8N —TA+1 (28)

and

(1=B)(26+1) [(4AN* + A = 1) + 2[2X2 — 4X + 1]

<
las| < 3802 —TA+ )3 1)

. (29)

Proof. Let f € ]-"3’2(5, B). From (26) and (27), we have

20 -1 2 ([(Zf’(Z))’]A

% +1 241 7(2) ) =B+ (1-B)p(2) (30)

11
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and

20 — 1 2 [(wg' (w))']* B
% +1 2841 ( g'(w) > =B+ (1-p)g(w) (31)

where p(z) and g(w) are the functions with positive real part i.e are
Caratheddory functions which have the same notation in Theorem 2.2.
Comparing the corresponding coefficients in (30) and (31), after sim-
plifying, we have
4

26 + 1 (2A = 1az = (1 - B)p1 (32)
262+ [ [42X° = AN+ Daz + 36X — Dag] = (1= Bp2 (33)

and A
A Daz=0-0fa (34)
51 [2(40% + X — 1)a3 — 3(3)\ — 1)as] = (1 — B)ga. (35)

It follows from (32) and (34) that
P1=—q (36)
and 2

W(Q/\ —1)%a3 = (1 - 8)*(p] + ¢1) (37)

From(33) and (35), we find that

a3 = i?g ; i)(;/\;ﬁl)) (p2 + @2)- (38)

Hence, by further computations, we obtain

aal? < (20 +1)(1—B)
BN —TA+ )

which is the desired inequality (28).
Next, if we subtract (35) from (33), we can easily see that

12 B ,
55+ 1B = TA+ 1(BA— Das =2(1 — H)(4N* + A~ D -

—4(1 = B)(2N2 — 44X + 1)y
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which implies

(26 +1)(1 = B) [(AN> + A = 1) + 2 |2A2 — 4X 4+ 1|]
38X2 —TA+1)(3A — 1)

This completes proof of the theorem. O

las| <

Putting A = 1 in Theorem 3.2, we obtain the following result:
Corollary 3.3. [25] Let f given by (1) be in the class .7:(1)72(5, B) =

Fox(6,8)
as] < \/(1—5);25“) (41)

and

o] < (L= 5);25 +1) )

Remark 3.4. Let us consider functions f(z) and g(w) given in Remark
2.4. Then f(z) and g(w) satisfy

20 — 1 2 2f"(2) 2 1+ a? 2 2a
+ 1+ - <
2041 20+1 f(2) 260+1\1—-a? 20+1\1—-a?
and
— " 2
20 1Jr 2 4w (w)) 2 1+a < 2 2a
20+1  20+1 g (w) 20+1\1—a? 20+1\1—a?

where z,w € U. Therefore, f(z) satisfies

Re<25_1+ 2 (1+Zf”(z))>>2(1_a) 2eU

2041 25+1 f'(2) (20 +1)(1+a)’
and
20— 1 2 wg” (w) 2(1 —a)
R€<25+1+25+1 <1jL g (w) )) T nita Y

Therefore, if we consider a real number § such that
2(1—a)
(20 +1)(1 +a)’

then f(z) is in the class ]:572(5, B).

8=
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Taking A = 1 and § = % in Theorem 3.2, we obtain the following
result:

Corollary 3.5. [0] Let f given by (1) be in the class ]%72(%, B) = Cx(B)

lag| < /1 =5 (43)

and
lag] <1 — 8. (44)

Corollary 3.6. [0] Taking A =1, 6 = % and B =0 in Theorem 3.2 we

have

1
Fbx(5.0) = Cs(0) € €.

where C is the class of all normalized convex function in U, which implies
that |ap| < 1, n=2,3,--+ which is sharp.

4 Conclusion

This paper aims to derive the two initial Taylor—Maclaurin coefficient es-
timates of functions within two new families of strongly Ozaki A-pseudo
bi-close-to-convex functions in the open unit disk. The results of this
article will encourage other researchers to find more general results us-
ing different operators, especially the ¢— differential operator. The re-
searchers can be used a recent survey-cum-expository review article [18]
which involves a wide variety of operators of basic (or ¢—) calculus and
fractional g— calculus and their widespread applications in Geometric
Function Theory of Complex Analysis.

Acknowledgements
The authors would like to thank the editor and the referees for the
helpful suggestions.



ON STRONGLY OZAKI A-PSEUDO BI-CLOSE-TO-CONVEX...

References

E. A. Adegani, S. Bulut and A. A. Zireh, Coefficient estimates for
a subclass of analytic bi-univalent functions, Bull. Korean Math.
Soc., 55(2)(2018), 405-413.

R. M. Ali, S. K. Lee, V. Ravichandran and S. Supramaniam, Co-
efficient estimates for bi-univalent Ma-Minda starlike and convex
functions, Appl. Math. Letters, 25 (2012), 344-351.

V. Allu, D. K. Thomas and N. Tuneski, On Ozaki close-to-
convex functions,Bulletin of the Australian Mathematical Society,
99(2019), 89-100.

K. O. Babalola, On A-pseudo-starlike functions, Journal of Classical
Analysis, 3(2)(2013), 137-147.

D. A. Brannan and W. E. Kirwan, On some classes of bounded
univalent functions, Journal of the London Mathematical Society, 2
(1969), 431-443.

D. A. Brannan and T. S. Taha, On some classes of bi-univalent func-
tions,In: S.M.Mazhar, A.Hamoui, N.S.Faour (Eds.),KFAS Pro-
ceedings Series, Vol 3 Oxford, UK:Pergamon Press,(1988),53-60.

M. Caglar, H. Orhan and N. Yagmur, Coefficient bounds for new
subclasses of bi-univalent functions, Filomat, 27 (2013), 1165-1171.

H. O. Giiney, G. Murugusundaramoorthy and J. Sokél, Sub-
classes of bi-univalent functions related to shell-like curves con-
nected with Fibonacci numbers, Acta Univ. Sapientiae, Mathemat-
ica, 10(1)(2018), 70-84.

H. O. Giiney, G. Murugusundaramoorthy and H. M. Srivastava,
The second Hankel determinant for a certain class of bi-close-to-
convex functions, Results Math., 74 (2019), 93, 1-13.

W. Kaplan, Close-to-convex schlicht functions, Michigan Math J.,
1(2)(1952), 169-185.

15



16

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

H. O. GUNEY AND S. OWA

R. Kargar and A. Ebadian, Ozaki’s conditions for general inte-
gral operator,Sahand Communications in Mathematical Analysis,
5(1)(2017), 61-67.

Z. Nehari, Conformal Mapping, Mac-Graw Hill Book Company Inc.
(1952).

S. Ozaki, On the theory of multivalent functions,Science Reports of
the Tokyo Bunrika Daigaku Section A, 2(40)(1935), 167-188.

S. Ozaki, On the theory of multivalent functions I1. Science Reports
of the Tokyo Bunrika Daigaku Section A, 4(77/78)(1941), 45-87.

C. Pommerenke, Univalent functions, Vandenhoeck & Ruprecht,
Gottingen, Germany (1975).

S. Ponnusamy, S. K. Sahoo and H. Yanagihara, Radius of convexity
of partial sums of functions in the close-to-convex family, Nonlinear
Analysis, 95(2014), 219-228.

W. Rudin, Real and Complex Analysis, 3rd ed. New York, NY, USA:
McGraw-Hill Education, (1998).

H. M. Srivastava, Operators of Basic (or g—) calculus and fractional
q—calculus and their applications in Geometric Function Theory of
Complex Analysis,fran. J. Sci. Technol. Trans. A Sci., 44 (2020),
327-344.

H. M. Srivastava, S. Gaboury and F. Ghanim, Coeflicient estimates
for some general subclasses of analytic and bi-univalent functions,
Africa Math., 28 (2017), 693-706.

H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain sub-
classes of analytic and bi-univalent functions,Appl. Math. Lett.,
23(2010), 1188-1192.

H. M. Srivastava, A. Motamednezhad and E. A. Adegani, Faber
polynomial coefficient estimates for bi-univalent functions defined
by using differential subordination and a certain fractional deriva-
tive operator, Mathematics, 8 (172) (2020), 1-12.



[22]

[24]

[25]

[26]

ON STRONGLY OZAKI A-PSEUDO BI-CLOSE-TO-CONVEX...

H. M. Srivastava and A. K. Wanas, Initial Maclaurin coefficient
bounds for new subclasses of analytic and m-Fold symmetric bi-
univalent functions defined by a linear combination, Kyunpook Math.

J., 59(3) (2019), 493-503.

H. M. Srivastava, F. M. Sakar and H. O. Giiney, Some general
coefficient estimates for a new class of analytic and bi-univalent
functions defined by a linear combination, Filomat, 32(2018), 1313-
1322.

H. M. Srivastava, S. Gaboury and F. Ghanim, Coefficient estimates
for a general subclass of analytic and bi-univalent functions of the
Ma-Minda type,RACSAM , 112(2018), 1157-1168.

H. M. Srivastava, S. Khan, Q. Z. Ahmad, N. Khan and S. Hussain,
The Faber polynomial expansion method and its application to the
general coefficient problem for some subclasses of bi-univalent func-
tions associated with a certain g— integral operator, Stud. Univ.
Babes-Bolyai Math., 63 (4)(2018), 419-436.

H. M. Srivastava, S. Altinkaya and S. Yalgin, Certain subclasses of
bi-univalent functions associated with the Horadam polynomials,
Iranian Journal of Science and Technology, Transaction A: Science,
43 (2019), 1873-1879.

J. Stankiewicz, Quelques problemes extremaux dans les classes
des fonctions - angulairement etoilees, Ann Univ Mariae Curie-
Sktodowska Sect A, 20 (1966), 59-75.

M. Tezelci and S. Stimer Eker, On strongly Ozaki bi-close-to-convex
functions, Turkish Journal of Math., 43 (2019), 862-870.

H.Ozlem Giiney

Department of Mathematics

Professor and Head, Dept. of Mathematics
Dicle University

Diyarbakir, Turkey

E-mail: ozlemg@dicle.edu.tr

17



18

H. O. GUNEY AND S. OWA

Shigeyoshi Owa

Department of Mathematics
Honorary Professor of Mathematics
71 Decembrie 1918” University
Alba Iulia, Romania

E-mail: shige21@ican.zaq.ne.jp



	1 Introduction
	2  The Function Class FO,(, ) 
	3  The Function Class FO,(, ) 
	4 Conclusion
	References

