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Abstract. In this paper, we find necessary and sufficient conditions
such that under these conditions a self map multiplication operator be-
tween weighted spaces of holomorphic functions is Fredholm or closed
range operator. We also obtain a characterization of multipliers for cer-
tain type of weights between weighted spaces of holomorphic functions
on the upper halfplane. Our results will remain valid for any simply
connected domain in the complex plane instead of the upper halfplane.
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1 Introduction

LetD={z€C:z|<1}and G = {w € C: Im w > 0} be the open unit
disc and upper halfplane respectively. Also, let O be an open subset of
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C. By a weight we mean a continuous function v : O — (0, 00). For a
holomorphic function f : O — C, we define the weighted sup-norm

[fllo = sup | f(z) | v(z)
z€0

and the weighted spaces
H,(O) ={f:0 — C: f is holomorphic, || f||, < oo},

H,,(O) ={f € H,(O) :| f(2) | v(z) vanishes at infinity}.

Throughout this paper, we deal with the cases O =D or O = G. In
the case Hy,(G), | f(z) | v(z) vanishes at infinity if for any € > 0
there is a compact subset K of G such that | f(z) | v(z) < € for all
z€ G\ K. In H,,(D),| f(2) | v(z) vanishes at infinity is equivalent to
limp, ;| f(2) | v(2) = 0 (uniform limit). Tt is wellknown that H,(O)
and H,,(O) are Banach spaces.

A weight v : G — (0, 00) is called a standard weight on G if lim,_,o v(ir) =
0 and v(wi) < v(we) whenever I'm w; < I'm we. We say a standard
weight v on G satisfies condition (%) if

U(2k+1i) _
sup — = < 00.
rez v(2F1)
A standard weight v satisfies (sx) if
k.
inf sup v(2%) < 1.

neN ez U(2k+ni)
Z((Z)) < C(£)? whenever 0 < s < ¢ for
some constants C' > 0 and § > 0 and condition (xx) is equivalent to
3((2?) > d(L)” whenever 0 < s < t for some constants d,y > 0. (see
Lemma 1.6 of [7]).

A weight v : D — (0, 00) is called a standard weight on D if v is radial

(ie v(z) = v(] z])) and lim|,|,;- v(z) = 0. We say a standard weight v

Condition (*) is equivalent to

on D satisfies condition ()" if

v(l—2"""1)

0.
el o(l—27)
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A standard weight v on D satisfies condition (sx) if

e v(l — 27"k

R D
Remark 1.1. Note that the space H,(G) (and therefore H,,(G)) will
make sense whenever H,(G) # {0}. There is a result of Stanev [1/]
which states that H,(G) # {0} if and only if there exist a,b > 0 such
that v(it) < ae?, t > 0. Therefore, throughout this paper we always
assume our weights satisfy Stanev condition. For example weights which
satisfy condition (x), satisfy Stanev condition.

<1

In this paper, we intend to obtain some results concerning to the
self-map multiplication operator M, : H,(G) — H,(G) defined by
M,(f) = f¢ for each f € H,(G) where ¢ : G — C is a nonconstant
holomorphic function. For this objective, we use wellknown results of
[7], conformal map o : D — G defined by a(z) = =24, Some Lemmas
and proper arguments in order to transfer the results to the case of up-

per halfplane.

2 Preliminaries

In this section, we recall some definitions, notations and theorems which
are necessary in the rest of this paper. For more details, we will refer the
reader to the suitable references. We denote the space of all bounded
holomorphic functions on G by H*(G). A sequence (wy,) in G is called
an interpolating sequence if for any bounded sequence (3,) there is an
f € H*(G) for which f(w,) = B, for all n € N. Equivalently, (wy) is an
interpolating sequence if the bounded linear operator 7' : H>*(G) — £
defined by (T'f)(2;) = f(z;) is an onto operator.

The maximal ideal space of H*(G) which is denoted by M (H>(G)) is
the collection of all nonzero homeomorphisms of H*(G) — C, when-
ever H*(G) is endowed with weak* topology as a subset of H*(G)*.
The pseudohyperboilc distance between two points m and n in M (H*(G))
is defined by

p(m,n) = sup{| f(n) |: f € HX(G), f(m) =0, flloc < 1}
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where || f|loo = sup{| f(w) |: w € G} and f is the Gelfand transform of
[ . Also For a,w € G, p(w, o) =| po(w) | where ¢q(w) = 2=2.

For the sake of simplicity, we denote the Gelfand transform of f by f
itself futher on. Let F' be a family of complex valued functions on a set
X, asubset I' of X is called a boundary for F' if for each f € F, there is
an x € I' such that | f(x) |=sup{| f(y) |: y € X}. Shilov proved that if
A is a function algebra on a locally compact space X, then there exists
a unique minimal( intersection of all boundaries of A) closed boundary
for A. This minimal boundary is called the Shilov boundary.

The Gleason part of m € M(H*(G)) is defined by P(m) = {n €
M(H*>(G)) : p(m,n) < 1}. The set of trivial Gleason parts {m €
M(H>*(G)) : P(m) = {m}} is a closed subset of M (H*(G)) that con-
tains properly the shilov boundary I'(H*>(G)) of H>*(G). See [10].

A function F of the following form

P = e [ G

is an outer function in H>°(G). Here 7 is a real number, g(t) > 0 is a
measurable essentially bounded function in R (g € L>(R)) and

<]
/ Ogg(t)dt > —00.
o 122

A compactification of a space X is an ordered pair (K, h) where K
is a compact Hausdorff space and h is an embedding of X as a dense
subset of K.

For a weight v the function

3(z) = !
= S 1(2) - 7 € Ho(0), [H]ls < 1)

is called the associated weight. It is wellknown that (see [5]):

- Ifllo = [Ifllo for each f € H,(O).

- For any z € O, there is an h € H,(O) with ||h|l, < 1 such that
~ 1

0(2) = e

- 0(z) <w(z) for all z € O.

A weight v is called an essential weight if there exists a constant C' > 0
such that 0(z) < Cu(z) for all z € O.
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Let v be a standard weight on G. In [1], it has been shown that 0(w) =
0(iIm w) and ©(it) > 0(is) whenever t > s > 0.

We conclude this section by recalling the following definitions.

A Bounded linear operator T': X — Y (X and Y are normed spaces)
is called a Fredholm operator if it has closed range and dim ker(7") and
dim % < 00. The Spectrum of a bounded linear operator 7' : X —

X which is denoted by o(T') is defined as follows.
o(T) ={X € C: X[ — T is not invertible}.
The essential spectrum of T which is denoted by o.(7T) is defined by

0e(T) ={A € C: A\ — T is not a Fredholm operator}.

3 Main results

In this section we recall theorems on the boundedness and invertiblity
of multiplication operators M, between weighted spaces of holomorphic
functions on the upper halfplane. Then we characterize closed range and
Fredholm self map multiplication operators between weighted spaces of
holomorphic functions on the upper halfplane. Before that we prove
some lemmas which have a major role in the proof of the main results
of this paper. We recall that 0°G = 9G U {oo}.

Lemma 3.1. Let (wy,) be a sequence in G, which has no cluster point
in G. Then (wy) has an interpolating subsequence in G.

Proof. Let (wy) be a sequence in G which has no cluster point in G,
then (2, = a~'(wy,)) is a sequence in D such that | 2z, |- 1. Now
Proposition 2.4 of [7] implies that (z,) has an interpolating subsequence
(zn,) in D. Since (zy,) is an interpolating sequence in D so for any
sequence (ar) € ¢, there exists f € H*(D) such that f(z,,) = ax.
Obviously f = foa~t € H®(G) and f(wn,) = aj. Therefore, (wy,) is
an interpolating subsequence of (wy,). O

Lemma 3.2. i) D is a compactification of G.
it) H®(G) is isometric isomorphic to H*(D).
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Proof. i) Evidently, a=! : G — D defined by a~!(w) = z—jrz =z is

a homeomorphism from G onto D. So a~1(G) = D which is a compact
set. Hence, the pair (a~!,D) is a compactification of G.
ii) It is enough to define T : H®(D) — H>®(G) by T(f) = foa L.

Since a~! is an onto map so
IT(N)lloo = sup{| (foa™(w) |+ we G} =sup{| f(2) |: 2 € D} = || flloo-
([

Lemma 3.2 implies immediately the following two corollaries.
Corollary 3.3. G = G U 9®G is homeomorphic with D.

Corollary 3.4. M(H>(G)) is homeomorphic to M(H>(D)). L*>°(0D)
is isomorphic to L*(0>°G). This is true for Shilov boundary, triv-
ial(nontrivial) Gleason parts of H>*(G) and H*(D)

Also, the disc algebra A(ID) is isomorphic to the A(G), the algebra

of all holomorphic functions on G and continuous on G.

Lemma 3.5. The Shilov boundary of H>®(G) is the maximal ideal space
of L*(0>°G).

Proof. We know that G is homeomorphic to D. The map a: D — G
maps dD onto 9°G homeomorphically. Also, H*(G) and H*>(D) are
isomorphic spaces and for a function f € H*(G), | foa(z) | attains its
supremum through the points z € D, tending to a point zg € JD if and
only if | f(w) | attains its supremum thourgh the points w = a(z) € G
tending to a point wp = a(z9) € 0°G and vice versa. So the shilov
boundaries of H*(G) and H*° (D) are homeomorphic. By Corollary 3.4
L>(0D) and L*>(0*°G) are isomorphic. From these facts and the result
which states that the Shilov boundary of H*°(D) is the maximal ideal
space of L>(9D) (see V.1.7 of [10] and page 169 of [11]) the lemma is
proved. ]

Lemma 3.6. Let X be the mazimal ideal space of L=(0°G). As E
varies over the measurable subsets of the 0°°G the open closed sets {¢ €
X : xp(é) = 0} give a basis for the topology of X, where X is the
Gelfand transform of characteristic function. In particular X is totally
disconnected.
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Proof. By a similar lemma on L>*(JD) (see page 169 of [11]) and
arguments similar to what has been done in Lemma 3.5 we have done.

O

Lemma 3.7. A function ¢ € H*(G) does not vanish at any point of
the Shilov boundary of H>*(G) if and only if | ¢ | is essentially bounded
away from zero on 0%°G.

Proof. | ¢ | is essentially bounded away from zero means that for some
€>0, | p(w) |> €a.eon d°G. Now if ¢ is zero on any point of the shilov
boundary of H*°(G) by Lemma 3.6 it vanishes on a totally disconnected
open-closed set of positive Lebesgue measure. O

Remark 3.8. Indeed the maximal ideal space of L*(0°G), X is a
closed subset of the maximal ideal space of H*(G), M(H>*(G)) and
because of the injection H>®(G) — L*®(0>°G), X is a Shilov boundary
of H*(G). For more details see page 184 of [10] .

Now, we continue by recalling some results from [3] . For the sake
of completeness, here, we state a modified proof for Theorem 3.9 .

Theorem 3.9. Let v be a weight on G. The following statements are
equivalent.

(a) My, : H,(G) — H,(G) is bounded.

(b) ¢ € H=(G).

If M, is bounded then | My|| = ||¢||«. Besides, theorem is also true for
H,,(G) instead of H,(G).

Proof. (b)= (a): It is obvious, since for arbitrary f € H,(G) we have

1M (f)llo = sup{| f(w) [ p(w) [ v(w) : w € G}
<sup{| f(w) [v(w) : w € G} sup{| p(w) |: w € G}
< [ floll@lloo-
Hence, || M| < {|¢|oo-

(a)= (b): M, : H,(G) — H,(G) is bounded. So the adjoint map
M7 Hy(G)* — Hy(G)* is bounded too and || My||, = [|[M||,. Now let
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w € G be given. Evidently, the evaluational function 6, : H,(G) — C
defined by d,(f) = f(w) belongs to the dual space H,(G)*. Note that

oy = MG

Therefore,

sup{| p(w) [: w € G} = [[¢lloc < [[Myl| < oco.

Where by || M| and [|[M}|| we mean the operator norm of linear oper-
ators M, and M. O

Remark 3.10. From now on we always assume ¢ € H*(G). Because
this assumption is equivalent to that M, is welldefined.

Theorem 3.11. (See [3]) Let v be a weight on G. The following state-
ments are equivalent.

(a) My : H,(G) — H,(G) is invertible.

(b) % € H*(G) (or, equivalently, there exists e > 0 such that | (w) |> €
for allw € G).

Remark 3.12. Since ¢ € H*(G) then M, : H,(G) — H,(G) is a
bounded linear operator. So o(M,) is defined.

Theorem 3.13. o(M,) = p(G) = (M (H*(G))).

Proof. Proof of the first equality can be found in [3]. For proving
the last equality note that ¢(D) = ¢(M(H>(D))) (see pages 159-162 of
[11]). Here ¢ = ¢ o a. Now using Corollary 3.3 and Corollary 3.4 we

conclude that
¢(G) = ¢(D) = ¢(M(H>(D))) = (M (H>(G))). O

Corollary 3.14. (See [3]) M, is not a compact operator.

In the next Theorem we state a necessary and sufficient condition
such that M, be a Fredholm operator. Since proof is very similar to
the proof in [7], we do not repeat it again. we only explain necessary
changes in order to transfer the proof to the upper halfplane case. Note
that condition on ¢ in theorem 3.15 is completely different from the case
of unit disc since compact subsets of G have wide variety in comparison
with compact subsets of D.
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Theorem 3.15. Let v be a weight on G and ¢ € H*(G). The operator
M, : H,(G) — H,(G) is Fredholm if and only if there exist € > 0
and a compact subset K C G such that | p(w) |> € for allw € G\ K.
Consequently o.(My) = p(M(H>®(G)))\G. The same holds for Hy,(G)
instead of Hy,(G) whenever Hy,,(G) # {0}.

Proof. Firstly, suppose that M, is Fredholm but there is a sequence
(wn) C G such that | p(wy) | 0 whenever w, — 0°G. By Lemma 3.1
we can assume that (w,) is an interpolating sequence in H*°(G). Rest
of the proof is quite similar. Last assertion of the theorem follows from
Corollary 3.4 and equality o.(My) = (M (H>*(D))\D) in [7]. O
With a similar proof as in [7] we have:

Theorem 3.16. Let p € H*(G). If v and w are two weights on G and

u = > is equivalent to an essential weight, then every closed range map

M, : H,(G) — H,(G) also has closed range as a map M, : H,(G) —
H,(G). An analogous result holds for H,,(G) and H,,(G) # {0}.

Theorem 3.17. The map M, : H*(G) — H>(G) has closed range
if and only if ¢ does not vanish at any point of the Shilov boundary
[(H>®(G)) of H*(G).

Proof. Let ¢* be the a.e limit of ¢ on 9°G. If | ¢* |< € on a subset
A C 0°°G of positive measure and | ¢* |< 1 elsewhere, then we take the
outer function

oo
Plw) = expl,/ At e ) | dt
i J_ oo (t—2)(t2 4 1)
where | F* |=1on A and | F* |= € on 0°G \ A to get | M F|lo < €.
Thus if | ¢ | is not essentially bounded from below then M, is not
bounded from below and this is equivalent to M, does not have closed
range. Conversely, suppose that ¢ does not vanish at any point of the
Shilov boundary. Hence, for some € > 0, | p(w) |> € almost everywhere
. Now if M,, is not of closed range then we can consider an f € H*(G)
with || f|lec = 1 and [ My f|looc — 0. Since | p(w) |> € almost everywhere
so we must have | f(w) |= 0 a.e on 9°G. But this is a contradiction
since f € H*(G) C N (Nevalinna class) and a function in the Nevalinna
class can not be zero on a subset of 9°°G of positive Lebesgue measure
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(see Theorem 2.2 of [9]).
O
Here we recall the following theorem.

Theorem 3.18. (See [7]) For any weight v on D (not necessarily radial)
there is a closed set A,, I'(H*(D)) C A, C M(H*(D)) \ D, such that
M, : H,(D) — H,(ID) has closed range if and only if ¢ does not vanish
on A,.

Now we Prove Theorem 3.18 for the upper halfplane.

Theorem 3.19. For any weight v on G there is a closed set A,,, T(H*(G)) C
A, C M(H>(G))\G, such that M, : H,(G) — H,(G) has closed range
if and only if ¢ does not vanish on A,.

Proof. Let v be a weight on G. then v = v o « is a weight on D and
T:H,(G) — H,(D) defined by T'g = go« is an isometric isomorphism
since

ITgllu = sup | (g0 a)(z) | (voa)(z) =sup | g(w) [ v(w) = [gll
z€D weG

Now consider the following diagram.

M,: H,(G) — H,(G)
Mz: H,(D) — H,(D)

where ¢ = g oa. For any g € H,(G)

(T~Vo Mz o T)(g) = (T-Lo My)(goa) = T X (g o a)(goa)) = [(po
a)oaM[(goa)oal] = pg = My(g).

Thus the diagram is commutataive. Therefore M, has closed range
on H,(G) if and only if Mz has closed range on H, (D). Now let M,
be of closed range. Since Mgy has closed range, Theorem 3.18 implies
that (¢ does not vanish on a closed subset A,—y0q of D and this implies
that ¢ does not vanish on a closed subset A, of G ( an isomorhic map
takes a closed set to a closed set). A, satisfies T'(H*(D)) C A, C
M(H*(D)) \ D. Now Lemma 3.2 and Corollary 3.4 imply that A,
satisfies ['(H*(G)) C A, C M(H*(G))\G.

Conversely if ¢ does not vanish on a set A, in G, I'(H>*(G)) C A, C
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M(H>*(G)) \ G then ¢ does not vanish on a homeomorphic set 4, =
Apo in D and T(H®(D)) C A, C M(H*®(D))\ D. Again by Theorem
3.18 M has closed range and equivalently M, has closed range. 0

Remark 3.20. It is worth to be mentioned that all of our results hold
i every simply connected domain in the complex plane and can be ob-
tained by methods which we have used here, since all of simply connected
domains are homeomorphic. (see Chap. 13 of [12]). For example the
strip {z€ C:z=x2+1y, -5 <z < 5} and C\ {(x,0) : = > 0}.
Nevertheless the simply connected domain G is of special interest, since
it is frequently easier to handle .

4 Multipliers

In this section we characterize multipliers of H,(G) for certain type of
weights on the upper half-plane. We recall that a sequence {\,} is a
multiplier of a sequence space A if {\,a,} € A for each {a,} € A. Since
an analytic function has a unique Talyor coefficients in its expansion |,
so any space of holomorphic functions can be regarded as a sequence
space, particularly, H,(DD). Shields and Williams proved the following
characterization for multipliers of H, (D) whenever v is a normal weight
i.e v is a standard weight on D such that there are €,k > 0 such that

0<e<k, (11)(7" S ooasr — 17 aund(1 =N\ Oasr—1".
Theorem 4.1. (See [13]) Let v be a normal weight on D. The sequence
{A\n} is a multiplier of H,(D ) z'f and only if

(i) The power series h(z) = X5° 1 \p2" converges for | z |< 1 and

(i) My(l',r) = O(1%;).

Where My(h,r) = 5= [° | h(re®) | d6 and (ii) means My(h',r)(1 — 1)
1 bounded.

We intend to obtain a result similar to Theorem 4.1 for H,(G) for
a special kind of weights on G. We recall the Definition 1.2 of [2]. We
say a weight v on G is of type(Il) if v(w) = v1(w) (| w |< 1 and vy
is a standard weight on G) and there is a constant C' > 0 such that

I
U(( ;)) < C. An example of a type(II) weight is v(w) = ( m e )P

max(| w |?,1)

11
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for some S > 0. For more examples of type(II) weights we refer the
reader to the Example 1.3 of [2].

Lemma 4.2. (See Lemma 3.1 of [2]) Let v be a type(1l) weight satisfying
(¥). Put 0(z) = v(a(— | z |)). Then v(z) is a radial weight on D.
Moreover, the map T defined by (T'f)(z) = f(a(z)) is an isomorphism
from H,(G) on to Hy(D).

Note that the proof of 4.2 reveals that weights vo« and v are equiva-
lent. Before stating the main result of this section we need the following
lemmas.

Lemma 4.3. If f : G — C is a holomorphic function, then there
are ay, € C such that f(w) = Zzioak(Z;g)k, where the series converges
uniformly on compact subsets of G.

Proof. Clearly foa: D — C is analytic. So (f o a)(z) = I jazF

for some oy and series converges uniformly on the compact subsets of
w—1

D. Put a(z) = w then z = a~Y(w) = o7i- This completes the proof.
U

Lemma 4.4. (See Theorem 2.2.3 of [1]) Let v be a type(II) weight on
G satisfying (%) and (xx). Then (0 is as in Lemma 4.2) satisfies (x)’
and (xx)" respectively.

Remark 4.5. Lemma 4.3 enables us to regard H,(G) as a sequence

space. Also it is easy to see that a weight v is normal if and only if it
satisfies ()" and (xx)". See also section three of [7].

What we have obtained in this section can be summarized in the
following theorem.

Theorem 4.6. Let v be a type (II) weight on G satisfying (x) and (xx).
Then (An) is a multiplier on Hy(G) if and only if

(i) The power series h(w) = X524 A\n(275)" converges on G and

(ii) My (W) = O(+4;),

where h = h o a.

Proof. Only note that since a is an onto map so h(w) = hoa(z) =
h(z) (w € G, z € D) again can be considered as an element of Hs(D).
U
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