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Abstract. Let D be the open unit disc in the complex plane C. A
sandwich weighted composition operator Sy, takes an analytic map f
on the open unit disc D to the map (¢.f op)’, where ¢ is an analytic
map of D into itself and 9 is an analytic map on D. In this paper, we
compute the adjoint of a sandwich weighted composition operator Sy,
on weighted Hardy spaces.
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1 Introduction

Let D be the open unit disc in the complex plane C and 9D be the
boundary of D. Let 5 = {3,}°2, be the sequence of positive numbers
such that By = 1 and lim,_e 55:1 = 1. Then for 1 < p < oo, the
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weighted Hardy space HP(f) is the Banach space of all analytic func-
tions f on the open unit disk D) defined by

HP(B) = {f iz — Zanz” s.t Hf\\%p(ﬁ) = Z |an|PBP < oo},
n=0 n=0

where ||| gr(gy is @ norm on HP(B). If 8 = 1, then HP(3) becomes the
classical Hardy space HP. For p = 2, H?(f) is a Hilbert space with
respect to the inner product

o
< [,9>=_ anbufy,
n=0
where f(z) = Y 0% an.2™ and g(z) = > oo by.2" are elements of H2(f3).
For a detailed discussion on HP((3) one can see [12].
Let w € D. Then evaluation kernel K,, € H?(j3) is defined by

T

Ky(z) = Z 1;2 2"V zeD.
n=0 "1

Clearly || Ky|* = 302 o |w|?"/B2, where ||Ky|| is an increasing function
of |w|. For f(z) =377 an.2" and w € D, we have

oK) =52 52 =3 e = flw),
n=0

2
n=0 Bn

Let ¢ be an analytic map from the open unit disc D into itself. The op-
erator that takes the analytic map f to foy is a composition operator
and is usually denoted by C,. A natural generalization of the composi-
tion operator is an operator that takes f to i.foyp, where 1 is a fixed
analytic map. This operator which is called a weighted composition
operator and denoted by Wy, ,, is defined as

Wyof = MyCyf =1.fop.

Let D be the differentiation operator defined by Df = f’. Then the
generalized weighted composition operator on the weighted Hardy space
HP(p) is given as

MyCyDf = . f'op,
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where f’ denotes the derivative of the function f.

Note that the operator M;C,D induces many known operators. If
Y(z) = 1, then MyC,D = C,D, and if ¥(z) = ¢'(2), then we get
the operator DC,, known as the product of composition and differenti-
ation operators. These two operators have been studied in [4], [0], [3],
and [13]. If we put ¢(z) = 2, then M,C,D = My D, that is, the product
of multiplication and differentiation operators. Similarly the sandwich
weighted composition operator DM,C,D on HP() is defined as

DMyCyDf = (¢.f'op)',V f € H"(B).

Yousefi[l 1], introduced the study of composition operators on weighted
Hardy spaces. In [1], Hibschweiler and Portony defined the product
C,D and DC, and studied the boundedness and compactness of these
operators between Bergman and Hardy spaces by using the Carleson-
type measure, whereas in [8], the author studied the boundedness and
compactness of C,D and DC, between Hardy type spaces. This paper
is organised as follows.

In the second section, we compute the adjoint of the sandwich weighted
composition operator DM, C,D using power series method, whereas in
third section, we compute the adjoint of the sandwich weighted compo-
sition operator DM,,C,D for the evaluation kernels on weighted Hardy
spaces. For the sake of simplicity we denote the sandwich weighted
composition operator DMyC,D by Sy, ., the sandwich composition op-
erator DC,D by C¥ and the sandwich multiplication operator DM, D
by MY.

2 Computation of Adjoint of the Operator S,
Using Power Series

In this section, we compute the adjoint of a sandwich weighted compo-
sition operator on weighted Hardy space H%(3). Let ¢ : D — D and
1 : D — C be analytic functions so that the sandwich weighted compo-
sition operator Sy, = DMyC,D € B(H?(3)), the Banach algebra of

3
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bounded linear operators on H2(3). For f € H?(3), we shall write

=> f(n)2" (1)
n=0
and

1 = S 1F0)PB2
n=0

To avoid ambiguity, we may often write (f)" for f Let T : H*(B) —
H?(B) be defined by

(Tf)(n) =

~

— O7 fO’l" n = O
% E’OCOZO f(k?)hn(k:)ﬁz’ for n>1,

where h, = 1.Dp" ! 4+ ¢/.©""1. In the following Theorem we show
that the adjoint S;Z,@ of sandwich weighted composition operator Sy,
is equal to T'.

Theorem 2.1. Let ¢ : D — D and ¢ : D — C be analytic maps so that
Sy € B(H*(B)). Then S =

Proof. Let f,g € H*(8). Then

=" f(n)z" and g(z Zg
n=0

Therefore
f(z) = Z:an(n)z"_1 and f"(z) Zn n—1)f(n)z"2.
n=1 n=2
Further

(Sypl)(2) = (DMyCyD)f(2) = D(y.f'op)(2)
= (W.f"op.¢" + 4. flop)(2)
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Hence

Now

Stb,sof

(f,Tg)

~

n(n—1)f(n)e" 2@ 1

At

S nfn)e" ey ¥ f e HY(B).
n=1

(
S (S (0D 0 ) TR
(

> nfln). (") (k) ) 3R 52
n=1

> (Yo nn = Dfmyu.e 2y
k=0 n=2

5
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Using equation (2), we get

—_—

(fiTy) = > (Syeh)k)ak)57
k=0
= <S¢,<Pfag> fOT‘ all f,gGHZ(B)
This implies that SZJ,@ =T7. O

Corollary 2.2. Let ¢ : D — D be an analytic map such that the sand-
wich composition operator C¥ = DC,D € H?(B). Then the adjoint of
C*¥ is given by

c?)yf= Z 2",
n=0
where

C, = 0, if n=0
" @ il f(R).DE N (R)BE,  if m> 1

Proof. Putting v = 1 in Theorem 2.1, the proof follows. [

Corollary 2.3. Let ¢ : D — C be an analytic map such that the sand-
wich multiplication operator MY = DMyD € H?*(B). Then the adjoint
of MY is given by

(MYY*f = i dp2",

n=0
where
0, if n=0
Qo= 2[00 = DIk s ) (k) + 20 FUR) Enrd) ()] B2,
if n>1

where e, : D — C is defined as e, (z) = 2" V z € D.

Proof. Putting ¢(z) = z, in Theorem 2.1, the proof follows. [
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3 Computation of Adjoint of the Operator 5, ,
for Evaluation Kernels

In this section, we compute the adjoint of the sandwich weighted compo-
sition operator Sy ., of the evaluation kernels on weighted Hardy space
H?(B). For this, we need following Lemma.

Lemma 3.1. Let f € H*(8) and K (z) be the evaluation kernel. Then
(FKG () = ['(w) and (f, K (2)) = ["(w),

where K{Ul] and KE] are the first and second order derivatives of K,, with
respect to w respectively.

Proof. Let f € H?(3). Then

f2) =) ax.z",
k=0

f(w) = Z kay.wh 1 (3)
k=1
and
F(w) =" k(k — Dap.wh2. (4)
k=2
Now
2k wk
Kw(z) = )
k=0 "k
Therefore,
© gk 7k—1
K =Y M8 5)
k=1 B

7
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and

k—2

Zk —1zw ' (6)

k=2

Using equations (3) and (5), we get (f, Kq[ul] (2)) = f'(w) and by using
(4) amd (6), we get (. Kij () = f"(w). O

Theorem 3.2. Let ¢ : D — D and v : D — C be analytic such that
the sandwich weighted composition operator Sy, : H*(8) — H?(f) is
bounded. Then the adjoint S;Z o of Sy, 18 given by

S5 oK = W) KL+ (w). @/ (w). K2, ¥ weD.
Proof. Let f € H?(3). Then for w € D,
(f, S;ZWKw> = <S¢ of K w)
((W-f'0p), Ku) = (.f'00)' (w)

(W' flop + . f"op.¢") (w)
P (w). f'(e(w)) + P(w). f (p(w))e' (w).

Using Lemma 3.1, we get

(.85 = W () KU} + ()¢l (w)(f, K )
= (LKL, + 0w). @ (w).K2,).

This implies that
S} o Kw = VWKL) + 0(w) ¢ (). KL, ¥ weD.
U

Corollary 3.3. Let ¢ : D — D be analytic map. Then the adjoint of the
sandwich composition operator C¥ = DC,D : H*(8) — H?*(B) is given
by

(C¥)" K, = ¢/ (w). K

() V web,

where (C¥)* is the adjoint of C¥.
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Proof. The result followings by putting ¥(w) =1 in Theorem 3.2. [

Corollary 3.4. Let1) : D — C be analytic map. Then the adjoint (MY¥)*
of the sandwich multiplication operator MY = DMyD : H*(3) — H?(B)
s given by

(MYV'K, = @.KNY v web.
Proof. By putting ¢p(w) = w in Theorem 3.2, we get
(MY)* Ky = ' (w). KN + (w). K2

Since derivative of conjugate is equal to conjugate of derivative, we see
that

(MUY K, = ¢/(w). KN+ p(w). k2
= (WKLY
(w.K3.
(]

Theorem 3.5. Let ¢ : D — D be an analytic such that the sandwich
K
composition operator C¥ € B(H?(3)). Then |¢'(w)| < ||C<PH.H[2]”&

Iy 2 )

for all w e D.

Proof. Let f, = ”waﬁ%. Then || ful|m2(g) = 1. Since C¥ is bounded,

we have

1(C) fuw 26 < ICE) I fuoll 28y = [1C%]-
That is
Ky,
(C) 28y < IC7|
| Kullmze )
or

(C?) Kl 25y < NCPN [ Kol r2s)-



10

M. ARIEF AND S. D. SHARMA

By using Corollary 3.3, we have

2
| (w).K 5y 20y < 1C2 1 Kol 25
This implies that

1Kol 28
I (w)] < | CP )| —— B

5 .
K ler2s)
This complete the proof. [

Theorem 3.6. Let 1) : D — C be an analytic map such that the sandwich
multiplication operator MY € B(H?(B)). Then for all w € D,

@KL a28) < IMP 1L Kool 2s)-

Proof. Let f, . Then || fullr2(5) = 1. Since MY is bounded,

= 7[(1’0
||Kw||H2(,3)

1) fuoll sy < LY fuoll 22 0)-

That is
K
M@lf *x__ W < Mw
00 el < A
(M) Kullgzy < MY Kwll g2
Hence

I@ELY 12 < IMYL Kolli2gs)-
O

Theorem 3.7. Let ¢ be an analytic self-map of the open unit disc
D, such that the sandwich composition operator C¥ € B(H?*(B)). If

Yoo ﬂ% < 00, then ||C?|| is bounded below by ai‘fl, where o =
n ﬁQ Zn:(J %

" (W)l 25y and w € D s.t ' (w) # 0.
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Proof. By the Theorem 3.5, we have

| Kwll r2(8)

| (w)] < [IC7]]. w e D. (7)

3
HKL(]H,) I 72(8)
Now

Kl = 5
wilH2(8) — Bz
n=0 n

This implies that

Now from equation (6) of Lemma 3.1, we have

2 n2(n — 1)2[|w|22)
[EAFTEDS ;

n=2 n

av/2
Bay/2 om0 é

This complete the proof. [J

<l
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