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1 Introduction

Denote by A the collection of analytic functions in the open unit disk
U = {z ∈ C : |z| < 1} that have the form:

f(z) = z +
∞∑
n=2

anz
n. (1)
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Further, let S indicate the subclass of A consisting of the form (1)
which are univalent in U. One of the important and well examined
subclass of S is the class S∗(α) of starlike functions of order α, (0 ≤ α <
1), defined by the condition

Re

(
zf ′(z)

f(z)

)
> α , z ∈ U

and the class C(α) of convex functions of order α, (0 ≤ α < 1), is defined
by the condition

Re

(
1 +

zf ′′(z)

f ′(z)

)
> α , z ∈ U.

Especially, for α = 0, the above classes reduce well-known classes S∗
and C which are the class of starlike functions and the class of convex
functions, respectively.

Also, a function f ∈ A belongs to K, the class of close-to-convex
functions, if and only if there exists g ∈ S∗ such that

Re

(
eiθ
zf ′(z)

g(z)

)
> 0 , z ∈ U

for θ ∈ (−π
2 ,

π
2 ). Especially, for θ = 0, the class K reduce to the class of

close-to-convex functions and defined by K0.
Further, a function f ∈ S is said to be strongly starlike of order α if∣∣∣∣arg zf ′(z)f(z)

∣∣∣∣ < α
π

2
, z ∈ U

and is said to be strongly convex of order α if∣∣∣∣arg(1 +
zf ′′(z)

f ′(z)

)∣∣∣∣ < α
π

2
, z ∈ U

for some α, (0 < α ≤ 1). Also we denote these classes S̃∗(α) and C̃(α),
respectively. Clearly, S̃∗(1) = S∗ and C̃(1) = C. In 1966, Stankiewicz
[27] and in 1969, Brannan and Kirwan [5] introduced these classes, in-
dependently. It is interesting that the classes S∗(α) and C(α) become
smaller but S̃∗(α) and C̃(α) become larger as α increases.
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The class K̃(α) of strongly close-to-convex functions defined by∣∣∣∣arg zf ′(z)g(z)

∣∣∣∣ < α
π

2
, z ∈ U

for (0 < α ≤ 1) and g ∈ S∗.
Although the class K was firstly formally introduced by Kaplan [10]

in 1952, in 1941 Ozaki [14],( also see [13]) had already considered the
functions in A satisfying the following condition for the class of close-
to-convex functions:

Re

(
1 +

zf ′′(z)

f ′(z)

)
> −1

2
, z ∈ U. (2)

The functions satisfying the inequality (2) are close-to-convex and there-
fore these functions are in S by the definition of Kaplan [10].

In 2017, Ozaki’s condition was generalized by Kargar and Ebadian
[11] as follows:

Definition 1.1. [11] Let F(δ) denote the class of locally univalent nor-
malized analytic functions f in the unit disk satisfying the condition

Re

(
1 +

zf ′′(z)

f ′(z)

)
>

1

2
− δ , z ∈ U. (3)

for some −1
2 < δ ≤ 1.

The class F(1) was studied by Ponnusamy et al.[16]. It is clear that

F(
1

2
) = C

and
F(δ) ⊂ C ⊂ S∗ ⊂ K ⊂ S

for all δ ∈ (−1
2 ,

1
2). Although the definition of the class K involve an

independent starlike function g, the definition of the class F(δ) doesn’t
involve such a function. But members of F(1) have coefficients which
grow at the same rate as those in K [16].

In 2019, Allu et.al. [3] extended the class F(δ) as follows:
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Definition 1.2. [3] The function f ∈ A is called strongly Ozaki close-
to-convex if and only if∣∣∣∣arg(2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

zf ′′(z)

f ′(z)

))∣∣∣∣ < α
π

2
(4)

for 0 < α ≤ 1, 1
2 ≤ δ ≤ 1 and z ∈ U. This class denoted by FO(δ, α).

In [4], Babalola defined the class Lλ of λ−pseudo starlike functions
as follows:
Let f ∈ A and λ ≥ 1 is real. Then f belongs to the class Lλ of λ−pseudo
starlike functions in the unit disc z ∈ U if and only if

<
(
z(f ′(z))λ

f(z)

)
> 0, z ∈ U.

He also proved that all pseudo starlike functions are univalent in the
unit disc U. Especially, for λ = 1, one can obtain the class of starlike
functions.
The class of starlike functions includes the class of f belongs to the class
Lλ of λ−pseudo convex functions in the unit disc z ∈ U if and only if

<
(

[(zf ′(z))′]λ

f ′(z)

)
> 0, z ∈ U.

According to the Koebe One-Quarter Theorem [15] every function
f ∈ S has an inverse f−1 defined by f−1(f(z)) = z, (z ∈ U) and
f(f−1(w)) = w, (|w| < r0(f), r0(f) ≥ 1

4), where

g(w) = f−1(w) = w−a2w
2+
(
2a2

2 − a3

)
w3−

(
5a3

2 − 5a2a3 + a4

)
w4+· · · .

(5)
A function f ∈ A is said to be bi-univalent in U if both f and

f−1 are univalent in U. Let Σ stands for the class of bi-univalent func-
tions in U given by (1). In their pioneering work, Srivastava et al. [20]
have apparently revived the study of analytic and bi-univalent func-
tions in recent years, it was followed by such works as those by Ali [2],
Adegani and et al. [1], Caglar et al. [7] and others (see, for example
[8, 9, 19, 21, 22, 23, 24, 25, 26, 28]). We notice that the class Σ is not
empty. For example, the functions z, z

1−z , − log(1−z) and 1
2 log 1+z

1−z are
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members of Σ. However, the familiar Koebe function is not a member of
Σ. Until now, the coefficient estimate problem for each of the following
Taylor-Maclaurin coefficients |an|, (n = 4, · · · ) for functions f ∈ Σ is
still an open problem. Also,Brannan and Taha [6] introduced certain
subclasses of bi-univalent function class Σ similar to the familiar sub-
classes S∗(α) and C(α). These are S∗Σ(α) and CΣ(α) which are named
bi-starlike function of order α, (0 ≤ α < 1) and bi-convex function of
order α, (0 ≤ α < 1),respectively. Furthermore, we know that it is not
true: A function f is bi-convex in U if and only if zf ′ is bi-starlike in
U. This is clear from that the function f(z) = z

1−z which is bi-convex,
however for that the function zf ′ is the Koebe function which is not
bi-starlike because of not bi-univalent.

Motivated by the above mentioned papers, by using λ−pseudo con-
vex functions,we introduce two new subclasses of bi-univalent function
class Σ namely, strongly Ozaki λ−pseudo bi-close-to-convex function
classes. Also, we derive estimates on the initial coefficients of these new
subclasses of the bi-univalent function class Σ.

2 The Function Class Fλ
O,Σ(δ, α)

We begin by defining the subclass FλO,Σ(δ, α) as follows:

Definition 2.1. The function f given by (1) is said to be in the class
FλO,Σ(δ, α) if the following conditions are satisfied: f ∈ Σ and∣∣∣∣arg(2δ − 1

2δ + 1
+

2

2δ + 1

(
[(zf ′(z))′]λ

f ′(z)

))∣∣∣∣ < α
π

2
(6)

and ∣∣∣∣arg(2δ − 1

2δ + 1
+

2

2δ + 1

(
[(wg′(w))′]λ

g′(w)

))∣∣∣∣ < α
π

2
(7)

for 0 < α ≤ 1; 1
2 ≤ δ ≤ 1; λ ≥ 1; z, w ∈ U and the function g is given

by (5).
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We note that for λ = 1, the class FλO,Σ(δ, α) reduces to the class
FO,Σ(δ, α) introduced and studied by Tezelci and Eker [28].

Now, we continue by finding the upper bounds for the initial coeffi-
cient of the functions in the class FλO,Σ(δ, α) as follows:

Theorem 2.2. For 0 < α ≤ 1; 1
2 ≤ δ ≤ 1; λ ≥ 1 , let a function f be

in the class FλO,Σ(δ, α) . Then

|a2| ≤
α(2δ + 1)√

(2δ + 1)α(8λ2 − 7λ+ 1) + 4(2λ− 1)2(1− α)
(8)

and

|a3| ≤
(2δ + 1)α

[
(4λ2 + λ− 1) + 2

∣∣2λ2 − 4λ+ 1
∣∣]

3(8λ2 − 7λ+ 1)(3λ− 1)
. (9)

Proof. Let f ∈ FλO,Σ(δ, α). From (6) and (7), we have

2δ − 1

2δ + 1
+

2

2δ + 1

(
[(zf ′(z))′]λ

f ′(z)

)
= [p(z)]α (10)

and
2δ − 1

2δ + 1
+

2

2δ + 1

(
[(wg′(w))′]λ

g′(w)

)
= [q(w)]α (11)

where p(z) and q(w) are the functions with positive real part i.e are
Caratheódory functions which have the following series expansions:

p(z) = 1 + p1z + p2z
2 + p3z

3 · · · , (12)

and

q(w) = 1 + q1w + q2w
2 + +q3w

3 · · · . (13)

Comparing the corresponding coefficients in (10) and (11), after sim-
plifying, we have

4

2δ + 1
(2λ− 1)a2 = αp1 (14)

2

2δ + 1

[
4(2λ2 − 4λ+ 1)a2

2 + 3(3λ− 1)a3

]
= αp2 +

α(α− 1)

2
p2

1 (15)
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and

− 4

2δ + 1
(2λ− 1)a2 = αq1 (16)

2

2δ + 1

[
2(4λ2 + λ− 1)a2

2 − 3(3λ− 1)a3

]
= αq2 +

α(α− 1)

2
q2

1. (17)

It follows from (14) and (16) that

p1 = −q1 (18)

and
32

(2δ + 1)2
(2λ− 1)2a2

2 = α2(p2
1 + q2

1). (19)

From(15), (17) and (19), we find that

a2
2 =

(2δ + 1)2α2(p2 + q2)

4(2δ + 1)α(8λ2 − 7λ+ 1) + 16(2λ− 1)2(1− α)
. (20)

Since p(z) and q(w) are Caratheódory functions, considering Caratheódory
lemma we have |pn| ≤ 2 and |qn| ≤ 2 for n ∈ N = {1, 2, · · · } ( see [15]).
Hence, by further computations, we obtain

|a2|2 ≤
(2δ + 1)2α2

(2δ + 1)α(8λ2 − 7λ+ 1) + 4(2λ− 1)2(1− α)
(21)

which is the desired inequality (24).
Next, by using (15),(17) and (18) we can easily see that

12

2δ + 1
(8λ2 − 7λ+ 1)(3λ− 1)a3 = 2α(4λ2 + λ− 1)p2

− 4α(2λ2 − 4λ+ 1)q2 + 3α(α− 1)(3λ− 1)p2
1.

(22)

If we take α = 1, applying Caratheódory lemma, we obtain

|a3| ≤
(2δ + 1)

[
(4λ2 + λ− 1) + 2

∣∣2λ2 − 4λ+ 1
∣∣]

3(8λ2 − 7λ+ 1)(3λ− 1)
.

Consider 0 < α < 1. From (22), we can write

12

2δ + 1
(8λ2 − 7λ+ 1)(3λ− 1)Re(a3)

= αRe
{

2(4λ2 + λ− 1)p2 − 4α(2λ2 − 4λ+ 1)q2 + 3(α− 1)(3λ− 1)p2
1

}
.

(23)
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From Herglotz’s representation formula [15] for the functions p(z) and
q(w), we have

p(z) =

∫ 2π

0

1 + e−itz

1− e−itz
dµ1(t)

and

q(w) =

∫ 2π

0

1 + e−itw

1− e−itw
dµ2(t)

where µi(t) are increasing on [0, 2π] and µi(2π)− µi(0) = 1, i = 1, 2.
Also, we have

pn = 2

∫ 2π

0
e−intdµ1(t)

qn = 2

∫ 2π

0
e−intdµ2(t)

for n ∈ N. Now, we can write (22) as follows:

12

2δ + 1
(8λ2 − 7λ+ 1)(3λ− 1)Re(a3) = 4α(4λ2 + λ− 1)

∫ 2π

0
cos2tdµ1(t)

+ 8α(−2λ2 + 4λ− 1)

∫ 2π

0
cos2tdµ2(t)

− 12α(1− α)(3λ− 1)

[(∫ 2π

0
costdµ1(t)

)2

−
(∫ 2π

0
sintdµ1(t)

)2
]

≤ 4α(4λ2 + λ− 1)

∫ 2π

0
cos2tdµ1(t) + 8α|2λ2 − 4λ+ 1|

∫ 2π

0
cos2tdµ2(t)

+12α(1− α)(3λ− 1)

(∫ 2π

0
sintdµ1(t)

)2

= 4α

{
(4λ2 + λ− 1)

∫ 2π

0
(1− 2sin2t)dµ1(t)

+2|2λ2 − 4λ+ 1|
∫ 2π

0
(1− 2sin2t)dµ2(t)

+3(1− α)(3λ− 1)

(∫ 2π

0
sintdµ1(t)

)2
}

.
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By Jensen’s inequality [17], we know(∫ 2π

0
|sint|dµ(t)

)2

≤
∫ 2π

0
sin2tdµ(t).

Hence, we have

12

2δ + 1
(8λ2 − 7λ+ 1)(3λ− 1)Re(a3) ≤

4α
{(

(4λ2 + λ− 1) + 2|2λ2 − 4λ+ 1|
)

−4|2λ2 − 4λ+ 1|
∫ 2π

0
sin2tdµ2(t)

−
[
2(4λ2 + λ− 1)− 3(1− α)(3λ− 1)

] ∫ 2π

0
sin2tdµ1(t)

}
.

and so

Re(a3) ≤
(2δ + 1)α

[
(4λ2 + λ− 1) + 2

∣∣2λ2 − 4λ+ 1
∣∣]

3(8λ2 − 7λ+ 1)(3λ− 1)

which implies

|a3| ≤
(2δ + 1)α

[
(4λ2 + λ− 1) + 2

∣∣2λ2 − 4λ+ 1
∣∣]

3(8λ2 − 7λ+ 1)(3λ− 1)

(for details, see [12]). This completes proof of the theorem. �

By taking λ = 1 in Theorem (2.2) we state

Corollary 2.3. [28] Let f given by 1 be in the class F1
O,Σ(δ, α) =

FO,Σ(δ, α)

|a2| ≤
α(2δ + 1)√

2α(2δ + 1) + 4(1− α)
(24)

and

|a3| ≤
α(2δ + 1)

2
. (25)
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Remark 2.4. We consider a function f(z) given by

f(z) =
z

1− az
where 0 < a ≤ 1.It is easy to see that f(z) ∈ S. For this function f(z),
we have that

g(w) = f−1(z) =
w

1 + aw
∈ S.

For such f(z) and g(w), we have that

1 +
zf ′′(z)

f ′(z)
=

1 + az

1− az
and

1 +
wg′′(w)

g′(w)
=

1− aw
1 + aw

.

It follows that f(z) satisfies∣∣∣∣ 2

2δ + 1

(
1 +

zf ′′(z)

f ′(z)

)
− 2

2δ + 1

(
1 + a2

1− a2

)∣∣∣∣ < 2

2δ + 1

(
2a

1− a2

)
for z ∈ U. Also, this gives us that∣∣∣∣2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

zf ′′(z)

f ′(z)

)
− 2

2δ + 1

(
1 + a2

1− a2

)∣∣∣∣ < 2

2δ + 1

(
2a

1− a2

)
.

From the above inequality, we have that∣∣∣∣arg(2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

zf ′′(z)

f ′(z)

))∣∣∣∣ < sin−1

(
2a

1 + a2

)
, z ∈ U.

Next, we consider the function g(w). It is easy to see that g(w) satisfies∣∣∣∣ 2

2δ + 1

(
1 +

wg′′(w)

g′(w)

)
− 2

2δ + 1

(
1 + a2

1− a2

)∣∣∣∣ < 2

2δ + 1

(
2a

1− a2

)
for w ∈ U. This implies that∣∣∣∣arg(2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

wg′′(w)

g′(w)

))∣∣∣∣ < sin−1

(
2a

1 + a2

)
, w ∈ U.

Therefore, if we consider a real number α such that

α =
2

π
sin−1

(
2a

1 + a2

)
,

then f(z) belongs to the class F1
O,Σ(δ, α).
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3 The Function Class Fλ
O,Σ(δ, β)

We define the subclass FλO,Σ(δ, β) as follows:

Definition 3.1. The function f ∈ A given by (1) is said to be in the
class FλO,Σ(δ, β) if the following conditions are satisfied: f ∈ Σ and

Re

(
2δ − 1

2δ + 1
+

2

2δ + 1

(
[(zf ′(z))′]λ

f ′(z)

))
> β (26)

and

Re

(
2δ − 1

2δ + 1
+

2

2δ + 1

(
[(wg′(w))′]λ

g′(w)

))
> β (27)

for 0 ≤ β < 1; 1
2 ≤ δ ≤ 1; λ ≥ 1, z, w ∈ U and the function g is given

by (5).

We note that for λ = 1, the class FλO,Σ(δ, β) reduces to the class
FO,Σ(δ, β) introduced and studied by Tezelci and Eker [28] and for λ =
1, δ = 1

2 , the class FλO,Σ(δ, β) reduces to the class CΣ(β) introduced and
studied by Brannan and Taha [6].

Now, we continue by finding the upper bounds for the initial coeffi-
cient of the functions in the class FλO,Σ(δ, β) as follows:

Theorem 3.2. For 0 ≤ β < 1; 1
2 ≤ δ ≤ 1; λ ≥ 1 , let f be in the class

FλO,Σ(δ, β) . Then

|a2| ≤
√

(1− β)(2δ + 1)

8λ2 − 7λ+ 1
(28)

and

|a3| ≤
(1− β)(2δ + 1)

[
(4λ2 + λ− 1) + 2

∣∣2λ2 − 4λ+ 1
∣∣]

3(8λ2 − 7λ+ 1)(3λ− 1)
. (29)

Proof. Let f ∈ FλO,Σ(δ, β). From (26) and (27), we have

2δ − 1

2δ + 1
+

2

2δ + 1

(
[(zf ′(z))′]λ

f ′(z)

)
= β + (1− β)p(z) (30)
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and
2δ − 1

2δ + 1
+

2

2δ + 1

(
[(wg′(w))′]λ

g′(w)

)
= β + (1− β)q(w) (31)

where p(z) and q(w) are the functions with positive real part i.e are
Caratheódory functions which have the same notation in Theorem 2.2.

Comparing the corresponding coefficients in (30) and (31), after sim-
plifying, we have

4

2δ + 1
(2λ− 1)a2 = (1− β)p1 (32)

2

2δ + 1

[
4(2λ2 − 4λ+ 1)a2

2 + 3(3λ− 1)a3

]
= (1− β)p2 (33)

and

− 4

2δ + 1
(2λ− 1)a2 = (1− β)q1 (34)

2

2δ + 1

[
2(4λ2 + λ− 1)a2

2 − 3(3λ− 1)a3

]
= (1− β)q2. (35)

It follows from (32) and (34) that

p1 = −q1 (36)

and
32

(2δ + 1)2
(2λ− 1)2a2

2 = (1− β)2(p2
1 + q2

1). (37)

From(33) and (35), we find that

a2
2 =

(2δ + 1)(1− β)

4(8λ2 − 7λ+ 1)
(p2 + q2). (38)

Hence, by further computations, we obtain

|a2|2 ≤
(2δ + 1)(1− β)

(8λ2 − 7λ+ 1)
. (39)

which is the desired inequality (28).
Next, if we subtract (35) from (33), we can easily see that

12

2δ + 1
(8λ2 − 7λ+ 1)(3λ− 1)a3 =2(1− β)(4λ2 + λ− 1)p2

− 4(1− β)(2λ2 − 4λ+ 1)q2

(40)
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which implies

|a3| ≤
(2δ + 1)(1− β)

[
(4λ2 + λ− 1) + 2

∣∣2λ2 − 4λ+ 1
∣∣]

3(8λ2 − 7λ+ 1)(3λ− 1)
.

This completes proof of the theorem. �

Putting λ = 1 in Theorem 3.2, we obtain the following result:

Corollary 3.3. [28] Let f given by (1) be in the class F1
O,Σ(δ, β) =

FO,Σ(δ, β)

|a2| ≤
√

(1− β)(2δ + 1)

2
(41)

and

|a3| ≤
(1− β)(2δ + 1)

2
. (42)

Remark 3.4. Let us consider functions f(z) and g(w) given in Remark
2.4. Then f(z) and g(w) satisfy∣∣∣∣2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

zf ′′(z)

f ′(z)

)
− 2

2δ + 1

(
1 + a2

1− a2

)∣∣∣∣ < 2

2δ + 1

(
2a

1− a2

)
and∣∣∣∣2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

wg′′(w)

g′(w)

)
− 2

2δ + 1

(
1 + a2

1− a2

)∣∣∣∣ < 2

2δ + 1

(
2a

1− a2

)
where z, w ∈ U. Therefore, f(z) satisfies

Re

(
2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

zf ′′(z)

f ′(z)

))
>

2(1− a)

(2δ + 1)(1 + a)
, z ∈ U

and

Re

(
2δ − 1

2δ + 1
+

2

2δ + 1

(
1 +

wg′′(w)

g′(w)

))
>

2(1− a)

(2δ + 1)(1 + a)
, w ∈ U.

Therefore, if we consider a real number β such that

β =
2(1− a)

(2δ + 1)(1 + a)
,

then f(z) is in the class F1
O,Σ(δ, β).
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Taking λ = 1 and δ = 1
2 in Theorem 3.2, we obtain the following

result:

Corollary 3.5. [6] Let f given by (1) be in the class F1
O,Σ(1

2 , β) = CΣ(β)

|a2| ≤
√

1− β (43)

and

|a3| ≤ 1− β. (44)

Corollary 3.6. [6] Taking λ = 1, δ = 1
2 and β = 0 in Theorem 3.2 we

have

F1
O,Σ(

1

2
, 0) = CΣ(0) ⊂ C,

where C is the class of all normalized convex function in U, which implies
that |an| ≤ 1, n = 2, 3, · · · which is sharp.

4 Conclusion

This paper aims to derive the two initial Taylor–Maclaurin coefficient es-
timates of functions within two new families of strongly Ozaki λ-pseudo
bi-close-to-convex functions in the open unit disk. The results of this
article will encourage other researchers to find more general results us-
ing different operators, especially the q− differential operator. The re-
searchers can be used a recent survey-cum-expository review article [18]
which involves a wide variety of operators of basic (or q−) calculus and
fractional q− calculus and their widespread applications in Geometric
Function Theory of Complex Analysis.
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H.Özlem Güney
Department of Mathematics
Professor and Head, Dept. of Mathematics
Dicle University
Diyarbakır, Turkey

E-mail: ozlemg@dicle.edu.tr
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