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Let E be a Banach space and C' be a nonempty subset of F, T :
C — C be a mapping and

F(T)={zeC,Te =z},

denotes the set of fixed points of T' and wy, ({zn}) = {x € H : Jz,; — x}
denotes the weak w-limit set of {x,}.

A mapping T, is said to be asymptotically nonexpansive, if there exists
a sequence {k,} of positive numbers with lim,,_,~ k, = 1 such that for
z,y € Candn>1,

[T = T"y|| < kallz =y

In 2011, Ceng et al. [1], introduce the following concept of asymptot-
ically k-strict pseudocontractive type mapping in the intermediate sense
in a Hilbert space H.

Definition 0.1. [I] Let C' be a nonempty subset of Hilbert space H.
A mapping T : C — C is called an asymptotically k-strict pseudo-
contractive type mapping in the intermediate sense with sequence {v,}
if there exist a constant k£ € [0,1) and a sequence {7,} in [0,00) with
limy,— o0 ¥ = 0 such that

limsup,, o sup, yeo (T2 — Ty — (14 7n) ||z — yl? (1)
—kmax{[|z — T"z — (y — T"y)||, |z — T"z + (y — T"y)||}?) < 0.

Throughout this paper we assume that

0, = max{0,sup, ,cc(|T"z — T"y|> — (1 + vl — yl|?
—kmax{|lz — T"x — (y — T™y)|, |l — T"x + (y — T"y)||}*)}.

Then ©, >0 (Yn>1), 6, -0 (n— o0), and (1) reduces to
17" = Try2 < 1+ )]z —yl?
+hmax{||z — Tz — (y = T")|, o = T + (y — T"y)|1}?
+On,

for all x,y € C' and n > 1.
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For an asymptotically k-strict pseudocontractive type mapping T'
with sequence {7,}, Ceng et al. [1] defined

Tnt1 = (1 — ap)xn + apyT"xp,

where {a,} is a sequence in (0,1) with 0 <0 < a, <1—-k—-9d<1
and > >, a,©, < oo for all n > 1. They proved the sequence {z,} is
weakly convergent to a fixed point of 7.

In this paper, a new modified iterative processes for the asymptoti-
cally k-strict pseudocontractive type mapping in the intermediate sense
are presented. Finally, some numerical examples are also given.

Now, we collect some lemmas which will be used in the proofs of the
main results.

Lemma 0.2. [/] Suppose {6,}, {Bn} and {v,} are three sequences of
nonnegative numbers satisfying the recursive inequality,

On+1 < Bndn + Yn, Vn > 1,
if B > 1,5 00 1 (Bn—1) <00 and Y7 n < 00, then limy, o 0y, exists.

Lemma 0.3. [8, 12] Assume {a,} is a sequence of nonnegative numbers
such that
Gnt1 < (1 - an)an +0n, n>0,

where {a,} is a sequence in (0,1) and {0,} is a sequence in real number
such that

(I) limp— o0 @ = 0 and 302, = 00.

(IT) limsup, . 2= <0 or £2°,|6,| < cc.

an n=1

Then lim,,__, a, = 0.

Lemma 0.4. [9] Let X be a uniformly convexr Banach space, {t,} a
sequence of real numbers in (0,1) bounded away from 0 and 1, and {x,}
and {yn} sequence of X such thatlimsup,,__, ||zn|| < a, limsup,,_, o ||yn]| <
a and limsup,_, o ||[tnen + (1 — tp)ynl| = a, for some a > 0, then

lim,, 00 || 20 — ynl| = 0.
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Lemma 0.5. [/] Let {x,,} be a bounded sequence on a reflexive Banach
space X . If wy,({xn}) = {z}, then x — x.

Lemma 0.6. [/] Let H be a real Hilbert space. Then the following hold:
(i) [z —yl* = llzl? = y|> =2 < = —y,y = for all z,y € H;

(ii) (1 = )+ tyll? = (1= &)]2]> + tlyll? — (1 — t)]lz — y|* for al
t €10,1] and for all z,y € H;

(iii) If {x,,} is a sequence in H, such that x, — x, it follows that,

limsup ||z, — y||* = limsup ||z, — z||* + ||z — y||>, Yy € H.
n—o0 n—oo
Lemma 0.7. [I] Let C be a nonempty subset of a Hilbert space H and

T :C — C be an asymptotically k-strict pseudocontractive type map-
ping in the intermediate sense with sequence {7y}, then

T T"y)) < (Klle—yl+v/ T+ (0~ Ryl — ol + (= Rha(,9))

for all z,y € C and n > 1, where hy(z,y) = 4k||ly — T"y||||lx — T"x +
y — T™y|| + ©n. In particular, if F(T) # ¢, then the above inequality
reduces to the following

177 — £l < = (ke — fl+VTF (L= Bl — 72 + (1~ £y,

forallz € C, f € F(T) andn > 1.

Lemma 0.8. [/] Let C be a nonempty subset of a Hilbert space H and
T :C — C be a uniformly continuous asymptotically k-strict pseudo-
contractive type mapping in the intermediate sense with sequence {7y,}.
Let {zy} be a bounded sequence in C such that ||z, — Tpt1]] — 0 and
|xn — T"xy|| — 0 as n — oco. If F(T) # ¢, then ||z, — Txy,|| — 0 as
n — 0o.

Lemma 0.9. [/] Let H be a real Hilbert space. Suppose C is a closed
and convex subset H and point x,y,z € H. Assume a € R. The set
D:={veC:|y—v|?<|z—v|?+ < 2v = +a} is convex and closed.

Proposition 0.10. [/] Let C' be a nonempty, closed and convex subset
of a Hilbert space H and T : C' — C' be a continuous asymptotically



Generalization of some fixed point theorems in cone metric space 5

k-strict pseudocontractive type mapping in the intermediate sense with
sequence {yn} such that F(T) # ¢. Then I — T is demiclosed at zero
in the sense that if {xn} is a sequence in C' such that x,, = x € C and
lim sup,,, oo imsup,, o |xn — T"xy|| = 0, then (I —T)z = 0.

1 Iterative approximation of asymptotically k-
strict pseudocontractive type mappings

Let C' be a nonempty subset of real Hilbert space H and T; : C' — C' be
three uniformly continuous asymptotically k;-strict pseudocontractive
type mappings in the intermediate sense for ¢ = 1,2,3. Consider the
following iterative sequence {x,} by

1€ C _
Uy, = %H Z?:o Tz,

Yn = (1= Bp)an + BTy zn n > 1,
Tpt1 = (1 —ap)zn, + T3y, n>1,

where 0 < ay, Bn, An < 1.

In this section, we prove {x,} generated by (2) is weakly convergent
in a Hilbert space H.

Theorem 1.1. Let H be a real Hilbert space and C' be a nonempty,
closed and convex subset of H. Suppose T; : C — C' are three uniformly
continuous asymptotically k;-strict pseudocontractive type mappings in
the intermediate sense for i = 1,2,3, such that

1772 = Tryl? < (1 + )|z — yl?
ke le — T — (y = TPyl o — T+ (3 — T2
+®n’ia

for i = 1,2,3 and for all z,y € C, n > 1 also for all x € C, <
r— Tz, Tix => 0. Let > 2 i < 00 and {x,} be the sequence de-
fined by (2). If F = (_, F(T}) # ¢ and 0 < liminf, o0 i, By An <
lim sup,, o @n, B, An, < 1, then
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1) limy,—o0 ||zn — f|| exists for all f € F.
2) limy,— o0 ||Zn—un|| = 0 and lim, o0 ||z —Tixyn| =0, (i = 1,2, 3).

3) The sequence {x,} is weakly convergent to a common fized point
of T1, (i = 1,2,3).

Proof. Let f be an element of F = (;_, F(T;). By (i) of Lemma 0.6,

||Zn_f||2 = ||(1_>‘n)xn+>‘nun_f”2
= (0= X)(zn — f) + Ml — HIIP
= (1= )llzn = FI* + Anllun — fII?

= (L= An)llzn — un?.

By Holder inequality,

|y — f”2 = ”n%rl E?:o lexn - f”2
< oipr Do I T{zn — fI,

for1<j<n,
1TV 20 = £1? < (L4 yg0)llzn = fIIP + Killza — T zal* + ©51.
By (i) of Lemma 0.6,

lzn = Tzall? = (20 = ) = (Tz0 = I , ,
= llon = fI? = | T{@n — fI? = 2 < 2 — T{an, T{@n, -,

since < x, — Tja:n, lexn => 0, then

1T 0 = £11* < (U4 yg)lln = FIP + kallzn = FIP = kol TV — f12 + 51,

therefore
Tj " — 2 <1 i1 . 2 jl
7= £ < (0 + T2l = 1P + 75
We have,
lun = fIP < e Ulon = fIP + 25 1T 2 — £17)
< (e = 2+ S (0 + 7 e = 12 + 5
n(n+1)(14+2— 1+k1

) 2 2 n
(n+1)2 [z — fII* + (n11)2ﬁ
1+ ) llon = FIP + 527,

IA A




Generalization of some fixed point theorems in cone metric space

where ¢, = max{v;1,1 < j < n} and v, = max{0;;,1 < j < n}.
Therefore

lzn = fI? < (1= An)llwn — f||2

+ n[(l + 1+k )Hxn fH2 + 1+k1]

also
2 o 2 2
[2n—fII” < (14+An (k1 T Dllzn =1 T k1 —An(1=An)[|zn —un "
(3)
And
|Yn — f”2 = (1= Bn)wn + BuT3 20 — f||2
= (1= Bn)(@n — f) + Bu(T520 — )|I?
= (1 Bn)”xn fH2+/BnHT§Zn_fH2
—Bn(1 = Bn)l|zn — ngnHQa
by (i) of Lemma 0.6,
n 2 Tn2 2 @nZ
1720 = 1P < 0 22— P+ T2, @)
hence
lyn = fI? < (1= Bo)llzn — £I1?
FBul(1 4+ A+ (555 1z — £I17
e~ hall ) Dl — a2}
+k2] Bu(l = Bn)llzn — T3z 1%,
therefore

lyn — fIP < [(1 = Bn) + Bu(l + )\n(lii"kl))(gr e Mzn — fI1?
+AnBn(L+ 755 ) T + Ot ) (5)
—AnBn(1 = Ap)(1+ 11122)”5571 — Up|
_/Bn(l - ﬁn)”xn - TQnZnH2‘

On the other hand,

[2ni1 = fI? = (1 = an)(@n = f) + an(T3yn — )I?
= (1 —an)llzn = fI? + anl|TEyn — fI?
—ap (1 — ap)||zn —Tg’?ynH2
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since

@n3
14+ k3’

Tn3

_ 2
)l — 1 +

T3y — fI? < (1+

then
[Znr1 = fI? < [0 = an) + an{(1 = B)

+Bn(1+ Mg ) L+ 222+ 728 ln — f11?
+AnBnan (1 + 17:13 )1+ 1?133)117“

In3 %n
+5n0g(1 + ) 15
n3
+an +k3

—AnBnan (14 17:,?2)(1 + 17:,33)(1 — A)||Zn — unl?
—Bnan(l = Bn)(1+ 1’KL]§3)Hxn - Télan2
—an (1 —ap)|zn — T:?yn||27

hence,
[2nt1 = fI? < [(1 = an) + an{(1 = Bn) + Buprp2}ps]|zn — fII°
+)\n/6nanp2p315_77§1
+5nanp31cj_7nk22
+an ®+n1633 (7)

—AnBnanp2p3z(1 — Ap)||wn — anQ
—Bnon(1 — Bn)p3||zn — ngnw
—an(1 —ap) |z, — T??ynHQv

where p1 =1+ 3% and p; = 1 + % for i = 2,3. Therefore

”xn—i-l - f”2 < Hn”$n - f”2 + anNn, (8)

where, py, = (1—an) +an(l—Bn)ps + Baanprp2ps and m, = paps - +
pgﬁ—”ki + 12”153' Since lim,,_,o i, = 1 and lim,__,n, = 0, therefore
by Lemma 0.2 and inequality (8), we deduce that lim, o ||z, — f|| =7

exists for some r > 0. By inequality (7),

AnBnanp2p3(l — Ap)||2n — unH2 < pnllTn — fHQ — [|Zng1 — fHQ + QnMn,

which implies that limy, o [|2n—1un|| = 0. Since ||z, —un|| = |25 S0 (T{ 20—
zy)|| then lim, ., ||zn — T7'zy|| = 0. By inequality (7),

/Bnan(l - Bn)pSHxn - T2nzn||2 < Monn - f”2 - ”xn—l—l - f”2 + QnMn,
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which implies that lim,_ o ||z, — T5'2,|| = 0. By inequality (7),

an(l — ap)|lry — T:?ynHQ < pnlln — f“2 — |Tn1 — f“2 + apmn,

which implies that lim,—, ||z, — T5'yn|| = 0. we have

lzn — Znll = Aallzn — upnl] — 0 as n — oo,
and
lyn — nll = Bulln — T3'2nll — 0 as n — oo,
and
2051 = Tull = Qnlln — Togall — 0 a5 1 —> oo,
also

|z = T3 wn || < |lzn — To'2nll + |15 20 — T3 20|,
and by Lemma 0.7,

||T2n$n - T2nzn||
< 1—1k2 (kQHxn - Zn” + \/(1 + (1 - k2)’7n2)||$n - ZnH2 + (1 - kQ)hn(xn, Zn))7

where hy, (T, zn) = 4ko||zn — T3 2p ||| 2n — T @n + 20, — T3 20 || + Opna. We
have,

lzn = T3 2nll” = [[(1 = An)(@n — T5'2n) + An(un — T5'2) |
= (L= Ma)llwn = T2nl® + Anllun — T3 202
(1 =)0 — un?
< (1= A)[(1 +ym2) |77 — ZnH2 + ka|lzn — TznanQ + Ona]
FAR[(1 4+ yn2)[[un — ZnH2 + kallzn — TQnZn”2 + On2)
(1= A |n — up|?
= (1= M)A +vm2) A lzn = unll® + E2llzn — T3'20 |1 + Ono]
FAn[(1 + Yn2)(1 - )\n)QHxn - unH2 + kallzn — T2nzn”2 + On2]
(1 =X [[n — un)?
= kQHZn - TQnZn”2 + )‘n(l - )‘n)PYnQHfEn - unH2 + ®n2a

therefore

(1 = ka)|lzn — ngn‘|2 <A1 = M) vn2llzn — UNHQ + Ona.
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This means that ||z, — T5'2zp| —> 0, hp(zn,2n) — 0 and ||T5'z, —
T3 wy| — 0, then we have ||z, — T3'zy| — 0. Also,

[2n = T'wnll < llen = T3'ynll + [1T5"yn — T3'znl|,
and by Lemma 0.7,

175" 20 — T3'ynl|
< 1 (kallzn =yl + /(1 + (1 = k) ves) [2n — yall® + (1 = ka)hn (2, yn)),

where hy, (2, yn) = 4ks||yn — T3yl l|2n — T3 Tn +Yn —T53'Yn|| + Onz. Now
(1= k3)llyn — TBnynHQ < Bn(1 = Br)ymsllzn — T2nzn||2 + Ons.

This means that ||y, — 15y, || — 0, then ||z, —T5'z,|| — 0. Therefore,
by Lemma 0.8 we have, ||z, — Tiz,|| — 0 as n — oo for i = 1,2, 3.
Assume that x,; — u weakly and x,; — v weakly as n — oo. Then
u,v € F. We prove u = v. If not, by Opial’s condition,

lim—o0||Tni — ul]
limi— oo ||Tni — v
limy— o0 ||2n — v
limj o0 |2 — ul|
limy— oo ||2n — v,

limp—soo||Tn — ul|

A A

which is a contradiction. O

Corollary 1.2. In Theorem 1.1, suppose {an}, {Bn} and {\,} are se-
quences in (0,1), such that satisfying the following conditions,

I) lim, o0, =0 and Y07 | oy = 00.

II) 0 < liminf, o By < limsup,_ ., Bn < 1.
III) 0 < liminf,, o A\, < limsup,,_ . A, < 1.
Then

1) limy,—o0 ||n — f|| exists for all f € F.

2) limy,— oo ||z — Tizp|| =0, (i =1,2,3).
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3) The sequence {x,,} defined by (2), is strongly convergent to a com-
mon fized point of T;, (i = 1,2, 3).

Proof. Using the same argument in the proof of Theorem 1.1, we have

|Zn+1 — f”2 < |l — f”2 + apn,

then by Lemma 0.3, lim,,—, ||zn, — f|| = 0. Furthermore,
s~ £ = Tim (1 an)(@a — )+ an(Tfy — £,

by inequality (6), (5) and by Lemma 0.4, lim,— o [|T5'yn — zp| = 0.
Furthermore, by inequality (5),

lim ||z, — fll = lm |y, — f||.
n—o0 n—>aoo

Also
limsup ||y, — fI| = limsup [|(1 — ) (20 — f) + Bu(T5' 20 — f)I],
n—oo n—oo

and by inequalities (4) and (3), and by Lemma 0.4, we have lim,,_, o || 75" 2n,—
xn|| = 0.

Similarly, lim,,—, ||z — f|| = 0 and lim,,— o ||y, — 25 || = 0. The same
argument in the proof of Theorem 1.1 shows that the sequence {z,}
defined by (2), is strongly convergent to a common fixed point of T; for
i=1,2,3. O

Corollary 1.3. Let H be a real Hilbert space and C' be a nonempty,
closed and convex subset of H. Suppose T; : C' — C' are three uniformly
continuous asymptotically k;-strict pseudocontractive type mappings in
the intermediate sense for i = 1,2,3 and for all z,y € C, n > 1 and
forallz e C, <x —Tix,Tix =>0,1=1,2,3. Let Y 7 Yni < o0 and
{an}, {Bn} and {\,} are sequences in (0,1). Let {x,} be the sequence
defined by

z1€C
2= (1= Ap)xn + AN TV'Tn n>1, (9)
Yn = (1 - Bn)fn + Bnngn n > 1’

Tp+1 = (1 — an)xn + T3y, n > 1,

if F = ﬂ?:l F(T;) # ¢, 0 < liminf,,_ o0 i, By A and limsup,, o &, By A <
1 then
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1) limy,—o0 ||zn — f|| exists for all f € F.
2) limy,— o ||z — Tizn|| =0, (i =1,2,3).

3) The sequence {x,} is weakly convergent to a common fized point
of Ty, (i = 1,2,3).

The next theorem is a new generalization of [|, Theorem 4.1] and [5,
Theorem 3.1].

Theorem 1.4. Let C be a nonempty, bounded, closed and conver subset
of a real Hilbert space H and let T; : C' — C for i = 1,2, be uniformly
continuous asymptotically k;—strict pseudocontractive type mappings in
the intermediate sense with sequence {Vni} such that Z,io:l Yni < 00,
F = F(Th)( F(TI2) is nonempty and bounded and < x — T;x, Tyx >> 0
for all x € C. Let {t,} and {sn} are real sequence in (0,1), such that
Y tn < 00 and {sp} is bounded away from 0 and 1. Suppose the sequence
{zn} is generated by,

v=ux1 € C chosen arbitrary,

Yn = (1 - tn)fpn + tnTQRZna

zn = (1 = sp)p + Sntin,

Un = 77 Y10 T{ n, (10)
Cp =12 € Ct Jyn — 2117 < lam — 21> + ma},
Qn={z€C: <z, —2z,v—xy, => 0},

Tpt1 = Pcann(v), Vn > 1,

where P denotes the metric projection from H onto a closed convex
subset K of H, n, = O, + A, O, = spt,(1 + 222) o 4 ¢ On2

14+ko/ 14k " 14ko
where v, = max{©;1,1 < j < n} and Ay = [t,(1+ 225 ) (1 + 135%) —

tn](dimC)? — 0 as n — oo where g, = max{y;1,1 < j < n}.
Then {x,} is strongly convergent to Pp(v).

Proof. Lemma 0.9 implies C), is convex. Notice that F' C C), for all n.
Indeed, for all f € F,

lyn — £11”

(1 = tn)zn + tn T3 20 — f”2
(1 —tn)(zn — f) + tn(T5'2n — f)”2
= (1 —tn)llzn — fH2 + o || T3 20 — f”2
—tn (1 —tp)||zn — TQnZnHZv
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using (i) of Lemma 0.6,

On2
T - 2< 1 Yn2 _ 2 n
17520 = S < (L T2l — I+ 1o

also

(1 — $0)Tn + sntiy — |2

(1= sn)(zn — f) + $nun — £)]2

1= sp)l|zn — fI2 + snllun — f|2
— (1 = sp)||@n — un .

lzn = f12 = |
|

=

The same argument in the proof of Theorem 1.1 shows

—5p(1—sn)||zn — un||2

(1)

lzn = fI? < (1+sn Man = FII* + 50

n Un
1+ K 14k

Therefore,

lyn = FI? < (1= to)llzn — FI? + tal(1 4+ 225) 120 — fI* + $522]
—tn(1 = tn)l|zn — T2nzn||2
< {1 —tn) Fta (U4 222 A+ sugi)lzn — £
—tpsn(1+ 17:13 )1 =) ||z — unH2
+sntn(1+ 17:132 ) 13-%1 +in 1@-&-"132
—tn(1 —tn)l|zn — Tznzn”

Hence
lyn = FIIP < llan = FIP + [ta(1+ 11’33%(1 + 55 — talllzn — £I1?
n Un,
+ Sntn(l + 11]32 ) 1+kq + tn 1+ko
Then

lyn — f||2 < lzn — f||2 + M.

Hence f € C),. The same argument as in the proof of [I, Theorem 4.1]
shoes F C C, N Qy, for all n > 1 and ||z, — Tp41]| — 0 as n — oo.
Now, we claim that ||T;z, — z,|| — 0, for i = 1,2. By definition of y,,

TS 20 — anll = 7-llyn — 2
< g lyn = znpall + llznga = 2al),

13
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since Zp11 € Cn, |yn — Tng1ll® < | 2nt1 — znl|? + 190 — 0 as n — oo,
this implies that |75z, — 2, || — 0 as n — oo. Since {z,} is bounded,
there is a subsequence {x,;} of {x,} such that lim; . ||zn; — f|| =

lim; o0 |yn; — f|| = limsup,,__, o ||z, — f|| =: r. Since
Tnj2
tngsng(1+ =22 ) (1= spg) @y — wng||* < g — FIIP = lyng — FIZ + 10,
14 ko
and lim; oo 7pj = 0 thenlim;_, o ||2pj—un;|| = 0 and also lim; o ||y —
117 2| = 0. Also since ||z, — @] = sp||zy — up || then lim, o ||z, —

x| = 0. We have
[2n = T3'wn|| < [lon = T3"20 | + [[T5'2n = T2 @4l

Since ||z, — zp|| — 0 as n — oo and the same argument in the proof
of Theorem 1.1, we have || 15z, — T3'xy|| — 0, then ||z, — T3 xy| — 0
as n — 0o.

Therefore, by Lemma 0.8, ||z, — T;x,|| — 0 as n — oo for i = 1, 2.
Since H is reflexive and {x,} is bounded we obtain that w,,({z,}) is
nonempty. By the fact that |z, —v| < ||f — v|| for all n > 0 where
f = Pp(v) and the weak lower semi-continuity of the norm, we have
|lw—o| <||f—v] for all w € wy,({zn}). However, since wy,({zn}) C F,
we have w = f for all w € wy({zp}). Thus wy,({zn}) = {f} and then
zn, — [ = Pp(v) by

lzn = fI2 = llon =0l +2 <20 —v,0 = f = +]lv - fI

< 2lf —vP+<ap—v,o—f=)—0 as n— .

O

2 Example

In this section (based on the similar arguments in [I] and [8]) some
examples are presented to grantee the statement of Theorem 1.1.

Example 2.1. Let X = R the set of real numbers, and C = [0, c0).
T : C — C be defined by [1],

kx if x€][0,1],

T(e) = { 0, if xze(1,00), (12)
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where 0 < k < i. Then T : C' — C is an asymptotically %—strict pseu-
docontractive type mappings in the intermediate sense. For all z,y € C
and n > 1; we have,

T =Ty < |z =y + jmax{|z — T"z — (y — T"y)|
o =T+ (y = Ty) [} + 34200,

Example 2.2. Let X = R the set of real numbers, and C' = [0, 00). For
each x € C, we defined,

_ [ 5 if zeo,g),
() _{ 0. if el o00), (13)

where 0 < k < 3. Set C1 = [0,3] and Co = (%,00). Then for all
x,y € Cq and n > 1 we have;

k k
T — Tyl = |[—— — Y| < K|z —y],
142 14y
and
kT kT
% — Ty = |——— Y| < k|Tw - Ty| < K|z -y,

14+ Tz 1+ Ty

then for all n > 1,
Tz — T"y| < K"z — y|.

For all z,y € C5 and n > 1 we have,
[Tz = T"y| =0 < |z —yl.

For x € C and y € Cs, we have,

kx
Tx — Tyl = —0|<|kzx—-0
To = Tyl = |~ ~ 0] < ko 0]
therefore
[Tre —Try* < |k"z — 0 = [k™(z — y) + k"y[?

(k”*1|:137y2\+k"71\y|)2

2OV — y| + 120D (y + 2 — T2) — (2 — Ty)
|z — y|? + gmaz{lz — Tz — (y — T"y)|,

& — Tz +y — Ty} + 5201,

VA VANR VAN VAN

Therefore T': C' — C' is an asymptotically %—strict pseudocontractive
type mappings in the intermediate sense.
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Example 2.3. Let H = R the set of real numbers and C' = [0, 00). Let
T : C — C be defined by Example 2.1, we have F(T) = 0. Let x; = 1,

o = ZZI% and 3, = gZE, for all n € N. Sequence {x,} is defined by

_ 3n+lgm n
Lol = g1 L Yn T 351 Tns

(14)
Yn = gZﬂTnxn + g n

Since 1 = 1 then Txy =k, y1 = %k+ﬁ and zo = %k(%k—i—

557) + 13- Since k € (0, }), then x5 < z;. By induction

n+1 ,

2n+1 n n
k n
In+1 (

a1’ tanaD T ™

Tn+1 = (

for all n > 1. Therefore {x,} is a strictly decreasing sequence and

3n+1 ., 2n+1 n n

li k"
nggo(lln-f-l S 3n+1)+4n+1

) =0.

Let 7 = lim, o0 |x;+71_60\, then
n

3n+1.n/2n+11.n n n
li (k" Gk + 5g) t m)oe 1
1Mp—co = -,
T 4

and r = i. Hence, the sequence {z,} is convergent to zero and the rate
of the convergence is i.
Let k = %, then

3n+1
Tntl = 4211%2 +

n
Int1tn
(15)
_ 2n+1lzpn n
Yn = 50180 T 3180
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n Tn n Tn
1 1 16 | 5.067 x 10710
2 0.2343 17 | 1.247 x 1019
3 0.0529 18 | 3.073 x 101
4 0.0122 19 | 7.577 x 10712
5 0.0028 20 | 1.869 x 1012
6 0.0006 21 | 4.617 x 10~ 13
7 0.0001 22 [ 1.14x 10713
8 13.972x107° [ 23 |2819x 101
9 19631 x1076 246973 x10°1°
10 | 2.342 x 1076 | 25 | 1.725 x 1016
11 [ 5714 x 1077 | 26 | 4.27 x 10716
12 | 1.396 x 10~ | 27 | 1.057 x 1016
13 ] 3.42x10°% |28 [2.619 x 1017
14| 839x107Y [ 29| 6.49 x 10718
15| 2.06x 1077 [ 30| 1.608 x 1018

Example 2.4. Let H =R and C = [0,00). Assume {z,} is a sequence

defined by (2), where Thx = 55, Thx = 155 and T3z = 7100(’5“:). Also
__ 6n+1 _ 4dn+1 _ 2n+1
an = 707, Pn = 547 and A, = 5755, We have
_ _1 Zn Tn_
Un = 737 245=0 2P
J— n n
Zn = gpgtn T (3n+1)una

Yn = sp578n + (éﬂ%)(lolon)zm

_ n 6n+1 m
Tn4+1 = 7n+1xn + (7n+1)T3 Yn,

and _, F(T;) = {0}. If 21 = 1, so

17



M. Shahsavari, A. Razani and Gh. Abbasi

n Tn n Tn
1 0.5 16 | 6.729 x 10~ 14
2 | 6.319x 1072 | 17 | 9.529 x 10— 1°
3 | 8426 x 1073 | 18 | 1.349 x 10~ 1°
4 ] 1.149x 1073 [ 19| 1.913 x 10716
5 | 1.584 x10=% | 20 [ 2.712 x 1017
6 | 2.201 x 107° | 21 | 3.848 x 10~ 18
7 | 3.071x107% [ 22 | 5.46 x 1071
8 43x1077 [23]7.749 x 10720
9 | 6.035x1078 [ 24| 1.1x10"2%

10 | 8.487 x 1079 [ 25 | 1.562 x 102!
11 | 1.195 x 1077 | 26 | 2.219 x 10~2?
12 | 1.685 x 10719 | 27 | 3.153 x 1023
13 ] 238 x 10711 [ 28 | 4.481 x 10~ 2%
14 | 3.363 x 10712 | 29 | 6.369 x 10~2°
15 | 4.755 x 10713 | 30 | 9.054 x 10=2°

Example 2.5. Assume in Example 2.4, «,, = IOn’ then
Un = n+1 Z] =0 220741
n
Fn = 3n+1 (inﬂ)u
T
Yn 5n+1x” + (5n+1)(100n)znv

10n—7 7
LT+l = 101 I’n ( )TS Yns

and 2_, F(T;) = {0}. If 2, = 3., 80
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n Tn n Tn
1 0.5 16 | 0.02502
2 1 0.15055 | 17 | 0.02392
3 10.09786 | 18 | 0.02294
4 10.07502 | 19 | 0.02205
5 | 0.06189 | 20 | 0.02123
6 | 0.05323 | 21 | 0.02049
7 | 0.04702 | 22 | 0.01981
8 10.04231 | 23 | 0.01918
9 1 0.03861 | 24 | 0.01859
10 | 0.03561 | 25 | 0.01805
11 | 0.03311 | 26 | 0.01755
12 | 0.03101 | 27 | 0.01707
13 | 0.0292 | 28 | 0.01663
14 | 0.02763 | 29 | 0.01621
15 | 0.02624 | 30 | 0.01582
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