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1 Introduction

Let D denote the open unit disc of the complex plane C and H(D)
denotes the space of all analytic functions on D. Let u,v € H(D), ¢ be
an analytic self-map of D (p(D) € D) and m € Ny = {0,1,2,...}. In
[11] Stevi¢ and co-authors defined a new product-type operator T, ,
as follows

Ti09(2) = u(2)g"™ (p(2)) + 0(2)g "V (p(2)), g€ HD), =eD.

When m = 0, we obtain the Stevi¢-Sharma type operator and for v = 0,
we get the generalized weighted composition operators Dy’,. For more
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details about product-type operators, we refer the interested reader to
7, 8, 13].

Let dA(z) be the normalized area measure on D and 1 < p < oo.
The Besov space B), consists of all g € H(D) such that

bolg) = ( /D P |P2AR) < .

By is a Banach space with [|g||g, = |g(0)| + by(g) and it is a M&bius
invariant space in the sense that b,(goy)) = b,(g) for all ¢ € B, and
Y € Aut(D), the Mobius group of D (see [15, 17]).

Let n € Ny and p(z) be a weight, positive and continuous function
on D. The nth weighted type space Wy (D) = Wy, was introduced by
Stevi¢ in [9], consists of all g € H(D) such that

bwp (9) = Sup w(2)lg"™ ()] < oc.
zE

This space is a Banach space with the following norm
n—1 A
lglhwg = 192(0)] + bwp (9)-
i=0

Let a > 0. Then W((?)—M

type space) and W((12)—|z|2)<1

H,,(weighted-type space), W,Sl) = Bu(weighted Bloch space), W,SQ) =
1)

(1=[z1*) log 1=
logarithmic Bloch space Bj,,. More information about nth weighted

type spaces can be found in [1, 2, 3, 9, 10, 12, 18].

20 = H~*(growth space), W((l)

1) = B*(Bloch

= Z%(Zygmund type space). Also WELO) =

Z,,(weighted Zygmund space) and W coincides with the

Lemma 1.1 ([16], Proposition 8). For any g € B and n € N,
n—1 '
lols ~ 19V (O)] + sup(1 = [2)"]g (=)
i=0 #

Lemma 1.2 ([0], Lemma 2.1). The sequence {27}5° is bounded in B and

2
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Lemma 1.3 ([!]). Let 1 <p < oco. Then for any g € B,

lglls = llgll5,-

For n, k € Ny with k& < n, the partial Bell polynomials are defined
by

Bn,k(yl, Y2, .-y yn—k—l-l) —

Zn—' Ihyin(P2yia | Inktl o
Jilgaleedn_pa ! 1! 2! (’I’L*k‘Jrl)'

where j1,j2, ..., jn—k+1 € No such that

j1 + 2j2 + ...+ (’I’L —k+ 1)jn—k+1 =n and jl —|—j2 + ... +jn—k+1 = k.

More information about Bell polynomials can be found in [[5], pp 134].
From Lemma 4 of [10], we have the next lemma.

Lemma 1.4. Let g,,u,v € H(D). Then for any m,n € Ny,

(T;nv Lpg)(n)( ) = Z m+l) Z (7> Blvi(gpl(z)v S @(liiJrl)(z))
i=0 =i
P30 () 3 (’;) D) B¢ (2)s 1 2),
i=0 l=i

For simplicity in calculation, we set

I (z) = { Y (Du V(@) Bri(@'(2), -, T (2)) dyn € No and i < n

i, otherwise

By applying the above notion, we can rewrite the previous lemma as
follows

n+1
(T2, )™ ng“ Wi + 127 )(2). (1)

Recently, Liu and Yu in [8] studied the boundedness and compact-

ness of operator 7}, , from the Logarithmic Bloch spaces to Zygmund
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type spaces. Also Zhu and the author of this paper, have found some
characterizations for boundedness and compactness of Tﬁv#) :B, - B
in [19]. Motivated by previous works, in this paper some characteriza-
tions for boundedness and compactness of operator T}, , : B, — W)
are given. As application some new characterizations for the bounded-
ness, compactness of generalized weighted composition operators from
Besov spaces into nth weighted type spaces are found.

Throughout this paper, if there exists a constant ¢ such that a < cb

we use the notation a < b. The symbol a ~ b means that a < b <X a.

2 Boundedness

In this section, some equivalent conditions for boundedness of the oper-

™m . n 3
ator T, , : By — W)} are obtained.

Lemma 2.1 ([19], Lemma 2.5). Let 1 < p < oco. For any a € D and
je{l,....,k}, set

fia(2) = (1 — ’aQ)j, z € D. (2)

1—az
Then fjq € By and sup,cp Hf]}aHBP < oo.

By using the functions defined in (2), we get the next lemma. Since
the proof of it resembles to the proof of Lemma 2.1 [I], hence it is
omitted.

Lemma 2.2. Let §;, be Kronecker delta. For any 0 # a € D, m € N
and i € {0,1,...,n+ 1} there exists a function g; o € B, such that

i,a - (1_ ‘ a ‘Q)m—l-k'

In this case g;q(2) = Z?if ct fia(2), where f;q are defined in (2) and
c} are independent of the choice of a.

Theorem 2.3. Let m,n € N, 1 < p < oo, u be a weight, u,v € H(D)
and ¢ be an analytic self-map of D. The following assertions are pairwise

equivalent.
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a) The operator T . : B, — W is bounded.
u,v,¢ p I

(b) Ifpj(z) = 27 then sup;sy | T opjlwe < co.

(c) For each i € {0,...,n+ 1},

sup | T30 o fis1,allwy < oo, supu(2) (L7 + 1,2 ) (2)] < oo,
a€D zeD

where f; o are defined in (2).
(d) For each i€ {0,1,....,n+ 1},

p(2)|(L 4+ 1 ) (2)]
sup 2Vitm
ed (1 —1p(2)]?)

< oQ.
Proof. (b) = (c¢) For any i € {0,1,...,n+ 1} and a € D
Frena(e) = (0= a2y S (7 )ala,
—\
j_
So,

o0 . .
. Z+] s
T, Feerallwg < (1= Ja2) S ( j )\avuTaz,@muwg
=0

< 2i+1 Sllp HTzT]?U,gopJHWﬁ
Jj=1

Therefore, sup,ep |13 o fi+1,a wp < 00.
Applying the operator 1}, ,, for p,(z) = 2™, so by employing (1),
we obtain
m

1
sup u(2)| I (2)] = — sup ()T opm) ™ (2)] < 0.
z€D m: »epn

Now suppose that the following inequalities hold for 0 <i <5 —1,

sup u(2)| (I + ;Y ) (2)] < oo,
zeD



E. ABBASI

where j < n + 1. Applying the operator T,",

o for pryj(z) = 2™ and
using (1), we have

supnt:)| S ) + 3 G ™ U )

< NTd,pPmjllwyg < oo

Since (D) C D, we obtain

sup p(2)I(I5 + 17 ,)(2)] < oo
z

(¢) = (d) For any ¢(a) # 0 and i € {0, ...,n+ 1}, employing (1) and
Lemma 2.2, we obtain
p@lp(@I™ (I + I ) (@) sup [T g oo
(= Tp(a)P)y+ B L
n+2 .
<Y ldlsup I3 o fia
=1 acD

|WLL < 0.
From the last inequality,

pla)| (I + I ) (a)
sup

- < oo,
PO G [p(a)[?)mt?

and from (c)

o MOITEG + 17 ) (@)

! L2l < swp (o)l 4+ I ) (e)] < o
“p(a)‘gé (1_‘¢(a)|2) + |¢(a)|§% LY ? 1790

So, for any i € {0,...,n+ 1},

p()|I5, + L2 ) (2)]
sup

—— < oo.
zep (1= p(z)[?)m+
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(d) = (b) Setting g(z) = pj(z) = 2/(j = m+n+1) in (1), so from
Lemmas 1.1 and 1.2, we obtain

(@) (T o)™ (2)] <

n+1 .

) B e i T T @)
M D G @R e S R
;e O + 125,)2)
I= ”82_2225 e
gt u<z>|<fi,;0 I )]
e LI T AP )

On the other hand, for any k < n, we get

’ (Tzzlv,gapj)(k) (0) ’ <
k+1

gt et e | (T 4 T2 )(0))
ZU_ — (1= 1O e(0) O

o KEL (I + 1, )(0)]
jg (1= [p(0)2)7Fm (4)

Hence, by using (3) and (4), we get (b).
(d) = (a) From (1) and Lemmas 1.2, 1.3, we have

w0, )™ (2)] <

n+1

: : (I7, + 1 ) (2)]
= _ 2)[2)mti (m—+1) . i, i—1l,p :
1 ),Z;(l (D) (0 (2)] 0o pymr =
"ZH p(z )\(I”u + 17 ,)()
HfHBp Oilelp ‘gp( )‘ )m-i—z : (5)

Also for any k < n, with similar calculation in the (4), we obtain

k+1 k,u kv
(i, + 171 ,)(0)]
m (k) 2y ? 17
(T, /) (0)] = ||f||Bp§ (1i|w(0)l2§i+m : (6)
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From (5) and (6), we get (a).
(a) = (c¢) For each i € {0,1,...,n + 1}, from Lemma 2.1, we obtain

sup |13 o fivrallwn < (1137 ol B,—wrn sup || fit1,all B, < oc.
a€eD acD
For any j € N, 2/ € B,. So, the proof of the second part resembles to

the proof of second part of (b) = (¢) and hence it is dropped. The proof
is completed. O

3 Compactness

In this section, some new characterizations for compactness of the op-

erator 1T, , : B, — W, are given. The proof of the following lemma
resembles to the proof of Lemma 2.10 [11], therefore it is dropped.

Lemma 3.1. Let 1 < p < oo, u be a weight and S : B, — W, be
bounded. Then S is compact if and only if whenever {fi} is bounded in
B, and fi, — 0 uniformly on compact subsets of I,

(1S fllwy

Theorem 3.2. Let m,n € N, 1 < p < oo, pu be a weight, u,v € H(D)
and ¢ be an analytic self-map of D. Let the operator T3, , : By = W),

u,v,p "
be bounded then the following assertions are pairwise equivalent.

(a) The operator T}, , = By — W, is compact.
(b) If pj(2) = 27 then limj_,o0 1T, opillwn = 0.

(c) For each i € {0,....,n+ 1},

. m .
\(Hgll HTu,v,gofi-i-LaHWZ} =0,

where f; o are defined in (2).
(d) For each i€ {0,1,....,n+ 1},

. u()(I7 + 125 ) (2)]
lim sup N orm
loz)—1 (= le(2)[*)

= 0.
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Proof. (b) = (c¢) For given ¢, there exists M € N such that for j > M,

ITa%,pPillwg < e
Hence, for each i € {0,...,n+ 1}
M-1 )
; k k
i+1.al2) = 1 — |a|?) ! 2+ + Z+ kzk.
+ bl
k=0 k=M

So,

||T1ZLU,<,0' Wﬂg
v (i M1
2max {77 psllws } 51 (1~ Ja?) (1~ Ja >(

27:+1‘
M—1 )+ €

Hence,

limsup | T35, o firrallwp < e
jal 1

Since € is arbitrary, so limsupy,_, || 73, ,U#ij»l,aHWﬁ =0.
(¢) = (d) Let {ax} be any sequence in D, such that limg_,1 |[¢(ax)| =
1. For each i € {0, ...,n + 1}, applying (1) and Lemma 2.2, we have

pular)|p(ar) "I+ 1Y ) ()| _ _— _
(= olan ) = by o Siptan oy <

n+2

Z\cﬂ su)p 1T 0 Fsptan) -

Taking the limit when k — oo, we get

pla)|(L; + I i,
lim ’@ cZ lim sup f wr = 0.
le(a)|—1 (1- |90( )[2)mti ]Zl < lp(a)|—1 1T e j7(p(a)|| g

(d) = (b) For given ¢, there exists a 0 < § < 1 such that

p(2)|(I0 + L ) (2)]
sup 2\mti
s<loz)<t (L =lp(2)[?)

<e, i€{0,1,...,n+1} (7)
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Let p;j(2) = 27(j > m +n+1). So from (1) and Lemmas 1.1, 1.2, we
obtain

P opi) ™ (2)] < (8)
m-+n—+1 j' o
w(z) Z m@(«z”]_l“]y—%,@+I?—’1;n—1,¢)(2)| <
& ! . T )
J: 2\i+m —m—1 1,p i—1,p
sup i(z) == (1 — [@(2)[")""|e(2) »
2 el2)|<6 (j —m—i)! (1= lp(2)[2)itm
F;
n+1 . n,u n,v
J! 2\itm ‘7m7i|<l’b',tp +Ii71,¢)(2)|
sup () 7 ~ (1= e (2)[7) e (2)) :
2 G - TeGIR)m

E;

Since {p;} converges to 0 uniformly on compact subsets of D, so {pg-t)}
converges to zero uniformly on compact subsets of I, hence from The-
orem 2.3, we get

limsup F; = 0. 9)

Jj—o0

From Lemmas 1.1,1.2,1.3 and (7)

1 , ,
E; = ||| Ti sup p(2)| (I + I?fi"w)(zﬂ L 2An+?)
- i—0 le(2)[>8 (1 = Jp(2)[?)rtm - e

Since € is arbitrary, so
limsup E; = 0. (10)
Jj—o0

Also by simple calculation for each k& < n, we have

lim sup | (77, ,p;) ™ (0)] = 0. (11)

Jj—00
Therefore from (8), (9), (10) and (11), we obtain (b).
(d) = (a) For given ¢, there exists a 0 < § < 1 such that
p(2)(L + 17 ,)(2)]

P s 1o I e
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Let {fx} be any bounded sequence in B, such that converges to 0
uniformly on compact subsets of D.

n+1
p)| (T )" D) < ) U @I + 1S )G (1)
. 1=0
<3 sup wEIET NI+ 1))
i—0 le(2)|<o
H;
n+1
+3° sup p@IATV N+ 1))
i—0 le(2)[>0
L;

Since fr — 0 converge to 0 uniformly on compact subsets of D, so
f,gt) — 0 converge to zero uniformly on compact subsets of ). Hence,
from the boundedness of T3, , : B, — W); and Theorem 2.3, we obtain

limsup H; =0, i€ {0,...,n+1}. (14)

k—o0

Also by using Lemmas 1.1,1.3 and (12), for any i € {0,...,n + 1}, we
have

iy L T ) @)
Li= sup pu(2)(1—|o(2)])m+ f(“rm) )| ie T Rim1,e)\F
Fe et S e e

= el frllB,
Therefore,

limsupL; =0, i€{0,...,n+1}. (15)

k—o00
For any j < n, we get

J+1

(T f |<Z|fk”m O)II(L 1) (0)]-
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Since limy_ f,gi+m)(<,p(0)) =0, so

lim sup (T2, , /)@ (0)] = 0. (16)
k—o00
Therefore, from (13), (14), (15), (16) and Lemma 3.1, we have (a).
(a) = (c) Let {ay} be arbitrary sequence such that limy_,1 |ag| = 1.
It is obvious that for each i € {0,1,...,n 4+ 1}, fit1,4, — O converge to
0 uniformly on compact subsets of D. So by using Lemmas 2.1 and 3.1,
we get

. m =
|a1kl\n—1>1 1T o fitran g = 0.

The proof is completed. O

Remark 3.3. Setting u(z) = (1 —|2|%)* and n = 1(n = 2) in Theorems
2.3 and 3.2, some equivalent conditions for boundedness and compact-

ness of operator T, , : By — BT}, , : By — Z%) are obtained.

Remark 3.4. Putting n = 1 and u(z) = (1—|2|?) log ﬁ in Theorems
2.3 and 3.2, similar results are given for operator T}, , : By — Biog-

Remark 3.5. Setting v = 0 in Theorems 2.3 and 3.2, we have similar
results for operator Dy, Bp = W

Acknowledgment

The author would like to express their sincere gratitude to the referee for
a very careful reading of the paper and for all the valuable suggestions,
which led to improvement in this paper.

References

[1] E. Abbasi and H. Vaezi, Estimates of essential norm of general-
ized weighted composition operators from Bloch type spaces to nth
weighted type spaces, Math. Slovaca, 70(1) (2020), 71-80.



2]

THE PRODUCT-TYPE OPERATORS ...

E. Abbasi, S. Li and H. Vaezi, Weighted composition operators
from the Bloch space to nth weighted-type, Turk. J. Math., 44(1)
(2020), 108-117.

E. Abbasi, H. Vaezi and S. Li, Essential norm of weighted composi-
tion operators from H* to nth weighted type spaces, Mediterr. J.
Math., 16 (2019), 133.

F. Colonna and S. Li, Weighted composition operators from the
Besov spaces to the Bloch spaces, Bull. Malays. Math. Sci. Soc., 36
(2013), 1027-1039.

L. COMTET, Advanced Combinatorics, D. Reidel, Dordrecht,
(1974)

O. Hyvérinen and M. Lindstrom, Estimates of essential norms
of weighted composition operators between Bloch-type spaces, J.
Math. Anal. Appl., 393 (2012), 38-44.

Y. Liu and Y. Yu, Products of composition, multiplication and ra-
dial derivative operators from logarithmic Bloch spaces to weighted-
type spaces on the unit ball, J. Math. Anal. Appl., 423(1) (2015),
76-93.

Y. Liu and Y. Yu, The product-type operators from Logarith-
mic Bloch spaces to Zygmund-type spaces, Filomat, 33(12) (2019),
3639-3653.

S. Stevi¢é, Composition operators from the weighted Bergman space
to the nth weighted spaces on the unit disc, Discrete Dyn. Nat. Soc.,
2009 (2009), 11p.

S. Stevi¢, Weighted differentiation composition operators from H°
and Bloch spaces to nth weighted-type spaces on the unit disk,
Appl. Math. Comput., 216 (2010), 3634-3641.

S. Stevié, A. Sharma and R. Krishan, Boundedness and compact-
ness of a new product-type operator from general space to Bloch-
type spaces, J. Inequal. Appl., 2016(219) (2016), 32 p.

13



14

[12]

[13]

[14]

E. ABBASI

S. Stevi¢, Essential norm of some extensions of the generalized
composition operators between k-th weighted-type spaces, J. Ineq.
Appl., 2017(220) (2017), 13 p.

S. Stevi¢ and A. Sharma, On a product-type operator between
Hardy and a-Bloch spaces of the upper half-plane, J. Inequal. Appl.,
2018 (273) (2018), 18 p.

M. Tjani, Compact composition operators on some M&bius invari-
ant Banach space, PhD dissertation, Michigan State university,
(1996).

K. Zhu, Analytic Besov spaces. J. Math. Anal. Appl., 157(2) (1991),
318-336.

K. Zhu, Bloch type spaces of analytic functions, Rocky Mountain
J. Math., 23(3) (1993), 1143-1177.

K. Zhu, Operator Theory in Function Spaces, Amer. Math. Soc.,
second edition, (2007)

X. Zhu, Weighted composition operators from the minimal mébius
invariant space into nth weighted-type spaces, Ann. Funct. Anal.,
11 (2020), 379-390.

X. Zhu, E. Abbasi and A. Ebrahimi, A class of operator-related
composition operators from the Besov spaces into the Bloch space,
Bull. Iran. Math. Soc., 47 (2021), 171-184.

Ebrahim Abbasi

Assistant Professor of Mathematics
Department of Mathematics

Mahabad Branch, Islamic Azad University
Mahabad, Iran

E-mail: ebrahimabbasi81@gmail.com, e.abbasi@iau-mahabad.ac.ir



	1  Introduction
	2  Boundedness
	3  Compactness
	References

