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1 Introduction

The theory of metric fixed point yields crucial tools to solve several
differential and integral equations. One of the interesting topics of met-
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ric fixed point theory is the finding "best proximity point” in case of
not reach the fixed point. On the other hand, instead of the consider-
ing a self-mappings, investigating the fixed point of cyclic mapping is
very interesting and useful in nonlinear analysis (for example, see [20]).
The concept of cyclic contraction mappings in uniformly convex Banach
spaces is defined in [10] by Eldred and Veeramani. In the paper [10]
they proved a best proximity point theorem for cyclic contraction.

The notion of cyclic Meir-Keeler contractions are introduced by Bari
et al, see [1]. Bari et al proved the existence of a best proximity point
for cyclic contractions in metric spaces in the case of two sets. For a
cyclic map f : AUB — AU B, Du and Lakzian [3] introduced a new
class of maps called MT-cyclic contraction with respect to function ¢
on AU B which contains the cyclic contractions maps as a subclass (see
Example A in [3]). Also, Du and Lakzian obtain some new existence
and convergence theorems of best proximity points for cyclic contrac-
tions. Many authors have been investigated the existence, uniqueness
and convergence of iterates to the best proximity point under weaker
assumptions for a map f (see e. g. [2, 10, 16, 30, 31, 32, 41, 12]).

Afterward, Lakzian and Lin in [33] defined the concept of weak MT -
cyclic Kannan contractions with respect to function ¢ on AU B. Also,
they established some new convergent and existence theorems of best
proximity point theorems for cyclic contractions in uniformly Banach
spaces, this results generalized a theorem by Petri¢ in [37]. See, also, e.
g. [3, 9, 34, 35] for more details in this field.

Theorem 1.1. [77] Let A and B be nonempty closed subsets of a com-
plete metric space (X,d) such that ANB #0 and T: AUB — AU B
be a weak MT -cyclic Kannan contraction with respect to ¢ such that

1
d(Tz,Ty) < icp(d(x,y))[d(a:, Tx) 4+ d(y,Ty)] for any x € A and y € B.

Then T has a unique fixed point in AN B.

In this paper, first, we introduce a notion of weak M7 -cyclic Reich
type contractions with respect to an M7 -function ¢. Also, we shall give
some new convergent and existence theorems for best proximity point
theorems for self-mappings defined on a complete metric space. Our
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results improve and generalize some previous theorems in this field (see
[16, 38, 39]). Also, we give some applications on non-linear integral and
differential equations.

2 Preliminaries

Throughout this paper, we denote by N the set of positive integers and
R for the real numbers. Suppose that A and B are nonempty subsets
of a nonempty set E. A map f: AUB — AU B is called a cyclic
map if f(A) C B and f(B) C A. Let (X,d) be a metric space and
f:AUB — AU B a cyclic map. For any nonempty subsets A and B of
X, let
dist(A, B) = inf{d(z,y) : x € A,y € B}.

A point x € AU B is called a best proximity point for f if d(z, fx) =
dist(A,B). If AN B is non-empty, then dist(A, B) = 0 and the best
proximity point of f is no thing else than the fixed point of f.

For ¢ € R, we recall that

limsup f(z) =inf sup f(x) and limsup f(z) =inf sup f(x).

T—c e>0 0<|z—c|<e r—ct e>00<z—c<e
Definition 2.1. [6] A function ¢ : [0,00) — [0,1) is said to be an
MT-function if it satisfies Mizoguchi-Takahashi’s condition (That is
limsup,_ ;9 ¢(s) <1 for all t € [0,00)).

Obviously, if ¢ : [0,00) — [0, 1) is a nondecreasing or nonincreasing

function, then ¢ is an M7T-function. So, in particular, if ¢ : [0, 00) —
[0,1) is defined by ¢(t) = ¢, where ¢ € [0, 1), then ¢ is an MT-function.

Remark 2.2. Note that if ¢ is an MT-function then clearly v := %
is an MT-function.

Example 2.3. [6] Let ¢ : [0,00) — [0,1) be defined by

sint - if ¢ € (0, 7]
- t 9 D)
o() : { 0 , otherwise.

Since limsup ¢(s) = 1, ¢ is not an M T -function.

s—07F

For some characterizations of M7 -functions see e. g. [7].
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3 Best proximity point results for weak MT-
cyclic Reich type contractions

In this section, we present our main results. We, first, introduce the
weak M T -cyclic Reich type contraction with respect to auxiliary MT-
function ¢.

Definition 3.1. Let A and B be nonempty subsets of a metric space
(X,d). Suppose that a map f: AU B — AU B satisfies

(MTR1) f is a cyclic map, i.e. f(A) C B and f(B) C 4;

(MTR2) there exists an MT-function ¢ : [0,00) — [0,1) such that

(S, £y) < 560w )d(e,y) +d(a, f2) + d(y, F)
+ (1= o(dlw,y)dist(A, B),

for any x € A and y € B, then f is called a weak MT-cyclic Reich type
contraction with respect to ¢ on AU B.

This contraction is said to be cyclic Reich type contraction, if ¢ = « for
some « € [0,1).

Note that in the above definition, if AN B # 0, then dist(A, B) = 0.
and f becomes the mapping from ANB into ANB and (MT R2) changes
as follows:

d(f, 1) < 60w )d(a,) +d(a, £2) + d(y, 1)

Du and Lakzian in [3] gave an example of a map f which is an MT-
cyclic contraction but not a cyclic contraction. It is easy to see that the
same example is also an MT-cyclic Reich type contraction but it is not
a cyclic Reich type contraction; so the class of M7T-cyclic Reich type
contractions are bigger than their cyclic Reich type contractions.

For the main results of this section, we need the following lemmas.

Lemma 3.2. Let A and B be nonempty closed subsets of a metric space.
Let {x,,} and {z,} be sequences in A and {y,} be a sequence in B sat-

isfying:
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(i) d(zn,yn) — dist(A, B).
(i)  d(zn,yn) — dist(A, B).
Then d(xy, zn) — 0.

Proof. The proof is similar to [10]. O

Lemma 3.3. Let A and B be nonempty subsets of a metric space X
and f: AUB — AU B be a map satisfying

d(fe, f%0) < 50l fo)2d(w, f) +d(fz, £22)]
+ (1 — ¢(d(x, fz)))dist(A, B),

forallz € AUB and an MT -function ¢. Then there is an MT -function
1 such that

d(f*x, f) < P(d(fz,2))d(fz, ) + (L= (d(fz, )))dist(A, B).
for each x € AU B.
Proof. It sufficient to put ¢ = % U
Theorem 3.4. Let A and B be nonempty closed subsets of a complete
metric space X and f: AUB — AU B be a cyclic map satisfying

d(fr, %) < 50w, f2))2d(z, f2) + d(f, 1)
+ (1= 6(d(w, f2)dist(4, B),
for allz € AUB and an MT -function . Then
(i) limy, o0 d(f"z, f"2) = dist(A, B) for allz € AU B.

(ii) limy, oo d(f?"x, f2722) = 0 = lim, oo d(f?" Lo, f2" 1) for all
re AUB.

(iii) z is a best prowimity point if and only if z is a fived point of f2.

Proof. Let # € AUB. Then for each n € N, dist(A, B) < d(f"x, f*1x).
If there exists j € N such that f/z = f/*lz € AN B, then we have
limy, o0 d(f"x, f*1x)| = 0 and dist(A, B) = 0; therefore (i) is true. So
it suffices to consider the case f"*lz # f"x, for each n € N.



6 S. BAROOTKOOB, H. LAKZIAN AND Z. D. MITROVIC

The sequence {d(f"x, f**'2)} is bounded below and nondecreasing
in (0,00) and so it is convergent. Since for each z € AU B,

A, ) < Lold(f e fra)Rd(f e 1) + d(fe £ )
— ¢(d(f"a, f'x)))dist(A, B)

P(d(f" a, fx))2d(f" s, fa) + d( M, [ )]
(1= (d(f* o, fro)d(f" 'z, frz)

+ 2d(f"x, f"'H:U)],

—_ W=

(

N+

Wl | -

+

also,

o(d(f"a, o)) + Dd(fMa, [ ) <
(@(d(f* o, fro)) + 1)d(f* o, f)

and therefore d(f"x, f"Hw) < d(fn_ll’a frx).
Set
t:= lim d(frz, f" ). (1)

Since 1 = % is an MT-function, by [5, Remark 2.5 (iii)], there
exist 7 € [0,1) and &; > 0 such that ¢(s) < for all s € [t,t + ;). By
(1), there exists ¢ € N, such that

t <d(fz, ff"r) <t+e
for all n € N with n > ¢. Hence v(d(f"z, f*™'x)) < r, for all n > £. Let
A= max{gb(d(f%, fo))v 1/)(d(f256, fgx))7 e 7¢(d(fe_lxv fex))’ Tt}‘

Then 0 < ¢(d(f"x, f*12)) < A < 1foralln € N. Note that by Lemma
3.3

A", fH) < SO, S RAC e T 4 d( e, )
+ (1 6(d(" . f"2)))dist(A, B).
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implies that

d(f "z, [ a) <P e, fra)d(f e f)
+ (1 — p(d(f"ta, frx)))dist(A, B)
< P(d(f" a, fr)d(f* e, o) + dist(A, B)
< M(f"tx, fx) + dist(A, B).

Inductively we conclude that
dist(A, B) < d(f"z, f"Hz) < \'d(z, fr) + dist(A, B). (2)

Since A € (0,1), we have lim,,_,oc A™ = 0. Therefore (2) implies that
lim,, oo d(f"x, f* 1) = dist(A, B). So (i) is proved.

For (ii), let z € AU B. Then by (i), lim, oo d(f?"x, f>"lz) =
dist(A, B) and lim,,_,o d(f?" 22, f2" ) = dist(A, B). Lemma 2.2
concludes that

nh_)nolo d(f2n$, f2n+2$) — 07

for any x € AU B. Similarly, since

lim d(f?"z, f>"" ) = dist(A, B) = lim d(f*"z, " 1z),
n—o0 n—o0
we conclude that lim, o d(f?" 1z, f22*12) = 0, for any x € AU B.
Now we prove (iii). Let z be a fixed point of f2 but it is not a best
proximity point of f, i.e. dist(A, B) < d(z, fz). Then by Lemma 3.3 we
have

d(z, fz) = d(fz, f2)
Y(d(z, fz)))dist(A, B)

1- f
1- 1/}(d(2’, fz)))d(z7 fZ)
a contradiction.
Now, if z is a best proximity point of f, i.e. d(z, fz) = dist(A, B),

then by a similar method as above we get d(f?z, fz) = dist(A, B). So
by Lemma 3.2, f22 = z which show that (4ii) is true. O
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Theorem 3.5. Let A and B be nonempty closed subsets of a complete
metric space (X,d) and f : AUB — AUB be an weak MT-cyclic Reich
type contraction with respect to an MT -function ¢. Then f has a best
proximity point z in A. In this case z is a fized point of 2 and fz is a
best proximity point of f in B.

Proof. First of all, we show that {f?"x} is a Cauchy sequence, for each
x € AU B. For this, by Lemma 3.2, it sufficient to show that

lim lim d(f*"z, f>""lz) = dist(A, B).

n—00 m—0oQ

Now since d(f*"x, f*""lz) < 3(d(f*" 'z, 2 ))[d(f>" 'z, f2"2) +
d(fm~ta, fra)+d(f2 e, )+ (=g (d(f2 7 e, f2)))dist(A, B),
the part (i) of Lemma 3.4 implies that

lim d(/*", 7 2) < T S o(d(F ", (0, )

)

1
(L Lo(d(Fm e, f270))dist (A, B).
Then by an inductive method we conclude that

dist(A, B) < limd(f*™z, f2"" )

: 1 m—sn
< lim Wﬁbl c fonp1d(fP T, )

: 1 .
+ 111’1;1711(1 - Wﬁbl <+ Pant1)dist(A, B)
= dist(A, B).

Where ¢; = ¢(d(f*™ "z, f2F1=x)), for each positive integer i. There-
fore limy, m d(f?™z, f2"Tlz) = dist(A, B).

Now if we consider = € A, then since A is closed, it is complete and
so by the Cauchyness of {f?"x}, there is z € A such that {f*"z} is

convergent to z (We have a similar proof when x € B). Now we have
by Lemma 3.4-(i)

dist(A, B) < d(f*" 'z, z) < d(f> 'z, f22)+d(f®Vx, 2) — dist(A, B).
(3)



THE BEST PROXIMITY POINTS FOR ...

Therefore lim,, d(f?" 'z, z) = dist(A, B).

On the other hand

d(z, [2) < d(z, f*2) + d(f*"x, [ )
< d(z, f*'7)
SO )P, 2) + (P, ) 4 d( 2)]
+ (1 — ¢(d(f?" ta, 2)))dist(A, B).

Then by taking a limit and applying Lemma 3.4-(i) and 3, we conclude
that

(1= (", )l £2) < (1= (", 2)))dist(A, B).

it follows that dist(A, B) < d(z, fz) < dist(A, B). Therefore z is a best
proximity point of f in A. Now Lemma 3.4-(iii) says that z is a fixed
point of f2 and so d(fz, f22) = d(fz,z) = dist(A, B). That is fz is a
best proximity point of f in B. O

The following example shows that the best proximity point in the
last theorem may be not unique.
Example 3.6. Let X = R%2 A =[0,1] x [0,1] and B = [2,3] x [0,1].
For each z,y,2',y € R, define

d((x,y), (2',y)) = max{|z — 2’|, |y — y/'|};
and f: AUB - AUB by

2y if(x,y) €A
f(z,y)) = { (1,5) if (x,z) €B

Then it is easy to see that dist(A, B) = 1 and for each M7 -function ¢
and (z,y), (2',y') € AU B) we have

d((f((z,9)), F((«,9)) < (((w y), (@, y")ld((x,y), (2, y)
( v), f((z,9))) +d((2,0), F((2,y)))]
( $(d((x,y), (',y))))dist(A, B).

Note that (1,y) is a best proximity point of f in A and (2,y) = f((1,y))
is a best proximity point of f in B, for each y € [0, 1].
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The following theorem can be obtain immediately from Lemma 3.4
and Theorem 3.5.

Theorem 3.7. Let A and B be nonempty closed subsets of a complete
metric space (X,d). Let f: AUB — AUB be a a cyclic map. Suppose
that there exists a decreasing function 7 : [0,00) — [0,1) such that

(S, fy) < (e, v)[d(e,y) + (e, f2) + d(y, fu)]
+ (1 —7(d(z,y)))dist(A,B), (x,y€ AUDB).

Then

(i) f has a unique best proximity point z in A .

(ii) The sequence {f?"z} converges to z for any starting point x € A .
(iii) z is the unique fived point of f2 .

(iv) fz is a best proximity point of f in B .

Remark 3.8. If in Theorems 3.5 and 3.7 we put ¢(t) = 7(t) = k, for
all t € [0,00), where k € [0,1), then ¢ and 7 are MT-function and
decreasing function, respectively and so we can obtain Theorem 10 in
[16] as the special case.

In the case that dist(A, B) = 0, we can obtain the following corollary
that generalize Reich theorem [38].

Corollary 3.9. Suppose that A and B are nonempty closed subsets of a
complete metric space (X, d) such that ANB # 0 and f : AUB — AUB
is a weak MT -cyclic Reich type contraction with respect to ¢. Then f
has a unique fized point z in AN B.

Proof. By Theorem 3.5, f has a best proximity point z in A. That is
d(z, fz) = dist(A,B) = 0 and so fz = z. This says that z is a fixed
point of f and also belongs to B.

Therefore it sufficient to show that z is unique. Suppose that v is another
point, i.e. d(v,z) # 0, such that fv = v. Then we have
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d(v, z) = d(fv, f2)

1
< §¢(d(v7 Z))[d(@, Z) + d(fva ’U) + d(z7 fZ)]
1
= L0(d(v, 2)d(v, 2]
Thus, ¢(d(v, z)) > 3, a contradiction. Thus, v = z. O
Remark 3.10. If in Corollary 3.9, we put ¢(t) = k, for all ¢t € [0, c0),
where k£ € [0,1), then one can obtain Reich’s theorem in [38] as the

special case. Regarding the analogy, we omit corollary and remark for
Reich’s theorem in [39].

We give an examples illustrating Corollary 3.9.

Example 3.11. Let I' be a locally compact group and X = LP(T).
Consider the compact subsets K and K’ in T" such that K N K’ = ()
and |K| = |K'|, where |[K| = M(K) and X is the Haar measure of T.
Suppose A = {axg;a € C} and B = {axg;a € C}, where xx is
the characteristic function on the set K. Then AN B = {0}. Define
f:AUB — AUB by

a .
_ QXK' ifreA
fx { %XK ifreB

Then it is easy to see that for each MT-function ¢ with % <o <1, we
have

Ifz = Fyllp < %¢(Hw —yllp)lllz = yllp + llz = f2llp + lly = Fyllpl,

for all z,y € AU B. Also, 0 € AN B is the unique fixed point of f.

Corollary 3.12. Let A and B be nonempty closed subsets of a complete
metric space (X,d). Suppose that f: AU B — AU B satisfies

(S, Fy) < O, ) max{d(z, ), (e, f2) + d(y, f1), 5 ()

2
+d(z, fz) +d(y, fy))}
+ (1 — ¢(d(x,y)))dist(A, B), (z,y€ AUB,).

11
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Then f has a best proximity point z in A. In this case z is a fized
point of f2 and fz is a best prozimity point of f in B.

Proof. We have three cases:

L. if max{d(z,y), 5 (d(z, fz)+d(y, [y)), §(d(z,y)+d(z, fx)+d(y, fy))
d(x,y), then the proof can imply from Theorem 2.1 in [8];

}
2. ifmax{d(z,y), 1(d(z, fz)+d(y, fy)), 3 (d(z,y)+d(z, fr)+d(y, fy))}
}

L(d(z, fx)+d(y, fy)), then the proof can imply from Theorem 3.8 in |

it max{d(z,y), § (d(z, fr)+d(y, fy)), §(d(z,y)+d(z, fr)+d(y, fy))
(d(z,y)+d(x, fx)+d(y, fy)), then the proof can imply from Theorem

.

Wwlm W
==l

g

Corollary 3.13. Let A and B be nonempty closed subsets of a complete
metric space (X,d). Let f: AUB — AUB be a a cyclic map. Suppose
that there exists a decreasing function 7 : [0,00) — [0,1) such that

! d(z,y)

(S, Fy) <r(d(w, ) max{d(e,v), 5 (dl, f2) +d(y, fo), 5(

+d(z, fr) +d(y, fy))}
+(1 —7(d(z,y)))dist(A,B), (z,y€ AUB).

Then

(i) f has a unique best prozimity point z in A .

(ii) The sequence {f?"z} converges to z for any starting point x € A .
(iii) z is the unique fized point of f? .

(i) fz is a best proximity point of f in B .
Remark 3.14. In Corollaries 3.12 and 3.13 if ¢ = 7 = k, where k €
[0,1) then we can obtain Corollary 15 in [16] as special case.
4 Applications

Let Q be a locally compact group. Consider Cy(€2), of all continuous
functions from  to C which vanishes at infinity, with the metric

d(f,g) = If — gllu =sup{|f(§) —g(§);§ €w} (f, g€ Co(2)).
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Define ||.||1 : Co(©2) — RT U {0} by

nmlzlgﬂmwx (f € Col©)).

Where dzx is used for dA(z) and X is the left Haar measure on €. See
[12] for more studying.

Theorem 4.1. Let A and B be nonempty closed subsets of Cp(£2). Con-
sider ¢, € Cy(Q2), a € C, a bounded continuous map K : Q@ x Q@ — C
with a bound B and a cyclic map T : AUB — AU B which is defined by

Tf(E) =e)+a [y K& 0)v(f(o)do such that for some MT -function
¢ we have

lalfllpof —dogli <o(lf —gDIlf —gll (feAgeDB). (4)
Then T has a best proximity point fo in A which is also a fized point of
T2
Proof. if f € M and g € N, then 4 implies that 2|a|S||[¢o f—ogl|1 <

30(If = gIDIIf — gl and so [a|Bllro f = ogll < Fo(ILf —gIDIf —gll -
la|Bl| o f — 1 o glli. Therefore since ¢ < 1 and for each z,y € €,
|K (z,y)| < 8, we have for each & € §;

d(Tf,Tg) = |Tf Ty

=amm[y«¢wwuww—mmmmm

£eq

<lalBllo f =voglh
2
< 39U1f = gllf = gll = ladBllv o f =¥ o glh

< 26015 — gD 1f = ol 56015 — glallig o f — ¥ ol
< 2o(1f — gl)Ilf gl
- 3001f — gbDlal [ 1K€ oIl (0) — vlg(e)lde

Q

< 20(f — g@lf — g
—ww[ﬂK@@me@»—w@@»wm.

13
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Hence
AT f.Tg) < 30(1f — gl)(2lf — gl
~ ol / Kol (f(@) - $(g(e))del)
Q
<

o(lf = gDl =gl
+f—9- a\/QK(-,@)w(f(Q)) — ¢ (g(e))ldel)

W =

< 20(1F — g(If ~ gl
N —g—laf /Q K(. 0% (£(2)) — b(g(e))del)

< 2017 ~ gl If ~ gl +1f ~ ¢~ a / K(., 0)(g(0))del
Q
tlg-p-a /Q K(., )b (f(0))del)

1
= 30UlF —g)(If =gl +If = Tgll + llg = T£Il)

< %qb(llf —gIDUf =gl + 1If =Tyl + llg — TfI])
+ (1= o(lf — gll)dist(A, B).

Therefore T is a weak MT -cyclic Reich type contraction with respect
to ¢ and the results follows from Theorem 3.7. O

Corollary 4.2. (i) With conditions of Theorem 4.1, the integral equa-

tion
1) =0 +a | Keowlolo)+a [ Klemu(rtn)dn)de
Q Q )
has a solution.
(i) If in addition AN B # (0, then the integral equation
£ = 0(©) + A [ K(6.0)(7(0)de (6)
Q

has a solution.
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Proof. (i) Obviously the fixed point of f? is the solution of 5.

(ii) In this case the best proximity of f is a fixed point of f and
obviously it is the solution of 6. g

Example 4.3. Let ¢ € Cp(2), a > 0, K : Q x @ — C be a bounded
continuous map with a bound  and with nonneqative range which sat-
isfy in equation 4 and (§) > 0 for each £ < 0 and (£) < 0 for each
& > 0. Then the equation 5 has a solution. Since it suficient to consider
A= C{(Q)and B = C; () of positive and negative functions of Cp(2),
respectively. Then Obviously f is a cyclic map. Therefore conditions of
Corollary 4.2 (i) hold.

Example 4.4. Let ¢,1 € Cf (Q)U {0}, >0, K : QxQ — C be a
bounded continuous map with a bound S and with nonneqative range
which satisfy in equation 4. Then the equations 5 and 6 have solution.
Since if we put A = Cy () and B = Cy(£), then obviously f is a cyclic
map and AN B # (.

Remark 4.5. When AN B # (), then with conditions of Theorem 4.1
for S =Ty : M — N, there exists an fy € M such that || fo — Sfol =
dist(A, B) = min{||f — Sf|: f € M}.

Theorem 4.6. Let (X,d) = (C(R),|.||), with || f|| = sup{|f(x);z € R},
for each f € C(R). Consider the integrable map h : R x R — RT
and S € C(R) such that lim, o [ h(t,S(x))dt < 3% for some o > 0.
Then the differential equation % = —af(x)h?(x,S(x)) has a solution
f e C(R).

Proof. Put A = C*(R) and B = C~(R). Then dist(A, B) = 0 and since
h is positive, f : C(R) — C(R) with ff(z) = —a [ f(t)g(t, S(x))dt is
cyclic and [ h(t, S(x))dt is increasing. So

sup{] /0z h(t, S(2))dt]: & € R} = limyo /Ox h(t, S(x))dt < 3i

«
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Now ¢ = 3alimy o0 [y h(t, S(x))dt is an MT-function and we have for
each f,g € C(R);

75 = Tgl = asun(] [ “(F() — g(®)h(t, S(2))dt];x € R}
< allf gl sup{] /0 " h(t, S(x))dt]; z € R}

o(lf = glDIlf = gl
oUf = gD =gl +11f =Tgll +llg = TFID)-

<

LW = W —

That is f is a weak M7 -cyclic Reich contraction with respect to ¢ on
AU B. Now Theorem 3.7 implies that f? has a fixed point f € C(R)
which obviously it is the solution of the above differential equation. [
Suggestion. Many studies have investigated in the fixed point
theory on partial metric spaces. See e. g. [1, 11, 13, 14, 15 17, 18, 19,
, 22, 23, 24,25, 26, 27, 28, 29, 36, 10]. It can also be interesting to
study the results of this paper and the results in [3, 33, 34, 35] on partial
metric spaces and recommended for further work.
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