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1 Introduction

Crossed modules and its applications play very important roles in cat-
egory theory, homotopy theory, homology and cohomology of groups,
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Algebra, k-theory and etc. Crossed modules were initially defined by
Whitehead [35] as a model for 2-types. Loday explored and gave the
new direction to the category of crossed modules by defining equivalent

category of cat!-groups in his work [31]. Norrie gave a good example
of crossed module such as actor crossed module in [32]. Conduché has
defined a 2-crossed module as a model for 3-types [17]. His unpublished

work determines that there exists an equivalence between the category
of crossed squares of groups and that of 2-crossed modules of groups.

In [7], Arvasi and Porter showed how to go form a simplicial alge-
bra to a 2-crossed module of algebras and back to a truncated form of
simplicial algebra, and the link between simplicial algebras and crossed
squares is explicitly given. The polygroup theory is a natural general-
ization of the group theory. In a group the composition of two elements
is an element, while in a polygroup the composition of two elements is a
set. Polygroups have been applied in many area, such as geometry, lat-
tices, combinatorics and color scheme. There exists a rich bibliography:
publications appeared within 2012 can be found in “Polygroup Theory
and Related Systems” by Davvaz [24]. This book contains the principal
definitions endowed with examples and the basic results of the theory.
In [25], Dehghani, Davvaz and Alp defined crossed polysquare and some
of its properties.

In this paper, we give a new application of crossed squares. This
application is so important because we use the notion of polygroup to
obtain crossed square. Therefore this application can be taught as a gen-
eralization of crossed square on groups. In the first two section of the
paper, we review some basic facts about crossed squares and polygroups
that underline the subsequent material. To define crossed polysquare,
we need the notion of polygroup action. Finally we consider a crossed
polysquare and by using the concept of fundamental relation, we obtain
a crossed square.

2 Crossed Squares
As an algebraic model of connected 3-types, the notion of 2-crossed

module was introduced by Conduché in [17], and these 2-crossed modules
are equivalent to simplicial groups with Moore complex of length 2.
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Crossed squares and quadratic modules are other algebraic models of
connected 3-types defined by Loday and Guin-Walery [27] and Baues [10]
respectively. Arvasi and Ulualan in [3] explored there relations among
2-crossed modules, quadratic modules, crossed squares and simplicial
groups, and the homotopy equivalences between these structures.

Definition 2.1. Let G be a group and € be a non-empty set. A binary
operator T : G X 0 — € that satisfies the following axioms:

1. 7(gh,w) = 7(g,7(h,w)), for all g,h € G and w € Q,
2. 7(e,w) = w, for all w € Q.
Forw e Q and g € G, we write Yw = 7(g,w).

Definition 2.2. A crossed module x = (M,G,0,T) consists of groups
M and G together with a homomorphism 0 : M — G and a (left)
action 7: G x M — M on M, satisfying the conditions:

1. 9(9m) = gd(m)g~!, for allm € M and g € G,
2. 9! = mm!m=", for allm,m’ € M.

The standard examples of crossed modules are inclusion M — G
of a normal subgroup M of GG, the zero homomorphism M — G when
M is a G-module, and any surjection M — G with center central.

There is also an important topological example: if F — F — B is a
fibration sequence of pointed spaces, then the induced homomorphism
mF — m E of fundamental groups in naturally a crossed module [12].
To get more idea about category of crossed module we refer to read
[ ) Sy Dy Iy b ]

In [27], Loday and Guin-Walery introduced the notion of crossed
square as an algebraic model of connected 3-types.

Definition 2.3. A crossed square is a commutative diagram of groups

Gy e I,

al la,

Go - Iy
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together with actions of the group 'y on Gi, 'y and Gy (and hence
actions of Ty on G1 and Gy via @' and of Gy on G1 and Ty via pg.)
and a function h : 'y X Gog — G1, such that the following azioms are
satisfied:

(i) the maps p1, O preserve the actions of I'y. Furthermore with the
given actions the maps 0, po and Opg = pod are crossed modules;

(ii) pih(B,9) = BB, Oh(B,g) =" g9

(iii) h(pr(e,9)) = a%a™", b(B,8(c)) =% aa™!;

(i) h(BrB2, g) =" h(B2,9)1(B, 9), h(B,9192) = h(B, 1) "' h(B, ga);
(v) h(°B,7 g) =7 h(B,9);

for alla € Gy, B,P1,82 € '1, g,91,92 € Go and o € I'y.

Note that in these axioms a term such as %« is o acted on by S, and
so B =2B) o, Tt is a consequence of (i) that ,p; are crossed modules.
Further, by (iv), h is normalized and by (iii), Go acts trivially on Kerp;
and I'1 acts trivially on Kerd.

In [13, 31] exist some useful identities:
(a) P(Pa)h(B, g) = h(B,9)?(Pa);
(b) 1 (9 h(B2, g2))h(B1, 91) = h(Br, g1) 9 (P h(B2, 92));
(B1h(B, 1), 92) = h(B,91) %21 (B, g1) "
(B2, Oh(B1, g)) ="2 h(B1, 9)h(B1,9)
(P1(@1),0(az)) = arazaytag s
(61 9151 L2 9295 1) = B(Br, 91)h (B2, g2)h(Br, 91) T h(Ba, g2)
h(B~t,9) = h(B,9)~" =9 h(B,g7");
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for all o, a1, 9 € G1 and g, g1, g2 € Go. The last three identities do not
appear in any text and they are deducted from the axiom (iv).

Definition 2.4. A morphism of crossed squares

Gl D1 Fl Gll Py F{l
(]
N A
Go — Ty ! /
Po 0 }36 0

consists of four group homomorphisms ¢, : Gi — G, ®g, : Go —

0, @1, : Ty — T} and ®r, : To — T'{j such that the resulting cube of
group homomorphisms is commutative; @, (h(B,g)) = M(®r, (5), Pc,(9))
for every B € I'1, g € Go; each of the homomorphisms ®q,, ®g,, Pr, is
&r, -equivariant.

Example 2.5. (a) Given a pair of normal subgroups Nj, Ny of a
group G, we can form the following square:

N1 N Ny N
Ny G

in which each morphism is an inclusion crossed module and there
is a commutator map

hZN1XN2 NlmNQ'

(n1,n2) [n1, na]

This forms a crossed square of groups.

(b) [32] Let

Gy i I,

ai la,

Go Iy
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be a crossed square with a function h : I'y x Gy — G;. Then
(P1,Po) is a morphism of crossed modules, and &' : 'y — Ty acts
on d: Gy — Gy.

(c) [15] Crossed squares can be seen as crossed modules in the category
of crossed modules and they provide algebraic models of connected
3-types.

(d) [18] A 2-crossed module constructed from a crossed square

L—2 M
v| |
N P
as
(AL nv

L——MxN P

To get more idea about category of crossed square we refer to read

[77 ’ ’ ? ]

3 Polygroups and polygroup action

Suppose that H is a nonempty set and P*(H) is the set of all nonempty
subsets of H. Then, we can consider maps of the following type: f; :
H x H — P*(H), where i € {1,2,...,n} and n is a positive inte-
ger. The maps f; are called (binary) hyperoperations. For all x,y of
H, fi(z,y) is called a (binary) hyperproduct of z and y. An algebraic
system (H, f1,..., fn) is called a (binary) hyperstructure. Usually n = 1
or n = 2. Under certain conditions, imposed to the maps f;, we obtain
the so-called semihypergroups, hypergroups, hyperrings or hyperfields.
Sometimes, external hyperoperations are considered, which are maps of
the following type: h: R x H — P*(H), where R # H. An example
of a hyperstructure, endowed both with an internal hyperoperation and
an external hyperoperation is the so-called hypermodule. Applications
of hypergroups appear in special subclasses like polygroups, that they
were studied by Comer [16], also see [20, 21, 22].
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Specially, Comer and Davvaz developed the algebraic theory for poly-
groups. A polygroups is a completely regular, reversible in itself multi-

group.

Definition 3.1. [16] A polygroup is a multi-valued system M = (P, o, e,
), withe e P,”' : P — P, o: P x P — P*(P), where the following
axioms hold for all x,y,z in P:

1. (xoy)oz=uzo(yoz),

2. eox=zxoe=ux,

3. x€yoz impliesy cxozt and z €y Loz

In the above definition, P*(P) is the set of all the non-empty subsets
of P, and if x € P and A, B are non-empty subsets of P, then Ao B =

U aob,xz0B ={x}oBand Aox = Ao {x}. The following
a€A,beB
elementary facts about polygroups follow easily from the axiom: e €

zor tNnatox, el =eand (z7!)"! = 2. For further discussion of
polygroups, we refer to Davvaz’s book [21]. Many important examples of
polygroups are collected in [21] such as Double coset algebra,Prenowitz
algebra, Conjugacy class polygroups, Character polygroups, Extension
of polygroups, and Chromatic polygroups.

Example 3.2. Suppose that H is a subgroup of a group G. Define a
system G//H = ({HgH | g € G},*, H,”'), where (HgH)™! = Hg~'H
and

(Hg1H) « (HgoH) = {Hg1hg:H | h € H}.

The algebra of double cosets G //H is a polygroup.
Lemma 3.3. [21] Every group is a polygroup.

If K is a non-empty subset of P, then K is called a subpolygroup of
Pife € K and (K,o,e,”!) is a polygroup. The subpolygroup N of P
is said to be normalin P if a=* o Noa C N, for every a € P. If N is
a normal subpolygroup of P, then <%, o, N,7!) is a polygroup, where
NoaeBob={Noc| cc Noaeb}and (Noa)"t=Noa™![21].

There are several kinds of homomorphisms between polygroups [21].
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Definition 3.4. Let (P,o,e,”!) and (P, *,e,~!) be two polygroups. Let
® be a mapping from P into P’ such that ®(e) = e. Then ® is called

1. an inclusion homomorphism if ®(aob) C ®(a)*P®(b), for all a,b €
P,

2. a weak homomorphism if ®(acb)N®(a)x®(b) # 0, for all a,b € P,
3. a strong homomorphism if ®(aob) = ®(o) x ®(b), for all a,b € P.

A strong homomorphism @ is said to be an isomorphism if ® is one
to one and onto. Two polygroups P and P’ are said to be isomorphic if
there is an isomorphism from P onto P’.

For the definition of crossed polysquare, we need the notion of poly-
group action.

Definition 3.5. [22] Let P = (P,o0,e,”!) be a polygroup and Q be a
non-empty set. A map o : P x Q — P*(Q), where a(p,w) =P w is
called a (left) polygroupaction on Q if the following azioms hold:

1. ‘w=uw,

2. MPw) =h°P w, where PA = Upa and Bw = Ubw for all A C Q

acA beB
and B C P,
3. U P =Q,
wes

J. forallpe P,ac€Pb=be P a.

Example 3.6. Suppose that (P,o,e,7!) is a polygroup. Then, P acts on
itself by conjugation. Indeed if we consider the map a: Px P — P*(P)
by a(p,z) = Pxr:=poxop ! then

1. ®x =z,

2. "(rz) = (pozop1) = hopowoploh~! = (hop)owo(hop)~! =

U (boxob™l) = U by = oy,

behop behop
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3. Up:c: Upoxop_lzp,

reP zeP

4. ifa € Pb = pobop—!, then p € aopob~! and hence b= € p~toa lop.

This implies that b € p~' o a o p.

Now, we give the notion of crossed polysquares.

Definition 3.7. A crossed polysquares is a commutative diagram of
polygroups

P1

Py I'y

al la,

P Po Lo

together with polyactions of the polygroup T'g on Py, Ty and Py (and
hence polyactions of T'y on Py and Py via & and of Py on P; and T’y
via po) and a function h : T'y x Py — P*(P1), such that the following
axioms are satiesfied:

1. the maps p1, O preserve the polyactions of I'y. Furthermore, with
the given polyactions the maps &', po and &'py = pod are crossed
polymodules;

2. pih(B,p) = B7B7", Oh(B,p) = Ppp~;
3. h(p1(a),p) = aPa™t, h(B,0(a)) = Paa™;
4. h(B1B2,p) = Prh(Ba, p)h(B1,p), h(B,pipa) = h(B,p1) P h(B, p2);
9. h(?B,7p) = “h(B,p);
foralla € Py, B,51,582 €T'1, p,p1,p2 € Py and o € Ty.

It is a consequence of (1) that 0,p; are crossed polymodules. Fur-
ther, by (4), h is normalized and by (3), Py acts trivially on Kerp; and
I'1 acts trivially on Kerd.

We have some useful identities:

(a) P(Pa)h(B,p) = h(B,p)?(Pa);
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(b) 1 (P*h(B2, p2))h(Br, 1) = h(B1,p1) P (P h(B2, p2));

(¢) h(p1h(B,p1),p2) = h(B,p1) P*h(B,p1)~";

(d) h(Ba2,0h(B1,p)) = P2h(Br, p)h(Br,p) "

(e) h(pi(a1), d(a2)) = arasay ay s

(£) h(BLP B2 papy ') = h(B1, p1)h(Ba, p2) (81, p1) " h(Ba, p2) ™
(2) Ph(B~",p) = h(B,p)~" = Ph(B,p™");

(h) P(Ph(B,p)) = h(B,p);

(i) h(pr(a1)Br,d(a2)p2)asP2ar = o1 Pragh(Br, p2);
for all o, a1, 0 € Py and p, p1,p2 € Po.

Example 3.8. Given a pair of normal subpolygroups Ny, Ny of a poly-
group P, we can form the following square:

N1 N Ny N1
No P

in which each morphism is an inclusion crossed polymodule and there is
a commutator map

h:N1><N2

P*(Nl N N2> ;

(n1,n2) [n1, n2]

where [z,y] is {z| z € zyz~'y~1}. This forms a crossed polysquare of
polygroups.

Example 3.9. If
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be a crossed polysquare with function h : I'; x Py — P*(Py), then
(P1,Po) is a morphism of crossed polymodules, and &' : T’y — Ty acts
on d: P — B.

Example 3.10. Let

Py n Iy

ai la,

P Po Lo

be a crossed polysquare with a function h : T'y x Py — P*(Py). Then we
can construct the semi-direct crossed polymodule and other one, given
by:

<]51,]70> P x Py —T1 xT.

The polyactions of Py on P; and of I'g on I'; are the natural polyactions
and the polyaction of I'y ¥ I'g on P; x Py is defined by:

@) a,p) = {(z,y)| = €D ah(B,7 p), y € p}.
Theorem 3.11. Every crossed square is a crossed polysquare.
Proof. By using Lemma 3.3, the proof is straightforward. U

Definition 3.12. A morphism of crossed polysquares

_ =/

p1

P1 Fl P{ F/1
[}
Py o ) P} — I
Py

consists of four strong homomorphisms ® = (®p,, ®p,, Pr,, Pry),
Op P — P, ®p Py — P, ®p 1 — T, & :To— T}

such that the resulting cube of polygroup strong homomorphisms is

commutative; ®p, (h(B,p) = h(®r, (8), ®p,(p)) for cvery B € Ty, p €
Py; each of the strong homomorphisms ®p,, ®p,, ®r, is Pr,-equivariant.

11
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p1 ,
P > I
&a o /
D1
pp— 11
d 9 o d
P
v )/‘I’Po ‘I’N v
F§ P’ > T

We say that ® is an isomorphism it ®p, ®p,, Pr, and Pr, are
isomorphisms. Similarly, we can defined monomorphism, epimorphism
and automorphism of crossed polysquares.

Crossed polysquares and their morphisms form a category that will
be denoted by CPS.

4 Crossed squares derived from crossed
polysquares

In this section, we consider a crossed polysquare and by using the con-
cept of fundamental relation, we obtain a crossed square.

Let (P,o,e,”!) be a polygroup. We define the relation Bp as the
smallest equivalence relation on P such that the quotient %, the set of
all equivalence classes, is a group. In this case 8} is called the funda-

mental equivalence on P and L- is called the fundamental group. The

P

product ® in £ is defined as follows:
P

Bp(x) © Bp(y) = Bp(z), forall z € Bp(x) o Bp(y).

This relation is introduced by Koskas [29] and studied mainly by Corsin
[19], Leoreanu-Fotea [30] and Freni [26] concerning hypergroups, Vou-
giouklis [34] concerning H,-groups, Davvaz concerning polygroups [23],
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and many others. We consider the relation Sp as follows:

n
xfpy <= there exist z1,..., 2z, such that {z,y} C OH%
i=1

Freni in [26] proved that for hypergroups 8 = #*. Since polygroups are
certain subclass of hypergroups, we have S5 = Bp. The kernel of the
canonical map ¢p : P — % is called the core of P and is denoted by
wp. Here we also denote by wp the unite of %. It is easy to prove that

the following statements: wp = Bp(e) and Bh(z) ™1 = Bh(x™1), for all
x € P.
Lemma 4.1. [1] wp is a subpolygroup of P.

Lemma 4.2. [1] For everyp € P, pop~! C wp.

Proposition 4.3. [1] Let (C,*,e,7') and (P, o,e,” ') be two polygroups
and let 0 : C — P be a strong homomorphism. Then, 0 induces a
group homomorphisms D : % — ,BLi be setting

c P

D(BE(e) = Bp(d(c)), for all c € C.

Definition 4.4. [1] We say the action of P on C is productive, if for all
c € C and p € P there exist c1,...,c, in C such that P =c1 % -+ % c,.

Example 4.5. Suppose that (P,o,e,7!) is a polygroup. Then, P acts
on itself if we define 9z := xog~! or 9z := goux, for all z,g € P and the
action is productive.

Example 4.6. Suppose that (P,o,e,7!) is a polygroup. Then, P acts
on itself by conjugation and the action is productive.

According [1], let (C, *,e,71) and (P, 0,e,”!) be two polygroups and
let a: P x C — P*(C) be a productive action on C. We define the
map VU : % X % — 73*(%) as usual manner:

V(Bh(p). Be(e) = {BE(@) |z € | “y)

y € BE(c)
T € 51%(17)

13
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By definition of 37, since the action of P on C' is productive, we conclude
that W(55(p), B¢ (c)) is singleton, i.e., we have

P P P

U —X—— — —,
Bp Be B

V(Bp(p), BE(0) = Be(x), forallze (] *y

y € B ()
x € Bg(p)

We denote ¥ (85 (p), B&(c)) =[5 (P)] [B&(c)).

Proposition 4.7. [/] Let (C,*,e,7') and (P,o,e,”1) be two polygroups
and let a : P x C — P*(C) be a productive action on C. Then, ¥ is
an action of the group ﬂé on the group %.

P

Example 4.8. Suppose that (P, o,e,”!) is any polygroup. Then % is
a group. Suppose that Aut(%) its a group of automorphisms. There is
an obvious action « of Aut(%) on %, and a group homomorphism 0 :
% — Aut( %) sending each 83 (p) to the inner automorphism of con-
jugation by 85 (p). These together a crossed module (%, Aut(%), 0, ).

Theorem 4.9. [25] Let

p1

Py Iy

ai la,

P Po To

Diagram (1)
be a crossed polysquare, such that the actions are productive. Then,

P v I'y
B B,

Di lpl

N i

B, N Ty
is a crossed square with actions and function h : BF*I X BF:O — éil
Iy 0] Py

defined as following;
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(a) the action of ,61;0 on ;1 1s induced by the polyaction of I'y on P.
To Py

(b) the action of EP on BFJ 1s induced by the polyaction of 'y on I'y.
Lo Iy

Py

(¢) the action of /81‘10 on g=- is induced by the polyaction of Ty on Py.
To Py

7 I P, P .7 (0% * *
() the map s FoxH — B is (5, (0), 65, (o)) = 55, (h(1, o)
where the function h is given by the crossed polysquare structure

up.

Theorem 4.10. [25] Let
p—" 1,
8\L ia’
P Po Lo

be a crossed polysquare, ®p,, ®p,, Pr, and ®p, be canonical maps. Then
O = (®p,, Pp,, Pr,, Pr,) is a crossed polysquares morphism.

5 Crossed polysquare version of homotopy
kernels

There are two versions of the kernel of a morphisms of crossed polymod-
ule,

Py P
| E
Py P}

The strict version is introduced by Davvaz and Alp[1]. In this approach,
they considers crossed polymodule as the objects of a category CPM
and the kernel of the morphism (¢, ¥) is O|ker ¢ : Ker ¢ — Ker W.

The homotopical version is analyzed, where the crossed polymodules
as the objects of a 2-category. The kernel is given by the homotopy fibre
over the unit object of morphism of categorical polygroups P(9) —
P(d).
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Definition 5.1. (Fiber hyperproduct) Let Py, P and @ be polygroups,
and let ¢ : P — Q and ¢ : Po — @Q be homomorphisms. The fiber
hyperproduct of Py and Py over Q, also known as a pullback, is the

following subpolygroup of Py X Ps:

Py xq Py = {(p1,p2)| (p1,p2) € P1 x P2, ¢(p1) = (p2)}-

If ¢ : P — Q and ¢ : Po — @Q are epimorphisms, then this is a
subdirect product.

Example 5.2. Suppose that P; = {e,a,b,c,d, f,g,h}, P, ={e,x,y,z}
and @ = {e, t} are three polygroups with the following hyperoperations:

ele a b c d f g h
ele a b c d f g h
ala e c b f d h g
blb ¢ b c {e.;b.d,g} {a,c, f,h} g h
cle b c b {a,c, f,h} {e,b,d, g} h g
dld f {ehd {acft  d / [da} (LN}
Flfd faeft {ebd  f d {fh}  {dg}
glg b {bgt A{ch} g h {e;b,d, g} {a,c, f,h}
hih g A{ehy  {bg} h g {a,c,f,h} {e,b,d, g}

o ‘ e x Yy z

ele x Y z

z |z {eyt {zy} z

yly A{z,y} A{ex} z

z |z z z {e,z,y}
Suppose that

@:P1—>Q

and
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Then the fiber hyperproduct of P; and P, over @, is the following sub-
polygroup of P; x Ps:

Pixq Py = {(ee),(b,e), (by),(de),(dy),(g,€),(9,9) (a,2),(a,2),
(¢, ), (¢, 2), (f, ), (f,2), (h,x), (h, 2)}

Definition 5.3. A braided crossed polymodule of polygroups 0 : P, —
Py is a crossed polymodule with a braiding polyfunction {—,—} : Py x
Py — P*(P1) satisfying the following axioms:

(i) {p1,p2ps} = {p1,p2} "*{p1,p3};
(it) {p1p2, ps} =P* {p2,p3}{p1,p3};
(ii) &{p1,p2} = p1papy Py
(iv) {9(a),p} = aPa™;

(v) {p,0(a)} =P aa™1; for all « € P, and p,p1,p2,p3 € Po.
If the braiding is symmetric, we also have:

(vi) {p1,p2}{p2,p} =1,

Then the crossed polymodule 0 : Py — Py is called symmetric crossed
polymodule.

We denote such a braided crossed polymodule by (P, Py, ).

Example 5.4. Any identity map of polygroups 0 : P — P is a braided
crossed polymodule with {a,b} = ab.

Example 5.5. Suppose P be a polygroup and P? be generated by
{abla,b € P}. 0 : P? — P is a braided crossed polymodule with
{a,b} = ab; for a,b € P.

Example 5.6. Let (P1, Py,01) and (P}, P, 02) be two braided crossed
polymodules, then (P; x P|, P» x P}, ) is a braided crossed polymodule.

Example 5.7. Zero morphism 0 : P, — P, is a braided crossed poly-
module with {a,b} = e.

17
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Proposition 5.8. If 0 : P — Py be a braided crossed polymodule,
then

(i) P {p; ", pa} = {p1,p2} " =2 {p1,p5 ' };
(“’) ppo{pl_lapgl} = {p17p2};
(iii) P{p,p} = {p,p};

(iv) {p1p2,p3} = {p1,p2pspy  }{p2,p3};

(v) {p1,p2p3} = {pl,pS}{mml)gl,pz};
(vi) P {pa,p3} = {p1popy ", p1p3py '}

(vii) {0(on)p1,0(az)p2}aly’on = o cof{p1, p2};
for all o, a0 € Py and p,p1,p2,p3 € Po.

Proof. It is straightforward. O

Definition 5.9. A I'_equivariant braided crossed polymodule is a braided
crossed polymodule 0 : P — Py equipped with an polyaction by a poly-
group I' and the braiding are assumed to be I' _equivariant in the sense

that “{p1,p2} = {7p1,7 p2}.

Example 5.10. According to Lemma 3.2, every group is a polygroup.
Let N be a normal subgroup of a group G so that the quotient group
% is abelian, On the other hand , let N be a normal subgroup in G
which contains the derived group of G. Then (N, G, i, u,[,]) is a braided
crossed module, where i : N — G is an inclusion, p : G — Aut(V) is

defined by conjugation and 1 : G x G — N, n(a,b) = [a,b] = aba=1b~L.

Definition 5.11. A morphism between braided crossed polymodules is
a morphism between crossed polymodules which is compatible with the
braiding map {—, —}.

Example 5.12. We know that if (P, Py, 1) and (P], Pj, 02) are braided
crossed polymodules, then a morphism

(f1, fo) : (P1,Py,01) — (P1, Py, 02)
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Of braided crossed polymodules is given by a morphism of crossed poly-
modules such that

{=, —}(fo x fo) = fi{— -}

Let f.g : (P1,Py,01) — (P}, P}, 02) be two morphisms of braided
crossed polymodules and D denotes the set D = {p; € Pi| f(p1) =
g(p1)}, then {D,d} has the structure of a braided crossed polymodule,
and the inclusion h : {D,d} — (P1, Py, 01) is a morphism of braided
crossed polymodules.

Theorem 5.13. If

P i I

ai la,

P Do Lo

Diagram (2)

is a crossed polysquare, then Diagram (3)
id,,
P e — P
0 5}

P
Py xr, I't PO o p

Diagram (3)

gives rise to a crossed polysquare (that is a crossed polymodule of crossed
polymodules) with actions, strong homorphism pPy and function h : Py X
(Py x1, I'1) — P*(P1) defined as following:

(a) the polyaction of Py on Py is the polyaction of the crossed poly-
module 0 : P, — Py;
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(b) the polyaction of Py on Py xr, I'1 is defined by
p(va 62) = {(.T,y) |.%' € pp2p717 Yy € p/BQ};'

(c) pPo: Py xr, I't — Py is the canonical projection on Py.

(d) h(o, (p2, B2)) = aP2a~!, where the function h is given by the
crossed polysquare in definition 3.7, and h(c, (p2,p2)) = h(p1(a), p2).

Proof. The polyaction of Py on Py xp, I'1 is well defined. So we want
to check the five properties making diagram a crossed polysquare.

1. The map idp, : P — P is the action of Fy. The map 0 preserves
the action of Py:

I(Pa) = (8(Pa),p1(Per)) = {(z,y) |z € pd(a)p~!, y € pr (P Pa)}
e pd(a)p~t, y e PWp (a)}
(a)p™t, y € Ppi(e)}

,pi(a)) =P d(a).

But 0 is a crossed polymodule, because diagram (2) is a crossed
polysquare and so pFj is a crossed polymodule, because

pPy(P(p2, B2)) = pPo{(z,y) |z € ppap™", y €F Ba}
= {z| x € ppop~ '}
= ppPo(p2, B2)p ™ Y;

PRo(p22) (ply ) =P2 (pg, Ba) = {(z,y) | = € porhpy ', y € P24}
{(z,y) |z € paphpy ', y € P2}

{(z,y) |z € paphpy ', y € P2 BL}

{(‘Tvy) ‘ S p2p,2p2_17 ye BQﬁéﬁgl}

= (p2, B2) (P, B5) (P2, B2) L.

But 9 : P, — Py is a crossed polymodule, so pPyd = didp, is a
crossed polymodule.

2. We have idp, (iL(Ck, (pg,,@z))) = aP2q! = oP2:B) 1L
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Moreover, we have dh(a, (g2, B2)) = “(g2, B2)(ga, B2) 1, because

p1 (

p1 (
1p21, y € pl(a
“Ipyt y € pi(a)

and

o) (p2,52)(p2,ﬁ2) !
={(z,y) |z € d(a)p20(a)~?, ﬁ2}(102 By
={(z,y) |z € O(a)p20(cr)” 117 ,y € Pl 5 By'}
= {(z,y) |z € O()p20(a) 'py ', y € 8(1"1 ) BBy}
= {(z,y) |z € 0()p20(cr) 'p5 " ,yEpl( )Bap1(a) "By}
We have

h(idp, (@), (p2, B2)) = h(a, (p2, B2)) = aP2a™! = a P2F2)q 71

and

I, 0(a)) = h(a, (9(),p(a))) = a?@)a!

/—1_1—1

odala —0(@) o)1 = o/ /1

We have
h(aa, (p2, B2)) = ac/P2(aa) ™!
= aa/P2a/ 1 P20~
= ad 2o/ ta P2~
- (be(@/, <p27 52))?[71%’(&7 (p27 52))
=* h(, (p2, B2))h(a, (p2, 52));

1
1

and
ﬁ(a, (p2, B2)(ph, B)) = aP2Ph o1 — P21 P2 P2P5 0~ 1
= EL(O“ (p27 /32)) p2iL(a7A(pl27 55))
= h(aa (p27 52)) (p2752)h(053 (p,27 Bé))

21
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h(PaP (p2, B2)) = pozppW*l(Pa*l)A: Py PP2 o1
= P(aat) = Ph(a, (p2, o).

O

Example 5.14. If P is a polygroup and P;, P> , normal subpolygroups,
and L = Py N Ps;

L A P
0 l i o'
P - P

with all maps the evident inclusions, all polycation by conjugation, and
h: Py x P, — P*(L) given by h(p1,p2) = [p1,p2], then the diagram is
a crossed polysquare and

)

P2 XpPl

idr,,

I

P

PPy

gives rise to a crossed polysquare of crossed polymodules.

If (p1,po) is just a morphism of crossed polymodules, then Diagram
(3) is still a crossed polysquare. This is a generalization of the well-
known fact in the category of polygroups that if 0 : P — Py is a
morphism of polygroups then Ker0 — P is a crossed polymodule of

polygroups.

Theorem 5.15. If Diagram (2) is a crossed polysquare, then the outer
diagram gives rise to a crossed polysquare with polyactions and function
h:T1 x (Py xp, I'1) — P*(P1) defined as following:

(i) The polyaction of Ty on Py is induced by the polyaction of 9 :
F1—>F0 Onatpl —)P(),'

(i) The polyaction of Ty on I'y is the polyaction of the crossed poly-
module 0’ : T1 — Ty;
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P1
(Y
pPp——— p——»I
0 0 o'

POXFOF1&PO Po Lo

Po

(iii) The polyaction of T'g on Poxr,I'1 is defined by 7 (p2, B2) = (“p2,” B2);

(iv) h(B, (p2,B2)) := h(B,p2) where the function h is given by the
crossed polysquare structure of Diagram (2).

Proof. The polyaction of I'y on Py xr, I'1 is well defined. py is a poly-
group strong homomorphism because pg is and Diagram (2) commutes.
Now we want to check the five properties making this diagram a crossed
polysquare.

(i) The map p; preserves the polyaction of I'g because Diagram (2)
is a crossed polysquare.

The map O preserves the polyactions of T'y:

d("a) = (0(°a), ;1 (")) = (70(a), “P1(a)) = 7 (9(a), pi(a)) = ().
d' is a crossed polymodule because Diagram (2) is a crossed polysquare
and we want to prove that pg is a crossed polymodule. The pre-crossed

polymodule property holds because pg satisfies the pre-crossed polymod-
ule property. It also holds the Peitfer condition:

50(102,,82)@/2755) — 170(1’2)(19’2, Bh) = <;Eo(102)p/27 ﬁo(Pz)ﬁé)
{(z,y) | x € PPy, o € PoP2) g1
= {(z,y) |2 € paphps ', y € BBy '}

also

(p2762)(p/276§)(p2a52)_1 = (p2762)(p/27Bé)(p2_17 2_1)
= {(z,9) | = € parhpy ', y € 255 '}

23



24

M. A. DEHGHANI, B. DAVVAZ AND M. ALP

po0 = 0'py is a crossed polymodule because Diagram (2) is a crossed

polysquare.
(ii)
(b8, (02, 32))) = (b p2)) = 767"

— ﬂﬁo(m)ﬁ*l — ﬂﬁo(pz,&)ﬁ*l — 5(172,52)5*1
L We

Now we want to show that 5@(5, (p2, B2)) = B(pa, Ba)(p2, Ba)~
develop the two members separately:

Oh(B, (p2, B)) = (85(5 (p2. B2)), D11 (B, (p2,52)))
Oh(B,p2), P1h(B; p2))
(z,y)| z€ Pppytye ﬁmﬁ_l} ;

—

U (p2, B2) (p2, B2) ™t = P P(pa, o) (p2, Ba) !

POy, 7O8) (p7", 85
z,y)| x€ T Ppypsl y e alw)ﬁzﬁfl}
z,y)| x € Ppopyt, y e p? Pl }

)
)

z,y)| x € Ppopyt, y € W)= 1}
)

~—~~ o~~~

Il
/_/Hf_/;\f_/H/_/H/\ Qz —

2,y)| x € Ppopyt, y € BP2B }

h(pi (@), (p2,B2)) = h(pi(a),p2) = aP?>a ™!
— q@282) 1

(B, 0(c)) = (B, (0(a),p1(a))) = h(B,0(a)

= Baa_l.

(iv)
h(BB, (p2, B2)) = h(BB,pa) = Ph(B,p2)h(B,p2)
= Ph(B, (p2, B2))M(B, (p2, B2));
h(B, (p2. B2) (P, B3)) = h(B,paph) = h(B,p2)**h(B,p})
= (B, (p2, B2)) PP 1(B, (ph, B3)).
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(v)

h(B, 7 (p2,B2)) = h(7B,("p2, “Ba))
h(°B, “ps) = “h(B,p2) = “h(B, (pa, Ba))-

O

Theorem 5.16. If

p1

Py I

ai ia,

Py Po T'o

18 a crossed polysquare, then the outer diagram is a crossed square with

id py
P, Pr 1:1
ﬂ;l BPL
&1 @1/
id
Pl i P1
D 2 9 D’

Py xpgI't ——— » Py

pFPo
v Proxe,m ProN_ v
o

PoXpryI'y
3= > 5r
POXForl ,Lpl o

. . T Poxr,T' .
actions and function, h : /Blzl X ol ﬁlzl defined as following:
Py Py

=
'BPO Xl

(a) the action of [3120 on éil 1s induced by the polyaction of Py on Py;
Po Py

PoxryI's

1s induced by the polyaction of Py on

(b) the action of [50 on
Po

E
5P0XFOF1
Py xry I't;
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T Poxp,I' .
(c) the map h : £ x 22t s P
ﬂPl ﬁpoxrol“l BPl

B (85, (01): Bhyery 1y (0 1)) = B, ({1, (o 10))).

. Poxpr,I'1 .
Proof. The action 5110 on ﬁ]zl and ﬁi)& is well defined. We now
Fo P PoxryTy

want to check the five properties making this diagram a crossed square.
(i) The map D preserves the action of %; i.e., we have
Py

D™ 5, (pr) =" DB, (p1))-
Because

DR ™gs (p1)) = DB (x), forallze |

y € Bp, (p1)
z € Bp, (po)

= B;’()X[‘Orl (a(ﬂj))
and "D, (pr) =" (B L (O01) = By, ry (@) for all
x € U zy. Also, the map 1) preserves the action of ;:0 . D'is

Po
y € Bp, (9(p1))
z € Bp,(po)
a crossed module, because Diagram (2) is a crossed polysquare, and we
want prove that ¢’ is a crossed module. In fact, suppose that py € P
and (po,v1) € Po xr, I'1 are arbitrary. We have

¢’(5;0 (pg)ﬁ;goxron (po, 71)

= zp’(ﬁ;OxForl(z)) for all z € Po(pg, 1)
=9 (Bhyr, 1 (PhpoPy s 7o71))

= B, 1 (B v, 2 (002 10)) (B ()

and

¥ (B% (Po,711))
POXFOFl B;oXFOF1<p6771)

Bhyxe, P 1)
— Bhyernrs (2), for all z € PR T)
/

- ;’oxr 1, (P0, Y1) BBy xp, 1 0: M ;oxr r, \Po,71) -
ByscrgTs (P0s Y BEy cp 1y (PO Y1) By sep 1y (PO, 1) ™

_ B, (pPo(po)
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Y'D =D'id p, is a crossed module because 0 : P, — Py is a crossed
o,
polymodule.

(i)

id r, (h(B5, (p1), (B3, (p0). 57, (1)) = B, (01) 7P 83, (1)

5%,
_ ﬁ;;l (pl)(uB[‘l (71))/3}1 (p1)_1

Now we want to prove that

<A<BP1 (p1); (B, (po), B, (1))
= P2 (82 (po), B, (1)) (B, (p0), BE, (71)) ™

and we develop the two members separately:

DR, (p1), (B, (o). B, (1))
(D (Bp, (p1) 7o) B2, (p1), Br(B, (p1) "0 ®) B3, (p1) 1))
(D (B3, (p1)B5, (p0) D (B, (p1) ™ B, (p0) ",
P8 ()" PP, ”plw;sl(pl))—l)
= (D/(8, ()87, () (B, (1)) " B (o)
(B85, (1)) TP O 5y (85 (1))
= (D (Bp, (1) B, (20) D' (B, (p0)) "B, (o)~
P1(Bp, (p1))BE, (1)1 (Bh, (o)) 1 BE, (1))

also,

PR (35 (po). B, (1)) (B, (po). B, (1)~
PR ®D) (52 (po), B, (1)) (B, (p0), B, (71)) ™
(D' (B3, (p1))B7, (p0) D (B, (1),
P(eE, ““”ﬁ;a (1)) (B, (o)1, B, (1))
:<D'<5;a1<p1>>5;so<poﬂ>'<5p;<p1>> ﬁpo(po)*%
o(D'(Bp, (p1)) /6* T )51“1(1_‘1)_1)
(Dl(ﬁpl(pl))BPO(pO)D/(Bpl(pl)) /BPO(pO) L
o' (p1(Bp, (p1) )5* (71)/3r1(’71)_1)
= (D'(Bp, (p1))Bp, (P0)D'(Bp, (p1))~ 1ﬁp0(po)’1,
BL(B, (1)) BE, (1)P1 (B, (0)) " B, (1) V).

27
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(iif)
h(ld n (B, (p1)), (BE, (o), 67, (1))

= h(ﬁpl(pl) (B, (Po), Br, (1))

= B, (p1) P33, (py) !
= 85, (m1) (BF, (Po):Br, (71))5;1 ()~

I

also

h(B5, (1), 0(Bp, (1)) = h(Bp, (p1). (D'(B, (1)), P1(Bp, (p1))
:5;«31( )D(Bpl(pl )5* ( 1

:ﬂ}k’l( ) (51:1(171 ﬂ*(

Bpl(Pl)ﬁpl(pl)ﬁpl(Pl)_

PR, 1) B, (p1)B, (71

Bpl ) B (p1)Bp, (p1) .

1)~
1)~
1
)"

(iv)
M%@M%ﬂ%wmmm
=%@Mmm%%wg>%mW1
==ﬁ}Apﬁ6ﬁxpﬂﬂ%“”ﬁpApﬂ L0k (Po) g ()~

= B, (p1) B, (1) "0 B, (01) B, (1)~ B (1) 770 ) B (1)~
:@mW* p1), (85, (p0). BE, (1)) B, (p1) " (B3, (p1), (85, (o). BF, (1))
=P hy(35 (p1), (B, (o), Br, (1))A(Bp, (p1), (B, (P0), B, (11)));

also

h(Bp, (p1): (B, (po). BE, (1)) (B, (po), 5r1( 1)))
= h(B, (p1); (B, (po) B, (o). B, (1) BE, (1))

:ﬁ}( )51:0(1?0)51:0 po)ﬁ* (1)

:Bpl(pl)ﬂpo(p())ﬁpl( ) IIBPO(PO)B}kjl(pl)B;O/(Po)ﬁf:;(PO)ﬂjjl(pl)—l
—5131(131) 0(p°)ﬂp1(p1) 1 85, (po) (ﬂ* (pl)ﬁ}o pO)Bpl(pl) 1)

= h(Bp, (1), (B3, (o), 5p1<wq>>>ﬂPb“m <ﬁfﬁ<p1> (B, (p0), B, (1))

= W(Bp, (1), (B, (p0), BE, (11))) PRI PR Oy 82 (1), (B3 (p0).B. (11))).



On Crossed Polysquare Version of Homotopy Kernels 29

(v)

BP0 ® gz (1), PP (82, (o), BE, (1))

— B(/BPO (Po)ﬂj;l (pl)j (6}';/0 (pg)ﬁ}ol(po)ﬁfvlo (p/())—l, BPO (Po)ﬁlil (71)))
_ Bp, (Po)ﬁ}l (»1) B, (Po)BE, (Po)BE, (po)~! ( Bry (100)/8}631 (pl)il)

_ 533/0 (pO)IB}i;D (po) By P0)BE, (PO)B}le (p1)
_ ﬂplo(po)(ﬂ}kjl (pl)ﬁpo(p())ﬁ}(;l(pl)_l)
— 5Po(p°)ﬁ(5}21 (p1), (Bp, (o), By, (11)))-

O

Theorem 5.17. If

P1 b F1

L

Py Po Lo

18 a crossed polysquare, then the outer diagram is a crossed square with

6P1 ¥ pl'
Py [3;1
o D1
P
' ( idp, P w or,
P1 Pl IH I
D a 9 5' g
P _
PO XFO Fl pHO PoL Fo
(I)P(] Tol1 L = } [}
Y Po N

*
ﬁPOXForl w,
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actions and function,

. Ty Pyxp,T 2
RV Ral VL SN S S

5;1 ’B}kjoxrorl 6731

defined as following:

(a) the action of 60 on 5;1 1s induced by the polyaction of 'y on Py;
1

(b) the action of ;P on BFJ 1s induced by the polyaction of I'g on I'y;
To

T

(c¢) the action of ,61:*0 ﬂPOXFOFI 1s induced by the polyaction of T'y on
To Poxpyl1
Py xr, I'i;
(d) the map h : SR AL VLEN !

Br,

51“1 ’BPOXFOF1

B (87, (1) Bhysepgon (0 1) ) = B, (A1, (0, 1)):

Proof. The action of [51*“00 on % and [;1 and /ﬁl is well defined.

1)’ is a group homomorphism because py is and Diagram (1) commutes.
Now we want to check the five properties making this diagram a crossed
square.

(i) The map v preserves the action o

(1) is a

To
Bry

5F0
D(?Bp, (1)) = (8(7Bp, (p1)), (7 (Bp, (p1)))
= (70(Bp, (p1)), 70 (Bp, (P1)))
= 7(9(Bp, (p1)), ¥(Bp, (p1)))
= “D(Bp, (p1))-

D’ is a crossed module. We want to prove that ¢/ is a crossed mod-
ule. The pre-crossed module property holds because pg satisfies the
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pre-crossed polymodule property. It also holds the Peiffer condition:

¥ (Bp, (Po).fr, (1) (ﬁ* (o), IBFI( 1))

=Pl @) (g2 (o), ﬁmm
— po(ﬂpO(PO))ﬁ*O( )PO Bpo /8*( )

= (B3, (p0) B3, (p0) B, (p0) ™%, 7 1 ()
= (B3, (p0) B3, (20) B, (p0) ™, B, (1) BE, (3187, (1) ™)

also

(Bp, (po), Br, (71))(5130(290) 5r1(71))(5p0(190) 51“1(71))_1
(BE, (Po), fl( ))(ﬂpo(l?o) ﬁpl(%))(ﬁpo(po) LBE ()™
(Bp, (P0) B, (P0) B, (p0), ™1 B (1) B (1) B, (1) ™).

"D = D'1) is a crossed module.
(ii)

v (ABE, (n), (B, <po>,ﬁam>>>) = (h(8, (0. B, (po»)

1 Bpo Po)ﬁ* ( 1)

0

) 0 5
>p0<ZPo ", )

) Py (po) Ty (7)) B* ( )—1
)(5130 po),B1, (1)) B* ( ) 1

Now we want to show that

D (87, (1), (85, (o). 5, (1))
= P50V (85, (p0), BE, (1)) (B, (po), B, (1))~

We develop the we members separately:
D (B, (1), (85, (o), B, (1))

= (0h (B, (1), (B3, (o). 7, (1)) + ¥ (B, (), (B, (o). 87, (1)) )
= (087, (1), B3, (o)), ¥h(BF, (1), B, (b))

- (ﬁlf1<vl>/a;o<po>ﬂpo<po>—%ﬁf:; (1) "0 ) g, m)—l) ‘
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But
BFlWl)(ﬁfh(pO) Brl(Vl))_l
P60 (g, (py), B, () (B (po). B, (1))
PO 3 o), #0081, () ) (5, )5, 00) )

(PG g2 ()85 (o)L, RO g ()55 1)—1>
s 71)3}50(Po)»@’}‘oo(po) LB (v 1) P ) B (v )_1>
= (P 1, 0B, (o), () RO 5 ) )

= ([P0 85 (p0) B3, (o)~ B, () o ) . Wl)‘l) -

(iii)

h (¥(B3, (p1), (B, (o), B, (1)) = h (¥(Bp ( )) By (P0))
= Bp, (p1) o) g, (py) !
_ﬁPl( ) Bpo(po Bpl ’Yl))ﬁ* ( )—1;

b (82,0, DB, (1)) = h (B, (1), 085, (p1), ¥
=h 61“1 'Yl 5131 pl )
— 51“1('71 ﬁ*l( )5P1(p1)

(85, (1))

(iv)

B (7, (n)BE, (), (B, (po). B, (1))

= h (B, (0B (1) B, ()
= PRk (B! )., B3, o)) P (B8, (1), B, (00))
= 00 (B (), (B, (o). 8, (1)) b (B8 (0), (B, (o). 55, (1))
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B (B2, (1), (B, (o). 87, (1)) (B, (o). B, (1)
= (Bt (1), (B3, (00) B, (o), 7, ()AL, (1))
= h (B, (1), B, (p0) B3, (00)

= (B, (1), B, (00)) Pk (B (n), B ()
= (B (1), (B, (o), B, (1)) oo 00

/ 1"

h <ﬁf’1 (71), (Bp, (po), Bt (71))) :

b (788, (n), * (8, 0), B2, (1))

= (B, (1), ("B, (o), *Bf, (1))

— (787, (1) "B, (m0))

= 7h (87, (1), B3, (m0) )

= 7h (Bt (1), (B, (o), BE, (1))
and the proof is completed. U

)
)
)
)

)
)

6 Conclusion

Polygroups are certain subclass of hypergroups. Already, Davvaz and
Alp applied the notion of crossed modules to polygroups and introduced
crossed polymodules. On the other hand, the fundamental relations
make a connection between polygroups and groups. We investigated
crossed polysquares and using the notion of fundamental relations we
obtained a crossed square from a crossed polysquare. Finally, crossed
polysquare version of homotopy kernels is studied. The foundations that
we made through this paper can be used to get an insight into other types
of algebraic hyperstructures.
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