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Aksaray University

S. Kemali ∗

Akdeniz University

G. Adilov
Akdeniz University

Abstract. In this paper, several integral inequalities for the functions
whose derivatives are s-convex functions in the fourth sense are obtained
by means of Caputo fractional derivative and Caputo-Fabrizio integral
operator. Also the Hermite-Hadamard type inequalities for s-convex
functions and their products are stated via Caputo-Fabrizio integral
operator.

AMS Subject Classification: 26A33, 26D07, 26D10, 26D15, 26A51

Keywords and Phrases: Convex functions, s-convexity, Hermite-
Hadamard type inequality, Caputo fractional derivatives, Caputo-Fabrizio
integral operator.

Received:July 2021; Published: September 2021
∗Corresponding Author

1
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1 Introduction

The complexity of the problems encountered in the ongoing scientific and technolog-
ical progresses, which cannot be easily modelled and solved via ordinary calculus,
push forward the usage of the fractional calculus, which is based on the existence
of the fractional order derivative. The first track of it was seen in the studies of
Abel and Lacroix in early 1800s [39]. Since the extension of the order of the deriva-
tive from integer to fraction yields to fractional differential equations, the fractional
derivatives and integrals have found a lot of application areas from medicine to engi-
neering [2, 6, 7, 9, 10,12,24,40–42].

There have been defined various fractional derivative and integral operators.
Some of them are the Riemann-Liouville fractional derivative and integral, the Hadamard
fractional derivative and integral, Grünwald-Letnikov fractional derivative, the Ca-
puto fractional derivative and the others (see [3] and the references therein). The
Caputo-Fabrizio fractional derivative is one of the most useful among them due to
the fact that it has no singular kernel [8,11,29–31]. Also the Caputo-Fabrizio integral
operator is defined and used as a fractional integral operator in many works, although
it is shown that this operator is not a fractional derivative or integral operator in the
context of the classical definitions of fractional calculus, but just an auxiliary operator
to simplify the problem solutions [13, 15]. Nevertheless, this misusage continues in a
lot of papers.

Besides the applications in different disciplines, one favor of it is the generalization
of the inequalities in mathematics [5, 16, 17, 22, 32]. The investigation of the integral
inequalities of some certain functions , especially convex functions, via the fractional
derivatives and operator takes part in the research areas of fractional calculus. In
literature, many fractional integral inequalities are given for different classes of convex
functions such as exponentially convex functions, m-convex functions, quasiconvex
functions, exponentional s-convex functions, harmonically convex functions [1,18,35,
43]. The Hermite-Hadamard inequality is the prominent one among these integral
inequalities. [14, 19–21, 25–28, 38]. This article aims at making a connection between
a novel convexity type and Caputo fractional derivative and integral operator in
setting Hermite-Hadamard type inequalities. We focus on the obtaining the Hermite-
Hadamard type inequalities for s-convex functions in the fourth sense via the Caputo
fractional derivative operator and the Caputo-Fabrizio integral operator.

s-convexity is one of the generalizations of convexity and it has some applications
in fractal theory [4,44]. Its origin is based on the studies on modular spaces and Orlicz
spaces [45]. In literature, essentially, four different types of s-convex functions are
introduced [5, 23, 33, 36, 46]. In this paper, we state new inequalities including the
Hermite-Hadamard type inequalities for s-convex functions in the fourth senses via
Caputo derivative and Caputo-Fabrizio integral operator. Also, the fractional theory
has many important applications.

The organization of the paper is as follows. Section 2 is separated into two
subsections. The first includes the inequalities by the Caputo-Fabrizio fractional
derivative for the functions whose nth derivatives are s-convex in the fourth sense.
The second is allocated to the inequalities by the Caputo-Fabrizio integral operator
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for the functions whose second derivatives and itself are s-convex in the fourth sense,
respectively. Also some inequalities for the product of this kind of functions are
presented.

2 Preliminaries

In this section, some definitions and theorems needed throughout the study are given.

Definition 2.1. [46] Let s ∈ (0, 1] and U be a convex set on the vector space X. A
function ψ : U → R is said to be s-convex function in the fourth sense if the following
inequality holds

ψ(λx+ (1− λ)y) ≤ λ
1
sψ(x) + (1− λ)

1
sψ(y)

for all x, y ∈ U and λ ∈ [0, 1].

The class of these functions is denoted by K
4

s . Using both definitions for λ = 1
2

and x = y, we easily see that if ψ ∈ K4
s , then ψ is not positive.

Theorem 2.2. [36] Let ψ : R→ R− be s-convex function in the fourth sense where
s ∈ (0, 1] and integrable on [a, b] ⊆ R. Then the following inequality holds

2
1
s
−1ψ

(
a+ b

2

)
≤ 1

b− a

b∫
a

ψ(x)dx ≤ s [ψ(a) + ψ(b)]

s+ 1
.

Definition 2.3. [29,30] Let ACn[a, b] be a space of the functions having nth deriva-
tives absolutely continuous, ψ ∈ ACn[a, b] ,α /∈ {1, 2, 3, ...} and n = [α] + 1 where [.]
denotes floor function. The left side Caputo fractional derivative is as follows

(
CDα

a+ψ
)

(x) =
1

Γ(n− α)

x∫
a

ψ(n)(t)

(x− t)α−n+1 dt, x > a,

the right side Caputo fractional derivative is as follows

(
CDα

b−ψ
)

(x) =
(−1)n

Γ(n− α)

b∫
x

ψ(n)(t)

(t− x)α−n+1 dt, x < b.

If α = n ∈ {1, 2, 3, ...} and usual derivative ψ(n)(x) of order n exists, then Caputo
fractional

(
CDn

a+ψ
)

(x) coincides with ψ(n)(x) whereas
(
CDn

b−ψ
)

(x) coincides with

ψ(n)(x) with exactness to a constant multiplier (−1)n. In particular, we have(
CD0

a+ψ
)

(x) =
(
CD0

b−ψ
)

(x) = ψ(x)

where n = 1, α = 0.
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Definition 2.4. [31] Let H1(a, b) be the Sobolev space of order 1 given as follows

H1(a, b) =
{
u ∈ L2(a, b) : u′ ∈ L2(a, b)

}
.

Let ψ ∈ H1(a, b), a < b, α ∈ [0, 1], then the definition of the left derivative in the
sense of Caputo-Fabrizio becomes

(
CFD
a Dαψ

)
(x) =

B(α)

1− α

x∫
a

ψ′(t)e
−α(x−t)α

1−α dt, x > a,

and the associated integral operator is

(
CF
a Iαψ

)
(x) =

1− α
B(α)

ψ(x) +
α

B(α)

x∫
a

ψ(t)dt,

where B(α) > 0 is a normalization function satisfying B(0) = B(1) = 1. In the cases
α = 0 and α = 1, the left derivative is defined as follows(

CFD
a D0ψ

)
(x) = ψ′(x) and

(
CFD
a D1ψ

)
(x) = ψ(x)− ψ(a).

For the right derivative operator, we have

(
CFD
b Dαψ

)
(x) =

−B(α)

1− α

b∫
x

ψ′(t)e
−α(t−x)α

1−α dt, x < b,

and the associated integral operator is

(
CF Iαb ψ

)
(x) =

1− α
B(α)

ψ(x) +
α

B(α)

b∫
x

ψ(t)dt

where B(α) > 0 is a normalization function satisfying B(0) = B(1) = 1.

3 Main results

This section contains two subsections. First one includes some new integral inequal-
ities obtained for the functions whose nth derivatives are s-convex functions in the
fourth sense via the Caputo fractional derivative. Second one displays the results
obtained by means of Caputo-Fabrizio integral operator, which covers a generaliza-
tion of Hermite-Hadamard type inequalities for the s-convex functions of fourth sense
and the products of them. Also, in this subsection, owing to some integral identities,
new inequalities involving Caputo-Fabrizio operators are presented for the functions
whose second derivatives are s-convex functions.
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3.1 Some new integral inequalities with the Caputo frac-
tional derivative

In this subsection, some inequalities are obtained for the functions whose nth order
derivative is s-convex function in the fourth sense via the Caputo fractional derivative.
The first theorem sets an inequality associated with the all values of an interval over
which function is integrated.

Theorem 3.1. Let ψ : [a, b] ⊂ [0,∞)→ R be n-times differentiable function where n
is a positive integer. If ψ(n) is s-convex function in the fourth sense, then for α, β > 1
with n > max {α, β} , the following inequality for Caputo fractional derivatives holds

Γ (n− α+ 1)
(
CDα−1

a+
ψ
)

(x) + Γ (n− β + 1)
(
CDβ−1

b−
ψ
)

(x)

≤
s
[
(x− a)n−α+1ψ(n)(a) + (−1)n (b− x)n−β+1 ψ(n)(b)

]
1 + s

+ ψ(n)(x)
s
[
(x− a)n−α+1 + (−1)n (b− x)n−β+1

]
1 + s

.

for x ∈ [a, b].

Proof. For t ∈ [a, x], x ∈ [a, b] , n ∈ N+and n > α the following inequality holds

(x− t)n−α ≤ (x− a)n−α . (1)

Since ψ(n) ∈ K4
s , we have

ψ(n)(t) ≤
(
x− t
x− a

) 1
s

ψ(n)(a) +

(
t− a
x− a

) 1
s

ψ(n)(x). (2)

Multiplying (1) and (2), then integrating with respect to t over [a, x] we get

x∫
a

(x−t)n−αψ(n)(t)dt ≤ (x− a)n−α−
1
s

ψ(n)(a)

x∫
a

(x− t)
1
s dt+ ψ(n)(x)

x∫
a

(t− a)
1
s dt

 .
We can write the same inequality as follows,

x∫
a

ψ(n)(t)

(x− t)α−n dt ≤
s

1 + s
(x− a)

n−α+1
[
ψ(n)(a) + ψ(n)(x)

]
.

From here, the following inequality is obtained for Caputo fractional derivative;

Γ (n− α+ 1)
(
CDα−1

a+
ψ
)

(x) ≤ s

1 + s
(x− a)n−α+1

[
ψ(n)(a) + ψ(n)(x)

]
. (3)

Now, we consider t ∈ [x, b] and n > β the following inequality holds

(t− x)n−β ≤ (b− x)n−β . (4)
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Since ψ(n) ∈ K4
s , then we have

ψ(n)(t) ≤
(
t− x
b− x

) 1
s

ψ(n)(b) +

(
b− t
b− x

) 1
s

ψ(n)(x). (5)

Multiplying inequalities (4) and (5), then integrating with respect to t over [x, b] we
have

b∫
x

(t−x)n−βψ(n)(t)dt ≤ (b− x)n−β−
1
s

ψ(n)(b)

b∫
x

(t− x)
1
s dt+ ψ(n)(x)

b∫
x

(b− t)
1
s dt

 .
We can write the same inequality as follows;

b∫
x

ψ(n)(t)

(t− x)β−n
dt ≤ s

1 + s
(b− x)n−β−

1
s

[
ψ(n)(b)(b− x)

1
s
+1 + ψ(n)(x) (b− x)

1
s
+1 dt

]
.

Multiplying both sides of the inequality above with (−1)n by taking into account the
oddness and evenness of n, we have

b∫
x

(−1)n
ψ(n)(t)

(t− x)β−n
dt ≤ (−1)n

s

1 + s
(b− x)n−β−

1
s

[
ψ(n)(b)(b− x)

1
s
+1 + ψ(n)(x) (b− x)

1
s
+1 dt

]
.

From here, the following inequality is obtained for Caputo fractional derivative;

Γ (n− β + 1)
(
CDβ−1

b−
ψ
)

(x) ≤ (−1)n
s

1 + s
(b− x)n−β+1

[
ψ(n)(b) + ψ(n)(x)

]
. (6)

Adding to (3) and (6) side by side, we have the desired inequality. �

Corollary 3.2. If we take α = β in Theorem 3.1, then we have the following frac-
tional derivative inequality

Γ (n− α+ 1)
[(

CDα−1
a+

ψ
)

(x) +
(
CDα−1

b− ψ
)

(x)
]

≤
s
[
(x− a)n−α+1ψ(n)(a) + (−1)n (b− x)n−α+1 ψ(n)(b)

]
1 + s

+ ψ(n)(x)
s
[
(x− a)n−α+1 + (−1)n (b− x)n−α+1]

1 + s
.

Corollary 3.3. If we take α = β, s = 1 in Theorem 3.1, then we have the following
fractional derivative inequality given in [17]

Γ (n− α+ 1)
[(

CDα−1
a+

ψ
)

(x) +
(
CDα−1

b− ψ
)

(x)
]

≤ (x− a)n−α+1ψ(n)(a) + (−1)n (b− x)n−α+1 ψ(n)(b)

2

+ ψ(n)(x)
(x− a)n−α+1 + (−1)n (b− x)n−α+1

2
.
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Remark 3.4. When n is even number in Corollary 3.3, the inequality in Corollary
2.1 in [17] is obtained.

The following theorem sets an inequality involving Caputo fractional derivative,
which is stated for only the end points of the interval over which function is integrated.

Theorem 3.5. Let ψ : [a, b] ⊆ R→ R be a n-times differentiable function where n is
a positive integer. If ψ(n) is s-convex function in the fourth sense and integrable on
[a, b], then the following inequality for Caputo fractional derivatives holds

2
1
s

n− αψ
(n)(

a+ b

2
) ≤ Γ(n− α)

(b− a)n−α

[(
CDα

a+ψ
)

(b) + (−1)n
(
CDα

b−ψ
)

(a)
]

≤
(
ψ(n)(a) + ψ(n)(b)

)[ s

ns− αs+ 1
+

Γ(1 + 1
s
)Γ(n− α)

Γ
(
n− α+ 1

s
+ 1
)]

or

2
1
s

n− αψ
(n)(

a+ b

2
) ≤ Γ(n− α)

(b− a)n−α

[(
CDα

a+ψ
)

(b) + (−1)n
(
CDα

b−ψ
)

(a)
]

≤
(
ψ(n)(a) + ψ(n)(b)

)[ s

ns− αs+ 1
+B

(
1 +

1

s
, n− α

Proof. Since ψ(n) ∈ K4
s , for x, y ∈ [a, b] we have

ψ(n)(
x+ y

2
) ≤ ψ(n)(x) + ψ(n)(y)

2
1
s

. (7)

Let x = ta+ (1− t)b, y = (1− t)a+ tb for t ∈ [0, 1]. Then the inequality (7) gives

2
1
sψ(n)(

a+ b

2
) ≤ ψ(n)(ta+ (1− t)b) + ψ(n)((1− t)a+ tb). (8)

Multiplying both sides of the inequality (8) by tn−α−1, then integrating with respect
to t over [0, 1] we get

2
1
sψ(n)(

a+ b

2
)

1∫
0

tn−α−1dt

≤
1∫

0

tn−α−1ψ(n)(ta+ (1− t)b)dt+

1∫
0

tn−α−1ψ(n)((1− t)a+ tb)dt.

Thus, we have the following inequalities;

2
1
s

n− αψ
(n)(

a+ b

2
) ≤ Γ(n− α)

(b− a)n−α

[(
CDα

a+ψ
)

(b) + (−1)n
(
CDα

b−ψ
)

(a)
]
. (9)

On the other hand, the convexity of ψ(n) gives

ψ(n)(ta+ (1− t)b) +ψ(n)((1− t)a+ tb) ≤
(
t
1
s + (1− t)

1
s

)(
ψ(n)(a) + ψ(n)(b)

)
. (10)
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Multiplying both sides of inequality (10) by tn−α−1, then integrating with respect to
t over [0, 1] we get

1∫
0

tn−α−1ψ(n)(ta+ (1− t)b)dt+

1∫
0

tn−α−1ψ(n)((1− t)a+ tb)dt

≤
1∫

0

tn−α−1
(
t
1
s + (1− t)

1
s

)(
ψ(n)(a) + ψ(n)(b)

)
dt,

so one can have

Γ(n− α)

(b− a)n−α

[(
CDα

a+ψ
)

(b) + (−1)n
(
CDα

b−ψ
)

(a)
]

≤
(
ψ(n)(a) + ψ(n)(b)

)[ s

ns− αs+ 1
+

Γ(1 + 1
s
)Γ(n− α)

Γ
(
n− α+ 1

s
+ 1
)] .
(11)

Inequalities (9) and (11) give required inequality. �

3.2 Various inequalities involving the Hermite-Hadamard
type inequalities via Caputo-Fabrizio integral opera-
tor

In this subsection, Hermite-Hadamard type inequalities for s-convex functions of the
fourth sense and their products are obtained in terms of Caputo-Fabrizio integral
operators. Also some inequalities are stated via integral identities involving Caputo-
Fabrizio integral operators are given for the functions whose second derivatives are
s-convex functions.

In the following theorem, the Hermite-Hadamard type inequalities and related
inequalities are obtained for the s-convex functions in the fourth sense by means of
Caputo-Fabrizio type integral operators.

Theorem 3.6. Let ψ : [a, b] ⊆ R → R be s-convex function in the fourth sense and
integrable on [a, b]. The following double inequality holds for α ∈ [0, 1],

2
1
s
−1ψ

(
a+ b

2

)
≤ B(α)

α(b− a)

[(
CF
a Iαψ

)
(x) +

(
CF Iαb ψ

)
(x)− 2 (1− α)

B(α)
ψ(x)

]
≤ s (ψ(a) + ψ(b))

s+ 1

where x ∈ [a, b], B(α) > 0 is normalization function.

Proof. From Theorem 2.2, we have

2
1
s
−1ψ

(
a+ b

2

)
≤ 1

b− a

b∫
a

ψ(t)dt ≤ s (ψ(a) + ψ(b))

s+ 1
. (12)
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By multiplying both sides of (12) with α(b−a)
B(α)

, we get

α(b− a)

B(α)
2

1
s
−1ψ

(
a+ b

2

)
≤ α

B(α)

b∫
a

ψ(t)dt ≤ α(b− a)

B(α)

s (ψ(a) + ψ(b))

s+ 1
,

and adding 2(1−α)
B(α)

ψ(x), we get

α(b− a)

B(α)
2

1
s
−1ψ

(
a+ b

2

)
+

2(1− α)

B(α)
ψ(x) ≤ α

B(α)

b∫
a

ψ(t)dt+
2(1− α)

B(α)
ψ(x)

≤ α(b− a)

B(α)

s (ψ(a) + ψ(b))

s+ 1
+

2(1− α)

B(α)
ψ(x).

(13)

Considering the left side of inequality (13), we have

α(b− a)

B(α)
2

1
s
−1ψ

(
a+ b

2

)
+

2(1− α)

B(α)
ψ(x) ≤ α

B(α)

x∫
a

ψ(t)dt+
(1− α)

B(α)
ψ(x)

+
α

B(α)

b∫
x

ψ(t)dt+
(1− α)

B(α)
ψ(x)

=
(
CF
a Iαψ

)
(x) +

(
CF Iαb ψ

)
(x). (14)

Considering the right side of inequality (13), we have

α(b− a)

B(α)

s (ψ(a) + ψ(b))

s+ 1
+

2(1− α)

B(α)
ψ(x) ≥ α

B(α)

x∫
a

ψ(t)dt+
(1− α)

B(α)
ψ(x)

+
α

B(α)

b∫
x

ψ(t)dt+
(1− α)

B(α)
ψ(x)

=
(
CF
a Iαψ

)
(x) +

(
CF Iαb ψ

)
(x). (15)

If 2(1−α)
B(α)

ψ(x) is subtracted from both sides of the inequalities (14) and (15), divided

by both sides by α(b−a)
B(α)

, and the two inequalities are combined, then the proof is
complete. �

In the following theorems, using integral operators of Caputo-Fabrizio type, we
obtain the Hermite-Hadamard type inequalities for the product of s-convex functions
in the fourth sense.

Theorem 3.7. Let ψ : [a, b] ⊆ R → R− be s1-convex function in the fourth sense
and φ : [a, b] ⊆ R → R− be s2-convex function in the fourth sense. If ψφ integrable
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on [a, b], then the following inequality holds for α ∈ [0, 1], x ∈ [a, b],

B(α)

α(b− a)

[(
CF
a Iαψφ

)
(x) +

(
CF Iαb ψφ

)
(x)− 2(1− α)

B(α)
ψ(x)φ(x)

]
≥ s1s2
s1 + s1s2 + s2

M(a, b) + β(1 +
1

s1
, 1 +

1

s2
)N(a, b)

where B(α) > 0 is a normalization function and

M(a, b) = ψ(a)φ(a) + ψ(b)φ(b), N(a, b) = ψ(a)φ(b) + ψ(b)φ(a).

Proof. Since ψ ∈ K4
s1 , and φ ∈ K4

s2 , we have following inequalities

ψ(λa+ (1− λ)b) ≤ λ
1
s1 ψ(a) + (1− λ)

1
s1 ψ(b),

and
φ(λa+ (1− λ)b) ≤ λ

1
s2 φ(a) + (1− λ)

1
s2 φ(b).

We know that ψ and φ are negative functions since these are s-convex functions in
the fourth sense. If we multiply these inequalities side by side and integrate with λ
over [0, 1], we have

1∫
0

ψ(λa+ (1− λ)b)φ(λa+ (1− λ)b)dλ

≥
1∫

0

[
λ

1
s1 ψ(a) + (1− λ)

1
s1 ψ(b)

] [
λ

1
s2 φ(a) + (1− λ)

1
s2 φ(b)

]
dλ

=
s1s2

s1 + s1s2 + s2
M(a, b) + β(1 +

1

s1
, 1 +

1

s2
)N(a, b).

If we substitute variables t = λa+(1−λ)b, this inequality gives the following inequal-
ity;

1

b− a

b∫
a

ψ(t)φ(t)dt ≥ s1s2
s1 + s1s2 + s2

M(a, b) + β(1 +
1

s1
, 1 +

1

s2
)N(a, b). (16)

By multiplying both sides of (16) with α(b−a)
B(α)

and adding 2(1−α)
B(α)

ψ(x)φ(x), we have

α(b− a)

B(α)

[
s1s2

s1 + s1s2 + s2
M(a, b) + β(1 +

1

s1
, 1 +

1

s2
)N(a, b)

]
+

2(1− α)

B(α)
ψ(x)φ(x)

≤ α

B(α)

 x∫
a

ψ(t)φ(t)dt+

b∫
x

ψ(t)φ(t)dt

+
2(1− α)

B(α)
ψ(x)φ(x)

=
α

B(α)

x∫
a

ψ(t)φ(t)dt+
(1− α)

B(α)
ψ(x)φ(x) +

α

B(α)

b∫
x

ψ(t)φ(t)dt+
(1− α)

B(α)
ψ(x)φ(x)

=
(
CF
a Iαψφ

)
(x) +

(
CF Iαb ψφ

)
(x).
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If 2(1−α)
B(α)

ψ(x) is subtracted from both sides of this inequality and divided by α(b−a)
B(α)

,
the desired inequality is achieved. �

Corollary 3.8. If we take s1 = s2 = 1, then inequality in Theorem 3.5 is reduced to
the following inequality

B(α)

α(b− a)

[(
CF
a Iαψφ

)
(x) +

(
CF Iαb ψφ

)
(x)− 2(1− α)

B(α)
ψ(x)φ(x)

]
≥ 1

3
M(a, b) +

1

6
N(a, b).

Theorem 3.9. Let ψ : [a, b] ⊆ R → R− be s1-convex function in the fourth sense
and φ : [a, b] ⊆ R → R− be s2-convex function in the fourth sense. If ψφ integrable
on [a, b], then the following inequality holds for α ∈ [0, 1], x ∈ [a, b]

B(α)

α(b− a)

[(
CF
a Iαψφ

)
(x) +

(
CF Iαb ψφ

)
(x)− 2(1− α)

B(α)
ψ(x)φ(x)

]
≤ 8ψ

(
a+ b

2

)
φ

(
a+ b

2

)
− 1

6
N(a, b)− 1

3
M(a, b)

where B(α) > 0 is a normalization function and M(a, b) and N(a, b) are denoted as
in Theorem 3.7.

Proof. In [37], from Corollary 2 we have the following inequality

1

b− a

b∫
a

ψ(t)φ(t)dt ≤ 8ψ

(
a+ b

2

)
φ

(
a+ b

2

)
− 1

3
N(a, b)− 1

6
M(a, b). (17)

By multiplying both sides of (17) with α(b−a)
B(α)

and adding 2(1−α)
B(α)

ψ(x)φ(x), we have

α(b− a)

B(α)

x∫
a

ψ(x)φ(x)dx+
(1− α)

B(α)
ψ(x)φ(x) +

α(b− a)

B(α)

b∫
x

ψ(x)φ(x)dx+
(1− α)

B(α)
ψ(x)φ(x)

≤ α(b− a)

B(α)

[
8ψ

(
a+ b

2

)
φ

(
a+ b

2

)
− 1

3
N(a, b)− 1

6
M(a, b)

]
+

2(1− α)

B(α)
ψ(x)φ(x).

�
In the following result, a generalization of Corollary 8 in [37] is presented via

Caputo-Fabrizio integral operators.

Corollary 3.10. Using Theorem 3.9 and Corollary 3.8, we have the following double
inequality

1

3
M(a, b) +

1

6
N(a, b) ≤ B(α)

α(b− a)

[(
CF
a Iαψφ

)
(x) +

(
CF Iαb ψφ

)
(x)− 2(1− α)

B(α)
ψ(x)φ(x)

]
≤ 8ψ

(
a+ b

2

)
φ

(
a+ b

2

)
− 1

6
N(a, b)− 1

3
M(a, b).
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Using the following lemma, we can obtain an inequality via the Caputo-Fabrizio
integral operators for the functions whose second derivative is s-convex function in
the fourth sense.

Lemma 3.11. [16] Let ψ : [a, b] ⊆ R→ R be twice differentiable function on (a, b).
If ψ′′ ∈ L1[a, b] and α ∈ [0, 1], the following equality holds

ψ(a) + ψ(b)

2
− B(α)

α(b− a)

[(
CF
a Iαψ

)
(x) +

(
CF Iαb ψ

)
(x)
]

+
2 (1− α)

α(b− a)
ψ(x)

=
(b− a)2

2

1∫
0

λ(1− λ)ψ′′(λa+ (1− λ)b)dλ

where x ∈ [a, b] and B(α) > 0 is a normalization function.

Theorem 3.12. Let ψ : [a, b] ⊆ R → R− be twice differentiable on (a, b) and ψ′′ be
s-convex function in the fourth sense. The following inequality holds

ψ(a) + ψ(b)

2
− B(α)

α(b− a)

[(
CF
a Iαψ

)
(x) +

(
CF Iαb ψ

)
(x)
]

+
2 (1− α)

α(b− a)
ψ(x)

≤ (s (b− a))2

(1 + 2s) (1 + 3s)

ψ′′(b) + ψ′′(a)

2

where x ∈ [a, b] and α ∈ [0, 1], B(α) > 0 is a normalization function.

Proof. From Lemma 3.11 and convexity of ψ′′, we have

ψ(a) + ψ(b)

2
− B(α)

α(b− a)

[(
CF
a Iαψ

)
(x) +

(
CF Iαb ψ

)
(x)
]

+
2 (1− α)

α(b− a)
ψ(x)

≤ (b− a)2

2

1∫
0

λ(1− λ)
[
λ

1
sψ′′(a) + (1− λ)

1
sψ′′(b)

]
dλ

=
(b− a)2

2

1∫
0

[(
λ

1
s
+1 − λ

1
s
+2
)
ψ′′(a) + λ(1− λ)

1
s
+1ψ′′(b)

]
dλ

=
(b− a)2

2

s2

(1 + 2s) (1 + 3s)

[
ψ′′(a) + ψ′′(b)

]
.

�

Corollary 3.13. If we choose s = 1 in Theorem 3.12, then the following inequality
is obtained

ψ(a) + ψ(b)

2
− B(α)

α(b− a)

[(
CF
a Iαψ

)
(x) +

(
CF Iαb ψ

)
(x)
]

+
2 (1− α)

α(b− a)
ψ(x)

≤ (b− a)2
ψ′′(b) + ψ′′(a)

48
.
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4 Applications

We consider the applications of some of the results to the special means. Let us recall
the following means for positive real numbers a, b.

Let a, b, p be positive number with a 6= b and p ∈ Z/ {−1, 0},

A(a, b) =
a+ b

2
,

Mp(a, b) =

(
ap + bp

2

) 1
p

,

Lp(a, b) =

{
a , if a = b(

ap+1−bp+1

(p+1)(a−b)

)1/p
, else

are called Arithmetic mean, Power mean and Stolarsky mean (Generalized logarithmic
mean) respectively.

Proposition 4.1. Let a, b ∈ R+ with a < b. The inequality holds

21−sA(a, b) ≥ L 1+s
s

(a, b) ≥
(

2s

s+ 1

)s
M 1

s
(a, b)

for all s ∈ (0, 1] .

Proof. The assertion follows from Theorem 3.6 applied to the s-convex function in

the fourth sense ψ(x) = −x
1
s , x ∈ [a, b] and α = 1, B(α) = 1,

(a+ b)
1
s

2
≥
s
(
b

1
s
+1 − a

1
s
+1
)

(b− a) (s+ 1)
≥ s

s+ 1

(
a

1
s + b

1
s

)
. (18)

If s-th power of each side is taken in this inequality, then we get

a+ b

2s
≥

[
b

1
s
+1 − a

1
s
+1(

1
s

+ 1
)

(b− a)

]s
≥
(

s

s+ 1

)s (
a

1
s + b

1
s

)s
.

We can write this inequality as follows

21−s a+ b

2
≥

[
b

1
s
+1 − a

1
s
+1(

1
s

+ 1
)

(b− a)

]s
≥
(

2s

s+ 1

)s(
a

1
s + b

1
s

2

)s
.

From this inequality, we get

21−sA(a, b) ≥ S 1+s
s

(a, b) ≥
(

2s

s+ 1

)s
M 1

s
(a, b).

�
Using the results, one can obtain some inequalities relevant to special function

expressed by integral. To illustrate, we present one of them.
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Proposition 4.2. Let x ≥ 3. Then

x

x− 1
≤ Ψ(x) + γ ≤ 2x−1 − 1

2

where Ψ(x) is digamma function, i.e.

Ψ(x) =
Γ′(x)

Γ(x)
for x > 0

and γ is Euler-Mascheroni constant i.e. γ ≈ 0.5772156649...

Proof. Let us suppose a, b as the same in Proposition 4.1, write t = a
b

and simplify
the expression in (18). Then we have

(1 + t)
1
s

2
≥ s

s+ 1

1− t
1
s
+1

1− t ≥ s

s+ 1

(
1 + t

1
s

)
.

Integrating the inequality with respect to t on [0, 1] and simplifying the expression,
we have

2
1
s − 2−1 ≥

1∫
0

1− t
1
s
+1

1− t dt ≥ 2s+ 1

s+ 1

By making use of the following integral representation of digamma function given
in [34],

Ψ(r) =

1∫
0

1− tr−1

1− t dt− γ

where r > 0, it is obtained that

2
1
s − 2−1 ≥ Ψ(2 +

1

s
) + γ ≥ 2s+ 1

s+ 1
.

The substitution x = 2 + 1
s

above yields to

2x−1 − 1

2
≥ Ψ(x) + γ ≥ x

x− 1

for x ≥ 3. �

5 Conclusion

The restatement of certain integral inequalities for the certain function classes via
Caputo fractional derivative and Caputo-Fabrizio operators is one of the common
topics in fractal calculus. In this paper, Hermite-Hadamard type and related inequal-
ities via Caputo fractional derivative and Caputo-Fabrizio operators are studied for
s-convex functions in the fourth sense on the real interval. Some Hermite-Hadamard
type inequalities by means of Caputo fractional derivatives for the functions whose nth
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derivative is s-convex in the fourth sense are obtained. Also some integral inequalities
via Caputo-Fabrizio operators for the functions whose second derivatives and them-
selves are the s-convex functions in the fourth sense are given. By using the results,
some inequalities involving means and special functions such as digamma function are
obtained as applications. In future works, if the generalization of s-convex functions
in the fourth sense on fractal sets likewise in the second sense can be achieved, some
connections between fractals and Caputo fractional may be accessed via the obtained
inequalities in this paper.
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