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1 Introduction

The category of b-metrics was defined by Bakhtin [2] and Czerwik [2].
After that, some other authors discussed on its properties defined con-
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vergent and Cauchy sequence, etc, and established several fixed point
theorems for various functions in this space with their applications to
nonlinear functional analysis (see [15, 18] and their references). Also,
the notion of probabilistic metric spaces were defined by Menger [16].
Then, many fixed point theorems in such spaces have been introduced
by many researchers, see [7, 11, 12, 14, 19] and references therein. More-
over, in 2015, Hasanvand and Khanehgir [13] defined a new version of
probabilistic space which is called Menger PbM-space and established
some theorems for single-valued operators.

In 1969, Nadler [17] considered the Banach contraction principle for
multi-valued mapping. Then Ciric [0] extended Nadler’s result. After
that, many researchers proved some main fixed point theorems regard-
ing a multi-valued mapping in various metric spaces (for example, see
[1, 4, 19] and reference contained therein). In this work, by applying
[8, 11, 13], we consider some nonlinear contractions for multi-valued
mappings (in both case S-admissible and (f3,y)-admissible) and obtain
several fixed point theorems in PbM-spaces. In Section 2, by applying
the definitions of generalized [-type and generalized ([-y-type multi-
valued mappings in a PbM-space, we establish some new results. In
Section 3, we prepare some coupled fixed point results for generalized
B-type and generalized [-v-type mappings in a PbM-space by the sim-
ilar extension of mentioned definitions in Section 2. Finally, we present
an application in integral equations.

Throughout this paper, the collection of all nonempty closed and
bounded subsets of a PbM-space X is marked by CB(X) and the col-
lection of all nonempty subsets of every nonempty set X is considered
by N(X). Also, assume that 7 is a triangular norm (t-norm) and D"
is the collection of all Menger distance distribution functions [7].

Definition 1.1. [5] A function ¢ : RT™ — R™ is said to be a ®-function
if it satisfies the following conditions:

i) ¢(t) =0 if and only if t = 0,

t
(t) is strictly monotone increasing and ¢(t) — oo as t — oo,

ii

111

¢
¢
¢ is left-continuous in (0, 00),

v

)
)
)
)

¢ is continuous at 0.
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Definition 1.2. [13] Let X # (), T be a continuous t-norm and « €
(0,1]. Also, let F : X x X — D% be a mapping with the value F, , at
(z,y). (X, F,T)is a Menger PbM-space if the following properties are
held:

(PbM1) Foy(t) =1 2=y,

(PBM2) Foy (t) = Fpualt),

(POM3) Fo(t + 5) = T(Foy(at), Fyo(as)).
for each z,y,z € X and s,t > 0.

We know that a Menger PbM-space is a Menger PM-space [7], with
a = 1. Thus the category of Menger PbM-spaces is bigger than the
category of Menger PM-spaces. Further, for definitions of convergent
and Cauchy sequences, completeness and examples in a Menger PbM-
space, see [13].

Definition 1.3. [19] Consider a Menger PM-space (X, F,T). A func-
tion H : CB(X) x CB(X) — [0,1] with

Hyp(t) = S;;It) T (Iggﬁ‘ Fp,5(5), (}ngs’ Fq.A(8))

for all £ > 0 is named a probabilistic distance between A and B, where
Fa,A(t) = sup Fp(t) is the distance between a point and a set.

peEA
Definition 1.4. [19] Let (X, F,7) be a Menger PM-space.

(i) A subset D C X is called approximative if P, p(t) = {p € D :
Fa,p(t) = Fpo(t)} for every z € X has nonempty value.

(ii) A multi-valued mapping G : X — N(X) has approximative val-
ues, AV for short, if G(x) is approximative for each x € X.

(iii) G has the w-approximate value property if there exists y € G(x)
with Fuy(t) > Hga),c@) (t) for every a € X, z € G(a) and for
every t > 0.

Definitions 1.3 and 1.4 are held in PbM -space.
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Lemma 1.5. [11] Consider a Menger PbM -space (X, F,T ) with coef-
ficient . Assume that Fypy(aFo(t)) > Fpy(af1e(L)) for z,y € X,
c € (0,1), k € N and for each t > 0, where ¢ is a ®-function. Then
Fay(t) =1.

In the sequel, we denote a Menger PbM-space (X, F,T) with coef-
ficient o by (X, F,T,a) and X x X by X2

2 Multi-valued mappings in PbM-space and fixed
point results

Following the idea of Hasanvand and Khanehgir [13] and Gopal et al.
[11], we introduce the following definitions in the framework of Menger
PbM-space. The definitions of S-admissible and (/3,y)-admissible in the
framework of Menger PbM-space are held when f: X — CB(X) is an
arbitrary multi-valued mapping.

Definition 2.1. Let (X, F,7) be a Menger PbM-space with coefficient
aand f: X — CB(X) be a given multi-valued mapping. We say that
f is a generalized B-type contractive multi-valued mapping of degree
k € N, if there exist a function f: X x X x (0,00) — (0,00) such that

Bz, y, &) H iy p) (aF0(t)) > min{fx,y(@k_lcﬁ(z) Fapey(aF™ 1¢(£)
)s Fa,f(y) (200 2¢(£)

_ t
]:f(y)vy(o‘k 1‘15(’
t

Fii)u(20"726(2)}
for all z,y € X and for all t > 0, where ¢ € ® and ¢ € (0,1). Further,
the mapping f is called a generalized (-type contractive multi-valued
mapping if it is a generalized S-type contractive multi-valued mapping
of degree k for each k € N.

Definition 2.2. Let (X, F,7) be a Menger PbM-space with coefficient
aand f: X — CB(X) be a given multi-valued mapping. We say that
f is a generalized §-y-type multi-valued contractive mapping of degree
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k € N, if there exist two functions 5,7 : X x X x (0,00) — (0, 00) such
that

8, 3,0M) Hy(a) ) (0*6(0) 2 (w0, a’“—%)min{ay(ak—w(f)
Fe g (@ 10(0), Fr (@ 1(),
Forg)(20520(0), Fray (205 26(0))

for all z,y € X, u € f(z), v € f(y) and for all ¢ > 0, where ¢ € ® and

€ (0,1). Further, the mapping f is called a generalized S-y-type multi-
valued contractive mapping if it is a generalized B-vy-type multi-valued
contractive mapping of degree k for each k£ € N.

o

\w\_/

Theorem 2.3. Consider a complete Menger PbM -space (X, F, T, ).
Let T (a,a) > a for each a € [0,1], and f : X — CB(X) be a generalized
B-y-type multi-valued contractive mapping and has the w-approzimative
value property. Suppose the mapping f satisfy the following properties:

(i) f is (B,7)-admissible;

(ii) for some xy € X, there is x1 € f(xg) with f(xo,z1,t) < 1 and
v(xo,x1,t) > 1 for every t > 0;

(iii) for alln € N and for every t > 0, if {z,} is a convergent sequence
to x € X with B(xp-1,2n,t) < 1 and y(zp, Tnt1,t) > 1, then
B(xp—1,z,t) <1 and y(xn,y,t) > 1 for each y € f(z).

Then f has a fized point in X.

Proof. If 1 = xg, then the proof is complete. Let z1 # xg, i.e., z¢ ¢
f(zo). Since f has w-approximative value property, there is xg € f(x1)
such that Fu 2, (t) > Hjp(zg),f(2y)(t) for every t > 0. For x5 € f(x1),
from (i) and (i7) we have 5(xg,z1,t) < 1 and ~y(x1,x2,t) > 1 for every
t > 0. If 1 € f(x1), then z7 is a fixed point of f. Assume that
x9 # x1. Again, by the assumptions, there exists z3 € f(z2) such
that Fug 2, (t) > Hp(ay),f(a) (1), B(w2,71,t) < 1 and (w2, 23,t) > 1 for
every t > 0. Continue this procedure, we get a sequence {z,} in X
with z, € f(zn-1) for xn # Tn_1, where Fu, 2,1 (t) > Hpgz 1) f(an) (1),

5
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B(Tn, xp—1,t) < 1 and y(zp,Tnt1,t) > 1 for all ¢ > 0. Due to the
continuity of ¢ at 0, there is r > 0 with ¢ > ¢(r). Since f has w-
approximative value property, we obtain

‘Fwn7$7L+1 (t) > B(I‘n*lvxnaO‘kr)Hf(a:nfﬂ,f(acn)(ak¢(r))
> (0 o, 0 D) min{Fy, s, )@ O(0),
T
Fonran (@1 TR ) (@F 1¢(E))
f:pn,f(xnfl)(2ak_ qb(g))vff(mn),xn,l (2ak 2¢(E))}

) T oor
> min{ By, e, (08 716(5), a0 10D},
Now we show that

Foninsn (@ 3(r) > Fo 1o (@F10(5)). (1)

C

Let Py, 0,01 (@7 16(L)) be the minimum. By Lemma 1.5, we have z,, =
Zn+1, which is a contradiction with the assumption z,, # z,+1. Thus,
Fn_ran(@71(L)) is the minimum; that is, (1) is true. Now, from (1),
one obtains that

1,7
“Fxnyxn-&-l (akt) 2 ‘Fxnyxn-&-l (ak¢(r)) 2 ‘Fxn—lyxn (ak 1¢(E))
T
> 2 Fapa (@56(5));
that is, Py, o, (0F) > Fog oy (@ "¢(%)) for every n € N. Next, con-

sider m,n € N with n < m. Then, from (PbM3) and strictly increasing
of ¢, we get

Fanam((m—=n)t) > min{F,, 5., (at), - ’]:%nihxmiz(am—n—%)’
‘Fxm—hxm (am—n_lt)}
1 —-n r —n T
2 mln{fl‘o,xl (al ¢(07))7 e 7~F$0,J31 (al ¢(Cm—2
_n r
Froar (@' O(—7)}

_ L-ng "
= fxo,xl(a ¢(Cn))
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Since a!~"¢(4) — 00 as n — oo, there is ng € N so that
1_ T‘
Funen (@620 > 1 ¢

for fixed € € (0,1), whenever n > ng. This implies that F,, 4, ((m —
n)t) > 1 — € for every m > n > ng. Since t > 0 and € € (0,1) are
optional, {x,} will be a Cauchy sequence in the complete PbM-Menger
space (X, F,T,a). Then there is x € X so that z, — = as n — oc.
Now, we prove that z is a fixed point of f. From (PbM3), we get

]:f(a:),x(t) > T(Ff(x),xn+1 (a¢(r))7f$n+1,x(at - a(b(T)))
2 min{ H y(a) 1) (@D(7)), Fayir,z(0t — ag(r))}.

We know that if x,, € f(x) for infinitely many values of n, then z € f(z).
Thus, the proof ends. Hence, suppose that =, ¢ f(z) for every n € N.
Since z, — x, we obtain Fy,, ,(at — ap(r)) > 1 — € for n large enough.
S0, Fi(z)2(t) = min{H ) ¢(z,)(ap(r)),1 — €} for every e € (0,1) and
n large enough. Since € > 0 is optional, Fy(y) 2 (t) > Hy(z) f(z,) (@ (r))-
Now, for all u € f(x) and by condition (iii), we obtain

Fr@)ae(t) = He@y fon) (@o(r))

> ,6(1’, Ly O‘T)Hf(:v),f(zn) (aqb(r))
> 'Y(xn—l—l, u, E) mln{frn,x(b(g)v fxn,f(xn)¢(£)a ff(ac),zd)(%)a
2 r 2 r

C

D: Fanan) (B Fra) 2 (@2}

fl’naf(x)

(
> min{]-'mn,z(cﬁ(%

Consequently,

Fi@)a(t) 2 m inf Hpq) g, (@b (r))

> lim inf min{Fy, o (9(2)): Faanis (9(5)): Frad(5)}

. r
> minf1 - 1 - €. 1. (6(0)
Ultimately, since e € (0,1) is arbitrary, Frg,(t) > Fpayzlat) >
Fra)a(@p(r) > Fy @) (@(%)). From Lemma 1.5, we deduce that x €
f(x). Here, the proof ends. [



8

E. L. GHASAB, H. MAJANI AND G. SOLEIMANI RAD

Example 2.4. Let X = RT and 7 : X x X — D% be defined by

—t — ift>0
Foo (1) = { tHlz—y*’
el {O otherwise

for every z,y € X and T (z,y) = min{z,y}. Then (X, F,7T) is a Menger
PbM-space with a = 1. Define f : X — CB(X) by f(z) = [0, %] and
¢ : RT — Rt by ¢(t) = t. Also, let B(z,y, ) = ’y(:v y,t) = 1 for
every z,y € X and ¢ = 3. Note that B(z,y, « t)Hf (a o(t) =
Hy ), f(y)(oqub(t)). Using the definition of the probab1hst1c Hausdorff
metric in Definition 1.3, we have

1
Bla,y, o) H () pp) (0 d(t)) = tthQ
2k + |* - 7|
_ t
ot 2k — g2
S t
T+ 2k 2 — y|?

)

> min{fw,ym’“—lqﬁ@»

Hence f is a S-y-type multi-valued contractive mapping. Since f has
the compact values it has the w-approximative value property. On the
others hands, by definitions of f, 5 and +, all of the assumptions of
Theorem 2.3 (i)-(iii) are hold and so f has a fixed point.
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Corollary 2.5. Consider (X,F,T,a) as a complete Menger PbM -
space. Let T(a,a) > a for each a € [0,1], and f : X — CB(X) be
a generalized B-type contractive multi-valued mapping and has the w-
approzimative value property. Suppose the mapping f satisfy the follow-
1ng properties:

(i) f is B-admissible;

(ii) for some xo € X, there is x1 € f(xg) with S(xg,z1,t) < 1 for
every t > 0;

(iii) for alln € N and every t > 0, if {x,,} is a convergent sequence to
x € X with B(xp—1,xn,t) <1, then f(xp_1,x,t) < 1.

Then f has a fized point in X.

Theorem 2.6. Consider a complete Menger PbM -space (X, F, T, ).
Let T(a,a) > a for each a € [0,1], and f : X — CB(X) be a general-
ized B-y-type multi-valued contractive mapping and has w-approrimative
value property. Suppose the mapping f satisfy the properties (i)-(iii) of
Theorem 2.3 and the following property:

(iv) For everyu,v € Fix(f) and for everyt > 0, suppose that B(z,c,t)
1 byﬁ(uvzvt) <1 and,@(v,z,t) < 17 and’y(z,c,t) >1 by’y(uazat)
1 and y(v,z,t) > 1 for a z € X and for all c € f(z).

<
>

Then f has a unique fixed point in X.

Proof. Consider u,v € X with u € fu and v € f(v). By (iv), there
is z € X so that B(z,¢,t) < 1 by B(u,z,t) < 1 and S(v,z,t) < 1,
and y(z,¢,t) > 1 by y(u,2,t) > 1 and (v, z,t) > 1 for all ¢ € f(2).
Since f has w-approximative value property, then there is a € f(z) with
Fa(t) = Hyg), 1) (t) for all £ > 0. Without generally suppose a = c.
Since f is (3, 7)-admissible, then

B(ca 21, t)
’7(@ 21, t)

IV IA

17 5(”7 c’ t) S 17 ﬁ(’u? C7 t)
L,

9
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for each 21 € fe. So, we have F. ., (t) > Hy(c) s(z,0(t). By induction, we
derive

ﬁ(z’rh Zn+1, )

<1,
V(Znazn-i-l; ) > 1

for every ¢t > 0. Thus, we obtain F, ., ., (t) > Hjy(.,), f(zn.1)(t), Where
zn € f(zn—1) (n € N). By the continuity of ¢ at 0, there is r > 0 with
t > ¢(r). Since f has w-approximative value property, we have

Fuenir(t) = Fuznr (¥ (1)) = Bu, 20, 0P 1) Hp ) 120y (@5 (1))
>, 2, 0P ) min{ g (087 0(0), P (08710(),
Fiteman (@ 00)) Fugon (204 726(0)),
Fo ) (2057 2(25(*))}
> min{Fy s, (0810(7)), ey (0 716(0)))

with k& € N. Now, we have the following Cases:
Case L. Let 7., ..., (a*71¢(Z)) be the minimum. It follows from (PbM1)
and (PbM3) that

Funn (0F6(r) 2 Fep 1 (08 710(2))

_ _ T
Zﬁ(znflaznaak 1T)Hf(zn 1), f(zn)(ak 1¢(E))

27(2n72n+17 k= 2C )mln{}—zn 1,Zn( k_2¢(

2 i Fop (20 >> . 1,%( Haﬁ(%))}.

Now, if F.,, .., (@ 2¢(%)) is the minimum for a n € N, then z, = zn41
(see Lemma 1.5). Since Fy ., (@F¢(r)) = Fu, 2y (@F710(L)) = 1, we
conclude B(v,u,t) <1 and y(v,u,t) > 1 for all £ > 0. Thus, by (PbM1)
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and (PbM3), we have
fu,v(ak¢(t)) > /B(U,’U, akt)Hf(u),f(v) (ak¢(t))
by _ 1,1
> V(vavak IE) mln{fu,v(ak 1¢( ))7Fv,f(v)(ak l(b(g))v

_ _ t

Fu,f(u)(ak 1¢(E))7]:v,f(u)(2ak 2¢(E))a
o, T

Fus)(205726())}

t

o(2).

Once more, by applying Lemma 1.5, we obtain v = v. Moreover, if

Fon1,zn (@F72¢(L)) is the minimum, then

u
-1

> ]:v,u(ak

_ T _ r
fznyzn+1 (ak 1¢(E)) 2 on_th(ak 2¢(?)) Z
—(n r
S 2 ]:zg,zl (O/C ( +1)¢(Cnﬁ))’

which by letting n — oo, we have F., ..., (a*71¢(L)) — 1. Therefore,
nh_)nglo Fuynia (t) = 1. S0 241 — uw as n — oo. Similarly, z,41 — v as
n — oco. Since the limit is unique, we get u = v.

Case II. Let F.., (a*71¢(%)) be the minimum. Then we obtain

)

fu,zn+1 (ak¢(r)) > ‘Fu,zn (ak—1¢(£)) > > fu,zo (ak—(n+1)¢(

Now, let n — co. Then we obtain limy, oo Fu.z,.,, (@*é(r)) = 1, which
implies that z,4+1 — u as n — oo. Similarly, we can prove z,,+1 — v as
n — oo. Here, by the uniqueness of the limit, we have u = v. So, the
proof ends. O

Corollary 2.7. Consider (X,F,T,a) as a complete Menger PbM -

space. Let T(a,a) > a for each a € [0,1], and f : X — CB(X)

be a generalized B-type contractive multi-valued mapping and has w-

approximative value property. Suppose the mapping f satisfy the prop-

erties (1)-(iii) of Corollary 2.5 and the following property:

(iv) for everyu,v € Fix(f) and for everyt > 0, suppose that 5(z,c,t) <
1 by B(u,z,t) < 1 and B(v,z,t) < 1 for a z € X and for all
ce f(z).

Then f has a unique fized point in X.

11
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3 Coupled fixed point theorems in PbM-spaces

In the last decade, the entity a coupled fixed point for a mapping f :
X% — X has been extended by many authors, see [3, 9, 10, 20]. Following
the idea of Hasanvand and Khanehgir [13] and Gopal et al. [11] we
have the following definitions for the mapping f. The definitions of S-
admissible and (3, v)-admissible in the framework of a (X, F,T,«a) are
held when f : X2 — X is an arbitrary mapping and a usual point has
been changed to a couple point.

Definition 3.1. Let (X, F,T) be a Menger PbM-space with coefficient
a and f: X? = X be a given mapping. We say that f is a generalized
[B-type contractive mapping of degree k£ € N, if there exists a function
B:X?%x Xx?x(0,00) — (0,00) such that

ﬁ((l’, y)a (’LL, U)7 akt)ff(x,y),f(u,v) (ak¢(t)) >
min{ Fe (0195, Fralah (D))

for all (z,y), (u,v) € X% and for all t > 0, where ¢ € ® and ¢ €
(0,1). Further, the mapping f is called a generalized S-type contractive
mapping if it is a generalized S-type contractive mapping of degree k for
all k € N.

Definition 3.2. Let (X, F,T) be a Menger PbM-space with coefficient
aand f: X? — X be a given mapping. We say that f is a generalized j3-
~-type contractive mapping of degree k € N if there exist two functions
B:A%x X% x(0,00) = (0,00) and v : X% x X2 x (0,00) — (0, 00) such
that

B((@,1), (u,0), &) Fp ) fluw) (@ d(t)) =

R
V((f(wv y)7 f(y7 CC)), (f(ua U)? f(va ’LL)), ak 12)
. _1,,t 4t
min{Feu(0"o(2), Fyo(alo(2)}
for all (z,y), (u,v) € X? and for all t > 0, where ¢ € ® and ¢ € (0,1).
Further, the mapping f is called a generalized S-vy-type contractive map-

ping if it is a generalized SB-v-type contractive mapping of degree k for
all k e N.
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Theorem 3.3. Consider a complete Menger PbM -space (X, F,T,«)
and T (a,a) > a for each a € [0,1]. Suppose that a generalized B-y-type
contractive mapping f : X?> — X satisfies the following properties:

(i) f is (B,7)-admissible;

(ii) we have
B((zo,y0), (f (20, y0), f (Yo, 20)), 1) < 1

and
v((w0,Y0), (f (w0, %0), f(yo, z0)), t) > 1

for some (x9,y0) € X2 and for all t > 0;

(iii) for everyn € N and t > 0, if (v, yn) € X? with

/8(('%'71—17 yn—l)v (xna yn): t) <1

and
Y((Tn, Yn)s (Tni1, Ynt1),t) > 1

and (Tp,Yyn) — (x,y) as n — oo, then

B(@n-1,yn-1); (x,y),t) < 1 and v((xn, yn), (f(z,y), f(y,7)),t) >
1;

(iv) f is continuous.
Then f has a coupled fized point in X2.

Proof. By (ii), there is (o, y0) € X2 with

B((zo,v0), (f(z0,y0), f(¥o,20)),t) <1

and
v((z0,%0), (f (w0, y0), f (Y0, 20)),t) > 1

for all ¢ > 0. We consider (z1,y1) € X? as 1 = f(zg,y0) and y; =
f(yo,20). Let xo = f(z1,91) and yo = f(y1,x1). Then f*(zo,y0) =
f(z1,91) = z2 and f?(yo,70) = f(y1,71) = yo. Continuing the above
procedure, we obtain (#n41, yn+1) = (" (20, y0), [+ (Y0, 20)) for each
n > 0. If (xpt1,Ynt1) = (Tn,yn) for all n = 1,2,3,---, then we have
nothing to prove. Let (zpi1,Yn+1) # (Tn,yn) for all n = 1,2,3,---.
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By (i), (ii), and induction, we have B((zn,Yn), (Tn—1,Yn—-1),t) < 1 and
Y((2n, Yn)s (Tnt1, Ynt1),t) > 1 for every t > 0. By the continuity of ¢ at
0, there is r > 0 with ¢ > ¢(r). Thus, we get

f$n7$n+1 (t) > 5((1'71—17:971—1)7 (mmyn)?akr)Ff(zn_l,yn_l),f(xn,yn)(ak(b(r))

1Ty _1,,t
> (@0, ), (@041, 1), 7 ) mind Fr -, (08 710(2)),

Fonrn @100}

Now, by simplification compute, one obtains that

Cp t
]:xn,ﬂcm—l (akt) > ]:yo,y1 (ak ¢(07))

for every n € N. Now, let m,n € N with m > n. From (PbM3) and
strictly increasing of ¢, we get

Fnam ((m —n)t) > min{Fy, 2.0 (at), - Fap gz o (@™"71),
‘Fxmflyl'm (am_n_lt)}

> min{min{Fy, 4, (al_nﬁb(cln))»

Froan (@' "0(Z )}

min{ Faye, (07" 01 —)

r

Faon (@79}
= min{Fy, (0! "G()), Froan (01"}

Since ! "¢(L) — oo as n — oo, there exists ng € N such that
Faoa (@7"0(L)) > 1 — € and Fyyy, (0! "¢(%)) > 1 — € for fixed
€ € (0,1) whenever n > ng. This implies that F, ,,.((m —n)t) >1—¢
for every m > n > ng. Due to ¢t > 0 and € € (0,1) are optional, {z,}
will be a Cauchy sequence. Similarly, {y,} is a Cauchy sequence. Now,
by the completeness of X, there exist z,y € X with nh_)n;o r, = x and

h_)m yn = y. Now, we prove that f has a coupled fixed point in X2.
n oo

Due to zp+1 = f(xn,yn), f is continuous and by computing the limit as
n — 0o, we obtain f(z,y) = z. In a similar way, f(y,z) =y. So, (z,y)
will be a coupled fixed point of f. O
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Example 3.4. Consider X, F, T, ¢, ¢, f and v as in Example 2.4.
Define the mapping f : X? — X by f(z,y) = . Note that

ﬂ((xv y)a ('LL, U)a akt)ff(x,y),f(u,v) (ak(b(t)) = ff(:c,y),f(u,v) (ak(b(t))
(by the definition (). Using the definition of F, we obtain

1 1
-1 et
F (a*o(t)) = 2 = :
t B ¢
t4 Zle —uf2 tH 26—

¢ 3 k140t
2 t+ 252z — uf? = Faula ¢(c))
> min{Fy..(0F 1o )),}‘y,v(ak_lcﬁ(é))}

¢
= ((f ), (), (s 0), F 0 0)), b1
min{ Fru(0*1(0)), Fy(a* 1O}

This means that f is a B-v-type contractive mapping. On the other
hand, by definitions of f, 5 and ~, all of the assumptions of Theorem
3.3 hold. Consequently, Theorem 3.3 implies that f has a coupled fixed
point in R+2.

Corollary 3.5. Consider a complete Menger PbM -space (X, F,T, )
and T(a,a) > a for each a € [0,1]. Suppose that a generalized -type
contractive mapping f : X x X — X satisfy the following properties:

(i) f is B-admissible;

(7’7’) we have »3(($an0)7 (f(xoayO)a f(y[),l‘[)))vt) <1 fO’F some (x(]vy[)) €
X? and for all t > 0,

(iii) for every n € N and for every t > 0, if (zn,yn) € X2 with
B((wn—lvyn—l)a(xnvyn)at) <1 and (xnvyn) — (xvy) as n — oo,
then /B((J:n—luyn—l)v (x7y))t) S 1.

(iv) f is continuous.

Then f has a coupled fized point in X2.
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4 Application

Consider the system

{:U(t) — [PG(t, ) K (s, 2(s), y(s))ds,
y(t) = [} G(t, )K (s,y(s), 2(s))ds.

for every t € I =[a,b], G € C(I x 1,[0,00)) and K € C(I x R x R, R).
Let C(I,R) be the Banach space of whole real continuous functions
considered on I with the maximum norm ||z||» for x € C(I,R) and
C(I x I x C(I,R),R) be the space of whole continuous functions con-
sidered on I x I x C(I,R) and derived b—metric d(z,y) = ||z — y||? for
every x,y € C(I,R). Note that d with s = 2 is a complete b-metric.
Consider F : C(I,R) x C(I,R) — Dt by F,,(t) = x(t — d(z,y)) for
z,y € C(I,R) and t > 0, where

(2)

X(t):{o if t<0

1 ¢f t>0.

Then (C(I,R), F,T) with T (a,b) = min{a,b} and a = % is a complete
Menger PbM-space, see [13].

Theorem 4.1. Consider the Menger PbM -space (C(I,R),F,T). Let
f:C(I,R) x C(I,R) — C(I,R) be an operator with

b
fag)t = [ Glt.9)K (s,0(5),y(s))ds,
where G € C(I x 1,[0,00)) and K € C(I x R x R,R) be two operators

satisfying the following properties:

(i) |Kllo = sup  [K(s,z(s),y(s))] < oo;
sel, z,yeC(I,R)

(ii) for every x,y € C(I,R) and every t,s € I,

1K (s, 2:(5), y(5)) = K(s,u(s), v(s))|| < max{]|z(s) - u(s)|?,
ly(s) = v(s)[*};
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(iii) supfci7 G(t,s)ds < 1.
tel
Then (2) has a solution in C(I,R) x C(I,R).

Proof. Consider d(z,y) = maxye;(|z(t) — y(t)[?) for all x,y € C(I,R).
For every z,y € C(I,R), we obtain

b
A(f ), Flu)) < max [ Gt K (s, 2(s)u(5) = Ks,u(s),0(s))lds
b
< max{la(s) ~ u(s)|” us) ~ o(s)|*} max [ Gt s)ds.

Let ¢ = max f; G(t,s)ds. Then, for every r > 0 and k € N, we have
€

ff(a:,y),f(u,v)(;ik) = X(zik - d(f(aj7y)7 f(u7v))

> x5 — 5 max{fla(s) — u(s)[% y(s) = v(s)]*})
= x(grer, — max{e(s) = u(s)|. () = v(s)[*))
= min{Fy (g )s Fyalgrr,))

for every z,y € C'(I,R). Now, by applying Theorem 3.3 with ¢(r) = r
for every r > 0 and B(x,y,t) = v(z,y,t) = 1 for every z,y € C(I,R)
and all t > 0, f has a coupled fixed point which is the solution of system
(2. O
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