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1 Introduction

One of the logical algebras that is studied by many mathematicians these
days is an algebraic structure which is called hoop and was introduced
by Bosbach in [12, 13]. This algebraic structure can easily be considered
as an extension for BL-algebras and MV-algebras, and there are many
examples that show that this algebraic structure is different from the
residuated lattices. To learn more about hoops, we suggest that readers
study the articles such as [1, 3, 6, 9, 15, 18, 21]. It is safe to say that
most of the studies and researches in the field of hoop algebras have been
done by Aaly and Borzooei, who have studied this algebraic structure in
various fields. For example, they studied different deductive systems in
[6], they have studied how this deductive systems relate to each other,
the quotient structure produced by them, and etc., on this algebra. The
main idea of using and defining the concept of fuzzy point as fuzzy sets is
expressed in the article [20] which was then examined in various articles
and in various fields, such as logical algebras. For example, Jun in
[17] introduced fuzzy subalgebras in of BCK/BCI-algebras and called
it (o, B)-fuzzy subalgerbas of BCK/BCI-algebras. In fact, first this
concept was studied in the field of sub-algebras and different types of it
were introduced and studied, then this idea was studied in the field of
special sub-algebras such as ideals and filters. Therefore, its importance
and application in various fields led us to examine these concepts in the
field of hoop algebras.

In this paper, we defined the notions of (€, €)-fuzzy implicative de-
ductive systems and (€, € V q)-fuzzy implicative deductive systems of
hoops and studied some traits and tried to define some definitions that
are equivalent to them. Thus by using the notion of (€, €)-fuzzy de-
ductive system of hoop, we defined a new congruence relation on hoop
and show that the algebraic structure that is made by it is a Brouwerian
semilattice, Heyting algebra and Wajesberg hoop.
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2 Preliminaries

A hoop is an algebraic structure (X, e, —,1) where (X,e,1) is a commu-
tative monoid and, for each w, o,k € X,

(X1) w—>w=1,
(X5) wo(w—0) =0 (0w,
(X3) w— (0 > K)=(we o) > K.

A hoop (%,=) is a poset where w X o iff w - 0 = 1. A bounded
hoop X is an algebraic structure that has the least element such as 0 € X
such that 0 % w, for every w € ¥. Consider w? =1, w" = w" ! e w, for
each n € N. The operation ” ~ ” is defined on a bounded hoop X by,

w™~ = w —» 0, for every w € X. A non-empty subset S of X is called a
sub-hoop if for every w,o € S,

weoceSandw—»o€S.

Clearly, each sub-hoop contains the constant 1.
Note. From now on, the symbol X means a hoop such as (X, e, —,1).

Proposition 2.1. [12, 14] For each w,o0,k € X, we have:
(1) (X,=) is a meet-semilattice,

(i) weo Xk iffw=<0—> K,

(17i) weo R w,o and w" K w, for anyn € N,

(iv) w=<o—>w,

(v) 1lw=wandw —»1=1,

(vi) w=X(w—»o0)—>o0,

(vit) w—>0o=X(0c—>kK)—> (w—> k),

(viti) w < o implieswer X ook, k »w <Kk —» 0 ando —» K W — K,
(iz) (0 »w) »w) »w=0—>uw,

(x) If X is bounded, then w™~ R w — o and W™~~~ = w"™.

Definition 2.2. [11] For each w,o € X, define,
wVo=(w—>0o)—>0o)A((c—>w)—>w).

Then X is said to be a V-hoop if V is the join operation and (X, V,A) is
a distributive lattice.

3



M. AALY KOLOGANT et al.

A non-empty subset § of X is said to be a deductive system of X if,

for every w,0 € §, we o € § and if for each 0 € X and w € §, w X 0o,
then o € § (see [11]).
Also, ) # F C X is said to be an implicative deductive system of X if
1 € § and, for each w,0,6k € X, w - ((6¢ » k) » 0) € Fandw € §
imply o € § (see [0]).

A fuzzy set ¢ in a set Z like

[ ee(0,1] if o=w,
o() '_{ 0 if 0+# w,

is called a fuzzy point with support w and ¢ and is shown by w;.

Suppose a € {€,q,€ Vq,€ Nq}. Then for a fuzzy point w. and a
fuzzy set ¢ in Z we define w.ap as follows:

For w e Z and ¢ € [0, 1], we € g (resp. w-qp) which means p(w) = ¢
(resp. o(w)+e > 1), and w, is said to belong to (resp. be quasi-coincident
with) a fuzzy set .

Also, we write w: € Vqp (resp. w: € Aqp) where w: € 9 or w-qo
(resp. we € o and w.qp).

For any fuzzy set ¢ in X and € € (0, 1], we introduce the next subsets
of X and called them €-level set, g-set and €V g-set, respectively.

U(oie) :={w € X | o(w) > €},
0g ={we X weqo},
0ayq = {w € X | w: €Vqo}.

Definition 2.3. [11] Consider («, 3) is any one of (€, €) and (€, €V q).
A fuzzy set p in X is said to be an («, §)-fuzzy deductive system of X if

(Vw € X)(Ve € (0,1])(weae = 1-80),
(vwv S :{) (V& S (07 1])(&)5()(@, (w - O')LOéQ = Umin{s,a}ﬁ@)'

Corollary 2.4. [I1] Fach (€, €)-fuzzy deductive system of X such as o
satisfies the next condition:

(V w,0 € X)(if w X 0, then o(w) X 0(0))
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Theorem 2.5. [11] Consider ¢ is an (€, €)-fuzzy deductive system of
X, w,0 € X and g,1,l,m € (0,1]. Define
w2y o iff (W—0): €p and (0 - w), € p.

Then the relation ~, is a congruence relation on X. Thus % = {[e, |
X

e € X} and operations ® and ~ on = are as follows:

[ele @ [ulp = [e @ u], and [e], ~ [u]o = [e — ul,.
Hence, (X, ®,~,[1],) is a hoop where

le]o X [u], iff (e > u)e € 0, for any e,u € X and ¢ € (0,1].

3 (a, f)-fuzzy implicative deductive systems of
hoops

Here, we introduce (a, #)-fuzzy implicative deductive systems for (o, 8) €
{(€,€),(€,€ Vq)} of hoops and we study their traits and find some
equivalence definitions of them. Moreover, we study the relation among
(o, B)-fuzzy implicative with («, 8)-fuzzy deductive system one.

Note. Set X is a bounded hoop and g is a fuzzy set in X.

Definition 3.1. Assume (a, ) is one of (€, €) and (€, € Vq). Then
o is said to be an («, 8)-fuzzy implicative deductive system of X if next
assertions are valid.

(Vw € X)(Ve € (0,1])(wece = 1-P80), (1)

(Vw, = %>(v‘€7 Le (O’ 1])(&)50(@, (w - ((U - /i) - U))LOCQ = Umin{E,L}BQ)'

(2)
Example 3.2. Suppose X = {0, ¢e,u, 1}. Then the operations e and —
on X are defined by the next tables:

l—\::CDOi
oo o ~lo
o DO = =0
o = = =a
el ] R
_= o O Ole
S O O OO
o o O O
o2 o oOle
_ o 0 Ol
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Thus (X,e,—,0,1) is a bounded hoop. Define o(0) = 0.6, o(e) =
0.4, o(u) = 0.55 and p(1) = 0.8. Obviously, ¢ is an (€, €)-fuzzy im-
plicative deductive system of X.

Theorem 3.3. g is an (€, €)-fuzzy implicative deductive system of X iff

(Vw € X)(o(1) > o(w)),
(Vw, 0 € X)(0(0) = min{o(w), o(w — ((0 = k) = 0))}).

Proof. (=) Suppose w € X and ¢ € (0, 1] such that p(w) = . From p
is an (€, €)-fuzzy implicative deductive system of X, we obtain p(1) =
e = o(w). So, for each w € X, o(1) = p(w). Consider w,o,k € X and
g,t € (0,1] such that o(w) *= ¢ and go(w — ((0 - k) — 0)) = ¢, and so
we € pand (w — ((0 - k) - 7)), € p. Moreover, p is an (€, €)-fuzzy
implicative deductive system of X, oine,.} € 0, thus o(o) > min{e, ¢}.
Hence,
min{o(w — (¢ = &) = o)), 0(w)} < o(0),

(<) Assume w € X and ¢ € (0, 1] such that w. € p. Then p(w) = ¢.
From € < p(w) < 0(1), we consequence 1. € p. Now, suppose w, € o
and (w — ((0 - k) - 0)), € p, for every w,0,k € X and ¢,. € (0,1].
Then by hypothesis,

min{e, 1} X minfo(w — ((0 = ) = 9)), o(w)} % o(0),

thus min{e,:} X o(c). Hence, oying-,y € 0. Therefore, ¢ is an (€, €)-
fuzzy implicative deductive system of X. O

Theorem 3.4. Each (€, €)-fuzzy implicative deductive system of X is
an (€, €)-fuzzy deductive system of X.

Proof. If w. € p, then 1. € g, for every w € X and ¢ € (0, 1]. Assume
w,o € X and ¢,¢ € (0, 1] such that w. € p and (w — o), € p. So, w: € o
and (w - ((c - 1) - 0)), € p. From p is an (€, €)-fuzzy implicative
deductive system of X, oyyinge,} € 0. Thus, g is an (€, €)-fuzzy deductive
system of X. U

Next example shows that the converse of Theorem 3.4, does not hold.
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Example 3.5. Consider X = {0,e,u,%,0,1}. Define operations e and
— on X by next tables:

—» 0 e u i o 1 ° 0 e u i o 1
0 1 1 1 1 1 1 0 0 0 0 0 0 O
e i 1 u i u 1 e 0 e o 0 o e
u o e 1 u e 1 u 0 o i i 0 u
i e e 1 1 e 1 i 0O 0 i 1 0 i
o) u 1l 1 u 1 1 o) 0 o 00 0 o
1 0 e u i o 1 1 0 e u i o 1

So (X,e,—,0,1) is a bounded hoop. Define g in X as follows:

0.5 if w=0,
0.7 if w=e,
0.3 if w=u,
0:X = [0 w9 g5 i oy,
0.3 if w=o,
0.8 if w=1

Obviously, g is an (€, €)-fuzzy implicative deductive system of X which
is not an (€, €)-fuzzy deductive system of X. Because

0.3 = o(u) #? min{o(0), o(0 - u)} = min{0.5,0.8}.

Corollary 3.6. Each (€, €)-fuzzy implicative deductive system of X like
o satisfies in the next condition:

(V w,0 € X)(if w X 0, then o(w) X o(0)).

Theorem 3.7. Suppose o is an (€, €)-fuzzy deductive system of X.
Then, the next equivalent statements hold for any w,o,k € X and €,1 €
(0,1]:

(1) o is an (€, €)-fuzzy implicative deductive system,

(17) if ((w—> 0) > w): € 0, then w; € p,

(121)  ((w—0) > w) > w) €0,
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(i) (W™ > w) > w)€o,
(v) if (wek™) = 0): € 0 and (0 — k), € 0, then (W = K)minfe.} € 0,
(vi) if (wec™) = 0): € p, then (w— 0): € 0.

Proof. Let w,0,k € X and £,: € (0,1]. Then:
(1) = (it) Suppose ((w — o) — w): € p. From p is an (€, €)-fuzzy
deductive system of X, 1. € p, we consequence (1 - ((w - o) - w)): €
o and 1. € p. Thus, by (i), w: € o.
(17) = (i) Let w: € p and (w — ((0 — k) — 7)), € 0. Moreover, g is an
(€, €)-fuzzy deductive system of X, we obtain ((0 — K) = 0)minfc,} € 0
By (ii), we consequence that oy, (..} € 0. Therefore, gis an (€, €)-fuzzy
implicative deductive system .
(i) = (i4i) Since p is an (€, €)-fuzzy deductive system of X, 1. € p.
Moreover, by Proposition 2.1, we have
w=[((w—>0) »w) »w) =k > (w=>0) > w) > w)
= ((
= ((
1

(W=0)»w)>w) > k) > w> (W 0) > w) > w)

(W=0)»w)>w) k) > [(w>0)>w) > (0> w)

Then
(W= [((w—>0) > w) »w) > k) > (W 0) »w) »w)): =1 € 0.

Since ¢ is an (€, €)-fuzzy implicative deductive system, we get that
(w—>0) »w) »w) €o.

(131) = (i) Let w. € p and (w - ((0 - k) - 0)), € 0. As pis an
(€, €)-fuzzy deductive system of X, we get ((0 = K) = 0)min{c,) € 0O
Moreover, by (iii), (((c — k) = 0) = 0)minfe,} € 0, We get that
Omin{e,} € 0- Hence, ¢ is an (€, €)-fuzzy implicative deductive system .
(131) = (iv) Set o = 0 in (iii).

(1v) = (ii) Assume ((w™~ — w) = w): € p. By Proposition 2.1(x) and
(viii), w~ X w — 0, and s0 (W — 0) - w X W~ — w and also we have

(W™ > w) »w=X(w—>0) > w) > w.

From p is an (€, €)-fuzzy deductive system and ((w™~ — w) - w). € p,
by Corollary 2.4, (((w — 0) > w) - w). € .



CONSTRUCTING A HEYTING SEMILATTICE THAT HAS ...

(v) = (vi) Consider ((wec™) = 0): € p. As (0 - 0): = 1. € p, by (v),
(w—>0): € p.
(vi) = (v) Assume ((we k™) — o). € o and (¢ — k), € p. From p
is an (€, €)-fuzzy deductive system of X, by Proposition 2.1(vii) and
Corollary 2.4,

(wek™) »0)X (0 »K) > (wek™) > K),

thus ((o0 — k) = ((wek™) — K))e € 0. Hence, ((wWok™) = K)min{e,} € O
By (vi), we have (w — K)min{e,.} € 0-

(vi) = () As (W~ - w) - (W~ = w)): = 1, we obtain (((w™~ —»
w)ew™) = w). € p. Now, by (vi), (w~ = w) > w): € 0.

(vi) = (i) Assume (w — ((¢ - K) = 0)) € p and w, € p. From
0 is an (€, €)-fuzzy deductive system of X, we obtain ((¢ — k) —»
O)min{e,} € 0- Moreover, by Proposition 2.1(x), 0~ %X o — k. Also, by
Proposition 2.1(viii), (¢ - k) - 0 X 0~ — 0. As p is an (€, €)-fuzzy
deductive system of X and ((0 — K) = 0)min{e,} € 0, by Corollary 2.4,
(UN - U)min{a,b} € 0, and so (1 - (UN - U))min{e,b} € o, then by (Vi),
(1 = 0)min{e,} = Omin{e,} € 0. Hence, g is an (€, €)-fuzzy implicative
deductive system of X.

(1) = (vi) Suppose p is an (€, €)-fuzzy implicative deductive system
of X. If (weo™) — o). € p, then by Proposition 2.1(iv) and (viii),
oc=<w-—o0andso (w—o0)—»0=0—0. Thus

07— (w—>0) X (w—>0)" > (w—o0).

As ¢ is an (€, €)-fuzzy implicative deductive system and 1. € p, we
consequence (w - o). € p. 0O

Theorem 3.8. If ¢ is a non-zero (€, €)-fuzzy implicative deductive sys-
tem of X, then the set

%o = {w € X | o(w) # 0}

1s an implicative deductive system of X.

9
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Proof. Assume w € Xy. From p(w) # 0, we consequence that there
is € € (0,1] such that p(w) = . As g is an (€, €)-fuzzy implicative
deductive system of X and w. € p, we obtain 1 € po. Thus p(1) =
o(w) =¢ #0,s0 1€ Xy. Suppose w,w — ((0 - k) - o) € Xo. So,
there is €,¢ € (0, 1], where p(w) = € and p(w — ((0 - K) - 7)) = ¢.
Hence w. € p and (w - ((¢ = k) — 0)), € p. By Definition 3.1,
Omin{e,} € 0, thus o(0) = min{e,t} # 0. So o0 € Xo. Hence, Xo is an
implicative deductive system of X. U

Proposition 3.9. Consider o is an (€, €)-fuzzy implicative deductive
system of X. For every e € (0,1], o is an implicative deductive system

of X.

Proof. Assume w € ¢f, for each w € X and ¢ € (0, 1]. Then w.qp, and
so o(w) + & = 1. Thus, p(w) > 1 —e. By hypothesis, from w;_. € p,
we obtain 11 € o, so o(1) = 1 —¢e. Thus, (1) +€ =1 and 1 € ¢.
Consider w,w — ((0 = k) — o) € g}, for each w,0,k € X. So

ow)+e>1, olw— (60 »k)—>0))+e>1.
Thus
ow)=1—¢ , olw—((c »kK)—>»0))=1—c¢.

As ¢ is an (€, €)-fuzzy implicative deductive system of X, we obtain
0(0) = 1—eand g(0) +¢ = 1. Thus, o € gf. Hence, g is an implicative
deductive system of X. g

Corollary 3.10. Suppose o is an (€, €V q)-fuzzy implicative deductive
system of X. Thus for every e € (0,1], O2vq 18 an implicative deductive
system of X.

Proof. Using Theorem 3.8 and Proposition 3.9 [

Proposition 3.11. Assume ¢ is an (€, €)-fuzzy implicative deductive
system of X. Thus, for every w,o,k € X and € € (0, 1],

(i) If (w—> (w—0))e € p, then (w — 0): € 0.

(i) If (k - (0 » w))e € o, then ((k — o) - (kK > w))e € 0.

Proof. (i) Consider (w - (w — o)) € o, for each w,0 € X and
¢ € (0,1]. By Proposition 2.1(vii),

w—>(w—>0)X(w—>0)—>0)—> (w—o).
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Also, by Corollary 2.4,
(W= (w—>0) > (w—>0)>0)>(w—>0))) =1 €0

Moreover, p is an (€, €)-fuzzy implicative deductive system of X, so
(w—0): € p.

(i7) Suppose (k — (0 — w)): € p, for each w,0 € X and € € (0,1].
Thus (60 - (k - w)): € o. From ke (k - o) X o, by Proposition
2.1(viii),

c—»(k>w)X(ke(k—>0)) > (k> w).

Moreover, g is an (€, €)-fuzzy deductive system, then by Corollary 2.4,
(k= ((k > 0) > (k> w))): € p, thus (k - (k - ((k > 0) » w))): €
o. Using (i), (k = ((k = 0) = w)): € o, it follows ((k - 0) — (K —
w)): € o. 0

Proposition 3.12. Assume ¢ is an (€, €)-fuzzy implicative deductive
system of X. If (0 - w)e € o, for every w,o € X and ¢ € (0,1], then

(w—>0) > 0) > (0 »w) »w)ce

Proof. Let w,0 € X, € € (0,1] and ¢ be an (€, €)-fuzzy implicative
deductive system of X. Suppose (0 — w). € p. By Proposition 2.1(iv),
w =X ((w— o) > o) - w, thus by Proposition 2.1(viii), (((w — o) —
o) - w) - 0 X w —» o, and so by Proposition 2.1(vii) and (viii),

c»w X (w—ro)e((w—0o)—>0)) >w

(w=>0) > ((w—>0)—>0)>w)

< ((w=0)»0)»w)»0) > (w—>0)>0)>w)

Moreover, since g is an (€, €)-fuzzy implicative deductive system, then
by Theorems 3.7 and 3.4, and Corollary 2.4, we have

o((w—>0)—0) > w)
= o(((w—>0)>0)»w) —»0) > (w—>0o)—>0o)—>w))
= o((w—0) = (w—0)—»0)—>w)
= o((w—0)—»0) = ((w—0)—»w)
= oo —»w)

11
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Hence, by Corollary 2.4, (((w — o) — 0) — w). € 0. Also, by Proposi-
tion 2.1(vi) and (viii), w % (60 - w) — w, and so

(w—0)>»0=X(((0 »w) »w)—>»0)—>o0.
Thus,

(6 > w) »w) = 0) =) > ((0 »w) > w)

2 ((w—>o)—>o0)—> (0 »w) > w).

By Theorem 3.4, g is an (€, €)-fuzzy deductive system, then by Theorem
3.3,

o(((((0 > w) »w) »0) »0) > ((0 > w) > w))

< o((w—>0) > 0) = ((0>w) > w)).

As we prove that if (a« — (). € g, then ((8 - o) - a) - () € o. Let
f = (0 —»w) > wand a =0. Since (¢ - f): = (0 - ((0 > w) —
w))e = 1. € p and p is an (€, €)-fuzzy implicative deductive system, we
consequence

o(((w—0) »0) > ((0 »w) »w))

= o((((0 »w) »w) »0) »0) > ((0 > w) »w)).

Hence,
(W =>0) > 0) = (0 »w) > w)ce
(]
Definition 3.13. [14, 5] (i) A hoop (X,e,—,1) is called a Wagsberg if

for any w,o € X we have, (w - 0) » 0= (0 » w) > w.

(1) A Heyting algebra is an algebra (H,—,A,V,1) of type (2,2,2,0)
where (H, A, V,1) is a lattice with the greatest element and the binary
operation — on H verifies, for any x,y,z € H, by x < y — z if and only
ifxAny <z

(731) Brouwerian semilattice is an algebraic structure (B, A, —,1) is A-
semilattices with a top element 1 and an implication operation — for
any x,y, 2 € B, satisfying z <y — zifand only if z Ay < z.
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Theorem 3.14. Let ¢ be an (€, €)-fuzzy deductive system of X. If o
is an (€, €)-fuzzy implicative deductive system, then % 1s a Heyting

semilattice that has Wajesberg property.

Proof. (=) By Theorem 2.5, % is well-define and is a hoop. Since %
is a hoop, by using Proposition 2.1(i), we have % is a A-semilattice.

Thus it is enough to prove that -
[W]o A [o]p X [K]p iff W], X [0]p ~ [k, for all w,o,k € X.

Assume [w], A [0], X [k],. By using Proposition 2.1(iii), [w], ® [0], =
[wlo A o]y X [Kle. Thus, [w], ® [0], X [k, As % is a hoop, from
Proposition 2.1(ii), [w], X [0, ~ [K],-

(<) Assume [w], X [0], ~ [K],. From Theorem 2.5, (w — (0 —
k))e € o, for € € (0,1]. As g is an (€, €)-fuzzy implicative deductive
system, by Proposition 3.11(ii), (w — o) - (w — K)): € o. So,
[w — 0], X [w— Klp. Thus, [w], v [0], X (W], ~ [k],. Moreover % is

L

a hoop and by Proposition 2.1(ii) and (i),

[wlo A o] = [w]e @ ([w]p ~ [o]p) X [K],-

Hence, zi is a Brouwerian semilattice. On the other side, by Proposition

3.12, for all w,0 € X and € € (0,1], ((w - o) - 0) - ((60 » w) —
w))e € o. Thus, by Theorem 2.5, [(w — o) — 0], X [(0 =& w) = w],.
By the similar way, [(¢ - w) - w], =X [(w = o) — 0],. Then

([W]o ~ [olo) ~ [o]o = ([o]o ~ [w]o) ~ [w]e-

Therefore % is a Wajesberg hoop. Thus, by Definition 2.3, we define

) R

[wle Vlo]o = (lwle ~ [o]o) ~ lo],-
Hence, V is join operation, and so by Definition 2.3, z% is a distributive
lattice. Thus, % is a Heyting semilattice. O
Note. Accoiding to [10, Theorem 3.10], every (&, €)-fuzzy subhoop
is an (€, € Vq)-fuzzy subhoop of X. As each deductive system is a
subhoop, obviously each (€, €)-fuzzy implicative deductive system of X
is an (€, € V q)-fuzzy implicative deductive system of X. The converse

13
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is not true always and we can check it by different examples such as
[11, Example 3.9]. It means that there is (€, € V ¢)-fuzzy implicative
deductive system of X that is not an (€, €)-fuzzy deductive system.

Theorem 3.15. A fuzzy set o in X is an (€,€ V q)-fuzzy implicative
deductive system of X iff for all w,o,k € X and € € (0,0.5], it satisfies:
o(1) > o(w),

o(o) = min{p(w), o(w — ((0 = k) - 0))}.

Proof. (=) Consider w € X and € € (0,0.5] where p(w) = ¢, so w: € p.
From p is an (€, € V ¢)-fuzzy implicative deductive system of X, we
obtain 1. € Vgp. If o(1) = €, then o(1) = p(w). Also, if 1.qp, then
o(1) +e > 1, thus p(1) = 1 —e. Ase € (0,0.5], we get o(1) = 1 —¢ >
e = p(w). So, in both cases, for every w € X, o(1) = p(w). Assume
w,o,k € X and €,¢ € (0,0.5] where p(w) = € and p(w — ((0 - k) —»
o) = 1. Thus we € p and (w — ((60 - k) — o), € 0. Moreover, p is
an (€, €V q)-fuzzy implicative deductive system of X, we consequence
Omin{e,y €V qo- If oninge,) € 0, then the sentence holds. If oy,i,4.,,190,
then (o) +min{e, ¢} > 1, thus o(0) > 1 —min{e,:}. Frome,: € (0,0.5],
we obtain min{e,.} € (0,0.5]. So, o(c) = 1 — min{e,¢} > min{e,¢}.

Hence, in both cases, for each w,o,k € X and ¢, € (0,0.5], we get

min{o(w — ((0 = k) = 0), 0(w)} < 0(0).
(<) Similar to the proof of Theorem 3.3. [

Corollary 3.16. Every (€, €V q)-fuzzy implicative deductive system of
X such as o satisfies in the next condition:

(V w,o0 € X)(Vee(0,05])(if w=X o, then o(w) = o(0)). (3)

Proof. By using Theorem 3.15, from (€, € V q)-fuzzy implicative de-
ductive system of X, we obtain g(w) < o(1), for w € X and ¢ € (0,0.5].

Moreover, w < o, 0 w — o = 1. Thus by Theorem 3.15,
o(o) = min{o(w), o(w — ((c - 1) — o))}

= min{o(w), o(w — o)}
= min{o(w), o(1)}

= o(w).
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Theorem 3.17. FEach (€, € V q)-fuzzy implicative deductive system of
X is an (€, €V q)-fuzzy deductive system of X.

Proof. It follows by Theorem 3.4. (|

Theorem 3.18. Consider ¢ is an (€,€ V q)-fuzzy deductive system of
X. The next equivalent conditions hold for every w,o,k € X and €,1 €
(0,0.5].

(1) o is an (€, €V q)-fuzzy implicative deductive system,

(i71) ((w— o) > w) € p implies we €V qo,

(171) (((w—>0) » w) > w): €Vqo,

(iv) (W~ = w)—»w): €Vqo,

(v) (wek™) = 0): € 0 and (0 — k), € @ imply (W — K)min{e} €V q0,
(vi) (wed™) — o) € p implies (w — o) €V qo.

Proof. Assume w,o,x € X and &,¢ € (0,0.5]. Thus
(1) = (4i) Suppose ((w — o) - w): € p. Since p is an (&, € V q)-fuzzy
deductive system of X, 1. €V qp. If 1. € p, then since ((w — 0) - w). €
0, by (i), we €V qo. If 1.qp, then p(1) +& > 1, and so o(1) > 1 —e. As
e € (0,0.5], we obtain o(1) = 1 — ¢ = e. Thus, 1. € p. Moreover, from
((w—>0) »w) € pand 1. € p, by (i), w- €V qo. So in both cases, we
consequence that, w. €V qp.
(17) = (i) Let we € p and (w — ((0 - K) — o)), € p. Since g is an (€
, €V q)-fuzzy deductive system of X, we obtain ((o0 — k) = 0)min{e,} €
Vgo. If (6 = K) = 0)min{e,} € 0, then by (ii), we consequence that
Omin{e,} €V qO- If (0 - k) — U)min{s,L}qg) then o((c - k) — o) +
min{e, ¢} > 1, and so o((0 = k) = o) > 1 —min{e, t}. Ase, € (0,0.5],
we get min{e, ¢t} € (0,0.5], and so o((c — k) — o) > min{e,¢}. Hence
by (ii), Omin{e,} € Vqo. Thus, in both cases, g is an (€, € V q)-fuzzy
implicative deductive system .

The proof of other cases are similar to Theorem 3.7 and (i) < (it).
O

Theorem 3.19. Assume ¢ # 0 is an (€, €V q)-fuzzy implicative deduc-
tive system of X. Thus

Xo:={w e X|o(w) # 0}

18 an implicative deductive system of X.
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Proof. It follows by Theorem 3.8. 0

Proposition 3.20. Consider ¢ is an (€, €V q)-fuzzy implicative deduc-
tive system of X. Thus oy ts an implicative deductive system of X, for
every € € (0.5,1].

Proof. Assume w € g, for each w € X and € € (0.5,1]. Then w.qo,
and so g(w) + & > 1 Thus, p(w) > 1 — . By hypothesis, from w;_. € p,
we obtain 1. € Vgo. If o(1) = 1 —¢, then o(1) + € = 1, s0 1 € .
If o(1) +1 —¢ > 1, then o(1) > €. As ¢ € (0.5,1], we consequence
o(1)+¢& > 2e = 1. Thus o(1) +¢ =1 and 1 € gf. Assume w,w — ((0 —
K) = o) € 0, for every w, 0,k € X and ¢ € (0.5,1]. So

ow)+e>=1 , pow—((c»kK)—>0))+e>1

Hence p(w) > 1 —¢ and p(w — ((0 - k) - 0)) = 1 —e. From p is an
(€, €V q)-fuzzy implicative deductive system of X, we get o(o) = 1 —¢
or plc)+1—e > 1. If p(o) = 1 —¢, then p(c) +e > 1 and p(o) > ¢
implies o(o) + € > 2¢ > 1, from € € (0.5,1]. In two cases o(c) +¢ > 1.
So, o € o;. Therefore, g is an implicative deductive system of X. O

Corollary 3.21. Consider o is an (€, €V q)-fuzzy implicative deductive
system of X. Then gg,, ts an implicative deductive system of X, for
every € € (0,1].

Proof. By Theorem 3.8 and Propositions 3.9 and 3.20, the proof is
clear. O

Proposition 3.22. FEach (€, €V q)-fuzzy implicative deductive system
of X satisfies in the next conditions, for every w,o € X:

(i) minfo(w— (@ — )),0.5} % o(ew — ),

(i7) min{o(k - (0 > w)),0.5} X o((k - 0) = (kK - w)).

Proof. (i) Assume pisan (€, €V g)-fuzzy implicative deductive system
of X. From Proposition 2.1(vii),

w—(w—>0)X(w—>0)—>0)—>(w—>o).
From Corollary 3.16, we obtain

min{g(w — (w = 0)),0.5} L o(((w = 0) = o) = (w > 09)).
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As ¢ is an (€, €V q)-fuzzy implicative deductive system of X, we have
min{o(w - (w — 0)),0.5} L min{o(((w - o) - 0) - (w — 0)),0.5} X p(w — o).
(7i) Using Proposition 3.11 and (i). O

Proposition 3.23. Each (€, €V q)-fuzzy implicative deductive system
of X implies the next conditions, for every w,o € X:

(1) min{e(c - w),0.5} X o((w - 0) - 0) - w),

(i) min{p(1),0.5} X o(((w - 0) = 0) = ((0 > w) > w)).

Proof. (i) Let w,0 € X, e € (0,1] and ¢ be an (€,€ Vq)-fuzzy
implicative deductive system of X. By Proposition 2.1(iv), w < ((w —
o) — o) — w, thus by Proposition 2.1(viii),

(w—>0)—>»0)>w) »o<w—>o,

and so by Proposition 2.1(viii) and (vii),

c»w X (w—>o)e((w—>o0o)—>0)) >w

(w—>0) > (((w—>0)=>0)>w)

P\

(w—=>0) > 0) »w)»0) > ((w—>0)>0)>w).

Moreover, since g is an (€, € V q)-fuzzy implicative deductive system, we
obtain

o((w—>0)»0) »w)

= min{o((((w = 0) = 0) »w) »0) = (W 0) > 0) > w)),0.5}
= min{g((w - o) = ((w = 0) = 0) > w)),0.5}

= min{o(((w = 0) = 0) = ((w = 0) > w)),0.5}

= min{p(c - w),0.5}.

(74) Similar to Proposition 3.12 and (i). O

Theorem 3.24. Assume o is an (€,€ V q)-fuzzy deductive system of
X. If o is an (€, €V q)-fuzzy implicative deductive system, then % is a
Heyting semilattice that has Wajesberg property.
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4 Conclusion

In this paper, the notions of (€, €)-fuzzy implicative deductive systems
and (€, €V q)-fuzzy implicative deductive systems of hoops are defined
and studied some traits and defined some definitions that are equivalent.
Thus by using the concept of (€, €)-fuzzy of hoop, a new congruence re-
lation on hoop is introduced, and showed that the algebraic structure
that is made by it is a Brouwerian semilattice, Heyting algebra and Wa-
jesberg hoop. In the future, we try to introduce («, 3)-fuzzy positive
implicative deductive systems and («, 3)-fuzzy fantastic deductive sys-
tems for (o, 8) € {(€, €),(€,€V q)} of hoops and investigate their traits
of them. Also, we study the relation among («, 8)-fuzzy (positive) im-
plicative deductive system and («a, 3)-fuzzy fantastic deductive system .
Moreover, we can study about the quotient that is made by them.
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