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1 Introduction

The Italian mathematician Gerolamo Cardano first discovered complex
numbers while trying to solve a simpler state of the cubic equation.
After, Leonard Euler illustrated the complex numbers as points with
rectangular coordinates by using the notation i = v/—1. In 19th cen-
tury, Clifford presented the dual number system and dual numbers as in
the form A = a +ea*, where a,a* € R, € # 0 and £2 = 0 [6]. Dual num-
bers and dual complex numbers emerge in many areas in physics and
mathematics such as coordinate transformation, matrix modeling, dis-
placement analysis, rigid body dynamics, velocity analysis, static anal-
ysis, dynamic analysis, 2D rigid transformation, mechanics, kinemat-
ics and applications of geometry. So far, there are number of studies
in the literature related with dual numbers and dual complex num-
bers [2,5,8, 17,19,20,27]. A dual complex number w is an ordered
pair of complex numbers (z,t) associated with the complex unit 1 and
dual unit & which is a nilpotent number such that € # 0 and €2 = 0.
Messelmi, in [20], defined the set of dual complex numbers as

DC={w=z+¢t|(zt)€Ce#0 and &?=0}. (1)

He also studied generalization of the concept of holomorphicity to
dual complex functions using complex analysis. In (1), if z = z1 + izo
and ¢t = y; + iy, then any dual complex number can be expressed by
w = x1+ixrs+ey; +eiys. Another interesting topic is bicomplex numbers
which arise in various areas such as quantum mechanics, digital signal
processing, electromagnetic waves and curved structures, determination
of antenna patterns, fractal structures and many related fields of physics
and mathematics [18,23-26]. Any set of bicomplex numbers can be
expressed by

Co = {q1 +ig +Jjgs +ijau | @1, 92,93, 91 € R}, (2)
where the basis 1,1, j and ij satisfy the conditions iZ = —1, j> = —1 and
ij = ji [21]. By taking into account the definition of the dual numbers

and bicomplex numbers the dual bicomplex numbers are defined by

X =X+eX* (3)



where X = xo+iz1 +jre +ijzs and X* = zg+ix] +jos +ijzs [3]. Let X
and Y be two dual bicomplex numbers. Then, the addition, subtraction
and multiplication of two dual bicomplex numbers are defined by

X+Y =(X+Y)+e(X*+Y"), (4)

XY =XY +e(YX*+XYV¥), (5)
respectively. Furthermore, three different conjugations of dual bicom-
plex numbers, according to the imaginary units i,j and ij, can be ex-
pressed by
= (zo +exp) — (21 +ex1) i+ (w2 +ea5)j — (23 +ex3) i, (6)
= (xo+exy) + (z1 +ex])i— (vo+exs)j— (x3+ex3)ij, (7)
= (zo +exp) — (21 +ea1)i— (w2 +ex))j+ (23 +exz)ij  (8)

> <l

The Fibonacci and Lucas numbers play an important role in various
areas such as mathematics, physics, computer science and related fields.
For more information about Fibonacci and Lucas numbers and their
properties, we refer to book [16]. For n € Ny, the Fibonacci and Lucas
numbers are defined by the recurrence relations

Foyo=Fyp1+F,, Fo=0, Fi=1 (9)

and
Lyi2=Lpy1+ Ly, Lo=2, Li=1, (10)

respectively. The Binet formulas for the Fibonacci and Lucas numbers
are n_ gn
o —
F,=—
n o — B

where a = 1+72\/5 and 8 = %ﬁ are the roots of the characteristic poly-
nomial 22 — x — 1 = 0. Until now, few researchers have studied the
bicomplex numbers with Fibonacci and Lucas numbers [9, 10,21, 25].
For example, Nurkan and Giiven defined the bicomplex Fibonacci num-
bers and bicomplex Lucas numbers and they examined the algebraic
properties of these numbers [21]. Halict and Karatas defined the bi-
complex Horadam numbers and they gave some additional identities for

and L, =a" + 5", (11)



these numbers [10]. Moreover, they obtained the Binet formula and
generating functions for these numbers. Motivated by the above cited
works, Babadag, in [3], defined the dual bicomplex Fibonacci and dual
bicomplex Lucas numbers as

Tp = Fp+iF1 + e +ijFags +e (Fop + i +jFns +ijFn1a) (12)

and

kn - Ln+an+1 +jLn+2+ijLn+3+5 (Ln+1 + iLn+2 +jLn+3 + lJLn+4) 9 (13)

where F,, and L, are the n—th Fibonacci and Lucas numbers respec-
tively. In addition, in (12) and (13), i,j and ij are the imaginary units
and ¢ is the dual unit which satisfy the conditions iZ = —1,j% = —1,ij =
ji and €2 = 0.

Quantum calculus, which may be viewed as generalization of ordi-
nary calculus, plays an important role in physics, combinatorics, number
theory and other fields of the mathematics. As there is a relationship
between quantum calculus and number sequences, this study can be ex-
tended to different areas by defining a relationship between fractal calcu-
lus and fractional calculus and quantum calculus. For more information
on fractal and fractional calculus, we refer the readers to [11,13,14,22].
In the second half of the twentieth century, studies related with quantum
calculus and its applications to mathematics and physics have increased
significantly. Up to the present, with the help of g—calculus, some re-
searchers have investigated the properties of quaternions and hybrid
numbers using Fibonacci and Lucas numbers [, 15].

Now, we give definitions and facts from the quantum calculus neces-
sary for understanding of this paper. For n € Ny, a g—integer is defined
by

n
[n]qzll qq =¢" + .. +q+ 1 (14)

By means of (14), for m,n € Z, we get
[m + nlq = [mlq + ¢ [n]q. (15)

For more information about quantum calculus, we refer to the book [12]
to the readers.



By analogy to the earlier works, in this paper, with a different
perspective, we define the g—Fibonacci dual bicomplex numbers and
q—Lucas dual bicomplex numbers by using the notations from quantum
calculus. We obtain several new results which are the generalization of
different dual bicomplex numbers.

2 ¢—Fibonacci Dual Bicomplex Numbers and
g—Lucas Dual Bicomplex Numbers

In this section, we define a new generalization of the dual bicomplex
Fibonacci numbers and dual bicomplex Lucas numbers. Moreover, with
the help of g—integer, we obtain the Binet formulas, exponential generat-
ing functions, several binomial sum identities, Catalan identity, Cassini
identity and d’Ocagne identity for the g—Fibonacci dual bicomplex num-
bers and g—Lucas dual bicomplex numbers.

Definition 2.1. The q— Fibonacci and g— Lucas dual bicomplex numbers
are defined by

Fu(asq) = " Hnlg + " [n+ 1gi+ " n + 204§ + o™ [n + 3]4ij
+e (a”[n + 1] + a”“[n + 2|41+ a"+2[n + 3|+ an+3[n + 4]qij) (16)

and

L (s q)

= a® [2n]q + an+1 [ZTL + 2]45{ . n+2 [2n + 4]q s

n+3 20+ 6] ..
1+« ]+« +3
[n]q [n+ 1] [n+2]q

[+ 3l
+e <an+1 2n + 2], a2 (2n + 4]qi +on T3 2n + 6}qj +an T [2n + 8], i-) . (17)

[n+1]q [n + 2]q [n+ 3y [n+4]q

It is not difficult to see that the g—Fibonacci dual bicomplex numbers
and the g—Lucas dual bicomplex numbers can be reduced to several dual
bicomplex numbers for the special cases of ¢ and «. For example,

° ifwegeta:1+—2‘/5andq:—

Fibonacci numbers,

1

—= in (16), we obtain Dual bicomplex

e if we get a =1++/2and ¢ = —é in (16), we obtain Dual bicom-
plex Pell numbers,



o if we get o = EEVATHL V2k2+4 and ¢ = —% in (16), we obtain Dual
bicomplex k—Fibonacci numbers,

o if we get « = 2 and ¢ = —% in (16), we obtain Dual bicomplex
Jacobsthal numbers,

e ifweget 1+4/1+ kand g = —% in (16), we obtain Dual bicomplex
k—Pell numbers,

o if wegeta = 1+72\/5 and g = —é in (17), we obtain Dual bicomplex

Lucas numbers,

e if weget a =1++/2and ¢= —% in (17), we obtain Dual bicom-
plex Pell—Lucas numbers,

o if we get o = EEVATHL V2k2+4 and ¢ = —é in (17), we obtain Dual
bicomplex k—Lucas numbers,

e if we get « = 2 and ¢ = —% in (17), we obtain Dual bicomplex
Jacobsthal—Lucas numbers,

e ifweget 1+/1+ kand g = —% in (17), we obtain Dual bicomplex
k—Pell—Lucas numbers.

The Binet formula was derived by Binet in 1843, although the re-
sult was known to Euler, Daniel Bernoulli, and de Moivre more than a
century earlier. So, the following theorem describes the g—analog of the
Binet formula of the Fibonacci and Lucas dual bicomplex numbers.

Theorem 2.2. The Binet formula for the g— Fibonacci dual bicomplex
numbers and q— Lucas dual bicomplex numbers are

" ‘ B Oc"g _ (aq)nl anJrlg _ (Oéq)n+1l
Pl =01y “( o(l—q) ) 1

and
Lo(a;q) = a"a + (aq)™y + ¢ (a"a + (aq)"y) (19)

where o = (1 + da + jo? + ija3) and y = (1 + i(aq) + j(ag)? + ij(aq)3).



Proof. From (14) and (16), we find that

Flas q)
al=g"  al—g" 1— g+ L — g3
=a" 11_qq +a” 1Eq i+an+117€qj+an+2quij
_ ontl _ nt2 _ n+3 a4
T PN S il GARRON S o Tl SARFINPNL Ch il W SN Ch il Ui
1—gq 1—gq 1—¢q 1—¢
o™ aag)™ . . . [
_ P ) (1+ia +jo? +ija ) — a((lq_)q) (1+1(aq)+J(aq)2 +1J(aq)3)
+1 n+1
a . s 2 .3 (aq) . P
1 +ia+jo? +ije) + 1 +i(aq) + j(aq)? +ij(ag )
<04(1 Q)( ) a(l—q)( (aq) + j(aq) (q)”)
o« "o — (ag)"y . anﬂg*(aq)"ﬂl
a(l—q) (1—g¢q ’

On the other hand, from (14) and (17), we get

Ln(;q)
n 1- q2n n+1 1- q2n+2 . n+2 1— q2n+4 . n+3 4+ T q2n+6
R B R gy R A S
1— 2n+2 1— 2n+4 1— 2n+6 1— 2n+8
n+1 q n+2 q n+3 q . n+4 q .s
+€(O{ 1_qn+1 «@ 1_qn+21+a l_qn+3‘]+a 1_qn+41‘]

=a" (1+ia+jo? +ija’) + (aq)" (1 +i(aq) + j(aq)® +ij(ag)’)
+e (@ (1 +ia+jo’ +ija’) + (aq)™ ™ (1+i(ag) +j(ag)® +ij(ag)?))
=a"a+ (ag)"y +e (" a+ (ag)" ),
which is the desired result. O

Theorem 2.3. The exponential generating functions for the g— Fibonacci
dual bicomplex numbers and q— Lucas dual bicomplex numbers are

00 n az, _ (aq)z az _ (ag)x

~ T e*a—e vy erax — e aqry

n\Q; = - - 2
2 Tl = — g “( a(i—q) ) 20

and

Z /:'n(a; q)% =+ DTy 4 ¢ <e‘mag + e(aq)xaq1> ) (21)

respectively.



Proof. Using the Binet formula of the ¢—Fibonacci dual bicomplex
numbers, we have

Moreover, from (19), we get
o0 n

nzo Lafeiq) =y = ZO [@"a + (aq)"y +e (" a+ (ag)" )]

J— n n
—gZa n! +12(aq) n!
n=0 n=0

+e (oza Z a”ﬁ +yaq Z(aq)"n'>
n=0 ) n=0 ’
=ea+ e(o‘q)xl +e (eo‘zag + e(o‘q)xaql) : (23)

Thus, the proof is completed. O

Theorem 2.4. For nonnegative integers n and j, the following identities
hold:

n

Z <n> (_Q2Q)n_kﬁ2k+j(a;q) = {(a N aq):inij(a§Q>7 if nis even’

k=0 k ((1 - Oéq) ‘Cn-i-j (Oé, q), Zf n is odd
(24)
" /n 9 \n—k % (a—aq)"” Enﬂ»(a; q), if n is even
_ Lopr iz q) = +, ’

(25)



(1) (a20)"™* Facstasa) = (~al2)) Fusstasa). (20)

NE

b
Il
o

n ~

(Z) (D" (—a?)" " Loy (@iq) = (=al2),) Lowslasa)  (27)

NE

~
Il

0

Proof. We first prove the identity (24). By means of (18), we get

> <Z> (—a?a)" ™" Faryi(asq)

k=0

B n n 5 \n—k QQkHQ _ (aq)zkﬂ'l a2k+j+lg _ (aq)2k+j+11
_kz_o<k> (=) |: a(l—q) +E< a(l—q) >:|

_ Oéjg ” n —Oé2 "*kOCQk_ (aq)jl "~ n —Ot2 n—k o 2k
_a(lq)kz()(k)( a) a(lq)k(](k)( )" (ag)

Jj+1

+e aitlg i . (*aQQ)nika%*(aq li i (*QZQ)nik(o‘q)%
a(l—q) k a(l—a) g

k=0

a(l —q)
te <ajﬂa (o —a’q)" — (aq)’™ 7 ((aq)” - awn)

o(l—q)
(a (@~ ag))" oa — (~aq (@ — ag)" (ag)’ y
a(l—q)
(o (@ —ag))" oo — (~ag (a — ag))" (ag)' 'y
a(l—q) :

+e

If n is even in (28), we have

n

> (2) (—a2q)" " Forrj(asq)

k=0
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(a (0 — ag))" oo — (aq (o — aq))” (ag)’ ¢

a a(l—q) |
Te (a(a—ag)" a?tla — (aq (o — ag))" (ag)’ 'y
a(l—q)
- . "o — (aq)n—i-jl antitly — (aq)n—l-j—l-ll
~lemad [ a(l—q) “( a(l—q) >]

= (a—aq)" Fayj(a; q).
On the other hand, if n is odd in (28), we obtain

Zn: (Z) (—a2Q)n_k J%%—i—j(a; q)

k=0

(a (o= ag))" da+ (aq (a - ag))" (ag) ¥

a(l—q)
(o (@ — ag)" o *la + (aq (o — ag))" (ag) ' 4
+e
a(l—q)
. a”Jrjg—i—(qu)"Jrjl an+j+1g+(aq)n+j+1l
-lemed) [ all—0) ( a(l—0) )]

= (a—aq)" " Loyj(a;q).

The rest of the results (25), (26) and (27) can be proven analogously.
Thus, the proof is completed. O

Theorem 2.5. For nonnegative integer n, we have

kzn:(] (;) (—a?q)" " Furlas q)

|

é(a —aq)" + (af2]y)" >fn(a; q), if n is even

o _ C(29)
(a—aq)" " Ly(a;q) — (a2]g)" Fnla; q)), if nis odd

N|— N[



2 (s
L (a—ag)™ + (a[2])" ) Ln(a: q), if nis even
_ [ aa ol ) 0 friseen
7\ (@ =aq)"" Fu(esq) — (o[2]g) £n(a;q)), if n is odd
(%1 1) (~a%q)" ™" Farsr(as )
k=0
_ % (a—ag)" — (af2]y)" )fn—l(QS q), if n is even
3 (= aq)" " Loo1(asq) + (af2]y)" fnq(a;q)), if nis odd
(31)
(21;1 1) (—a%q)" " Laks1(oi0)
k=0
_ % (= ag)" — (af2]y)" )Zn—l(a§ q), if n is even
H(a— aq)" ™ Fu_i(a:q) + (a[2]g)" Lo1(a; q)), if nis odd
(32)

Proof. Firstly, we prove the identity (29). By taking consideration the
Theorem 2.4 and using some binomial sum properties, we get

> <27;) (—a%q)" ™" Fanlas q)

k=0
1 n n 2 \n—k = . n n 9 \n—k = .
= ) LX_;) (k) (—(X Q) For(a;q) + kZ:O </€) (—1)k (—a q) For(a;q)
_ {; a—aq)" + (af2)" ) Fulas o) i n is even
%

(
(a—aq)" " Lola;q) — (a]2]y)" Fuley q)), if nis odd

Thus the proof is completed. By analogy to this proof, the equalities
(30), (31) and (32) can be proven. [

11
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Theorem 2.6. For nonnegative integer n, we have

n

> (1) ezt (-a%0)" ™ Fulesa) = Fales) (3

k=0

and .
> (1) al2h)* (~o0) ™ i) = Emfesa). (30
k=0

Proof. First we prove the identity (33). By the help of the Binet
formula of the g—Fibonacci dual bicomplex numbers in (18), we get

(1) (el (-a%)" ™ Futesa)

x>

=0

a2ng _ (aq)in a2n+1g _ (aq)Qn—i-l,y
a(l—q)

On the other hand, the result (34) can be proven in a similar way. O

Theorem 2.7. For any integers, n,r and s, the g— Fibonacci and q— Lucas
dual bicomplex numbers satisfy the identity:

Loir(0;9) Fs(o;q) — Lonys(o;q) Fgr(;q)
a2t lgn (2], + 1) (¢" — ¢°) (ay + ya)
1—g¢q
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Proof. By virtue of both (18) and (19), we have

Zn—i—r(a; q)fn—i-s(a; Q) - £n+s(a; Q)Jrn-‘rr(a; Q>

n+r+1a + (aq)n+r+1,y))

(a
y a” n+s Q _ ( )n+sl - an+s+1g ( )nJrerl,y
a(l —q) a(l—q)

_ (anJrsg_'_ (qu)nJrSl-i-E (an+s+1g+ (qu)n+s+1"}/))

an—l—rg _ (aq)n—l-r,y an+r+1g ( )n—i—r—i—l,y
( a(l—q) “( a(l—q) ))

After some calculus, we get

Loir(; Q) Fris(; Q) = Loy s(; Q) Frgr(c; q)
2t Tlgn (2], + 1) (¢" — ¢°) (ay + ya)
1—g¢q '

0

Theorem 2.8 (Catalan’s identity). For positive integers n and r such
that n > r, we have

a2n72qn77' (qT — 1) (lgqr — gj) (1 + O‘[ﬂqa)

fn+7-(a; q)}:nfr(a; q) — }N—rzz(oﬁ q) = (1—q)2

(35)
and

Lyir(5q) Lor(a;q) — L2(a;9) = a®¢" " (¢" — 1) (vag" — av) (1 + af2]4e).
(36)

Proof. Using the Binet formula of the ¢g—Fibonacci dual bicomplex
numbers in (18), we find that

For (@) Frr(as q) — F2(a; q)
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B Ocng _ (aq)nl i Oszrlg— (qu)nJrll 2
a(l—q) a(l—q) '

After some calculations, we arrive at the desired result:

a2n72 n—r r_ ad” — o o
Foir(@ ) For(osq)=Fr(aiq) = (G 1)(1(7;1)2 ay) (1 + af2)ee)

Furthermore, from (19), the equality (36) can be proven in a similar
way. So, the proof is completed. O

Theorem 2.9 (Cassini’s identity). For n > 1, the following identities
hold:

Fur1(05q) Fuci(asq) — F2(asq) = = i (m;j;@ S (37)

and

Lrs1(39)Ln1(a3q) — L2(asq) = a®"¢" ' (g — 1) (vaq — ay) (1 + a[2],e).
(38)

Proof. As this identity is the special case of the Theorem 2.8 for r = 1,
the proof is trivial. O

Theorem 2.10 (d’Ocagne’s identity). Let n be a nonnegative integer
and m be a natural number. If m > n + 1, then we have

Fon(; Q) Fs1(e; q) — Fula; @) Fmia (s q)

™t (g — ") (ayg — ve) (1 + af2)4€)
— 1o (39)

and

ﬁm(QQ q)£n+1 (O@ Q) - £n<a; Q)£m+1(a§ Q)
= o™ (g™ — ") (ya — ayg) (1 + af2]e).  (40)



Proof. By means of Binet formula of the g—Fibonacci dual bicomplex
numbers in (18), we obtain

Flo; @) Fns1(cs q) — Fr(os @) Fmg1(os q)

_(oma—(ag)™y a™la — (ag)" "y
‘( a(l—q) “( ol ) ))

y a”"'lg _ (aq)n-i-ll g Ckn-i—QQ _ (aq)n+21
a(l—q) a(l—q)

aa — (ag)"y a"la — (agq)"ty
—<a<1q>“< a(l—q) ))

(OéerlOé _ (Oéq)erl"}/ (OéerzOé _ (aq)erZ,.Y))
X = +¢€ = .

a(l—q) a(l—q)

After some calculations, we get

Fm(CVS Q)-Fn—i-l(a; q) - Fn(a; Q)er—i-l(a; Q)
_amt (g™ — g) (ang — ) (1 + af2]g)
; (1-q)? -4

In a similar way, from (19), the equality (40) can be derived. So, the
proof is completed. O

3 Conclusion

In this study, we introduce two family of dual bicomplex numbers with
components containing g—integers. First, we define ¢g—Fibonacci and
q—Lucas dual bicomplex numbers. We give several algebraic properties,
exponential generating functions and the binomial sums. Besides, we
touch upon that these numbers can be reduced into several new dual bi-
complex numbers for the special cases of ¢ and «. Afterwards, by means
of the Binet formula of these numbers, we investigate several identities
such as Catalan’ identity, Cassini’s identity, d’Ocagne’s identity and a
general identity (see Theorem 2.7). Thus, this study can be described as

15
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a study involving the connection between dual bicomplex numbers and
q—-calculus.

On the other hand, in [7] and [1], the authors defined the biperi-

odic Fibonacci and the biperiodic Lucas sequences. By virtue of these
sequences, it would be interesting to study g—analog of the dual bicom-
plex biperiodic Fibonacci and Lucas numbers.

1]

[6]

7]
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