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Abstract. In this paper, we prove some integral inequalities, where the
right hand side of some inequalities involve the Laplace transformation.
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1. Introduction

Through this section we introduce some known statements. In fact, G.H. Hardy
proved the following known Theorems:

Theorem 1.1. ([1]). Let f be nonnegative integrable function. Define

F(a) = /0 Cpdr,

/0°°<F:(Ux))pdx< (&)p/ooofp(w)dw, (p>1).
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Theorem 1.2. ([1]). Ifp > 1, l+é:1,f;(}, >0,0 < [ fP(z)de <
0, U'<f0 g4(x)dx < oo, then

@)sy) / P( l/xd.__L
/0 ]0 T +y d.rd qzn fP(x)dz)» ( s gl(z)dz)q,

where the constant factor is the best possible. Its equivalent form is

[ ([ 55w a<lmg] [ roee

Inequality in above mentioned theorem is called Hardy-Hilbert's inte-

gral inequality, which is important in analysis and its applications(cf.
Mitrinovic et al.[5]). Recently, various extensions on above mentioned
inequality have appeared ([2,3,4,6,7]).

Theorem 1.3. ([1]). Ifp > 1, é -+ % =1, k(z) > 0 and

k@ 1as = o(s),

then

[ [Kani@awitsdy < o(2)( [ a2 @az)* ( [ way)*
J ([ answay)'a <o (3 / o2 fP(a)da),
[e=2( [ Manswa)ar <o (2)( [ ).

In this study, by the following theorem known as generalized Minkowski's
inequality we obtain some integral inequalities.

Theorem 1.4. ([1]). If k > 1, then

/jfa,,e d?}dt ‘ //fqudx} dy,

f(z,y) = o(x)v(y).
In this work, by applying the generalized Minkowski’s inequality we pr-

unless

ove some inequalities involving Laplace transformation.
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2. Main Results

At first, note that x|z, 00)(t) = x[0,t](z) when ever ¢t and z are nonneg-
ative variables and z is the characteristic function.

Theorem 2.1. Let f be a nonnegative integrable function which its Laplace
transformation exists and p > 1. Define

Flz) = /0 “r) at.

Then

[T DY < L ([Treran) ([ rwa),

where Ly is the Laplace transformation of f.

Proof.

/ow(Fix))pd‘” - /Ooo( /Owixm,x](wf(t) t)" da

/ooo /Oooﬁxfo,x] () fP(¢) dac] z dt)p

/000 / s @ da] (1))’

— ([ EDivera)”

p—1
Applying the Holder’s inequality, one may obtain

/0‘”(@)%“ pil( /wagﬂ )" /0 “rwar).
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/00‘3@ dt = ./ofo(S) ds,
O

the assertion is proved.

Now, since

Theorem 2.2. Let f be a nonnegative integrable function and p>1.
Define

F(z) = fwf(t) dt.

Then
/OxFri(w)d;s < (/Oootf(t) dt)(/oxf(t)dt)pul.

Proof.

Ame(x)dar = Lm(ﬁmX[x,+m)(t)f(t) dt)pdx

Lemma 2.3. Suppose that p > 1, r > %1 and t > 0. Then

o0 (1 _ )PP
/ i Kol de=t1"PB8(p—1,rp—p+1).
.

P
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Proof. By putting & — ¢t = u, one may obtain

0 (p — )PP oo —p
/ (Li)dm:/ s S
t x'P 0o [B+5)E

Finally, suppose that i = v.Then

>~ uP 1-p > p—2 —rp
e du =1 P14 v) P dv
6 (L+e) 0

=t PR(p—1,rp—p+1). O

Theorem 2.4. Suppose p > 1, 15 +

1_q .~ p=d
7 1,r>pand

o) = g [ =00
Then
/{j.oo(%)pd:c % (F(i))pﬁ(?'p-pﬁ—l,p—l)(/DmLf(s)ds)P‘I(/Oxf(t) dt),

Proof. First of all we have

/0"“(%);»@ - (r(::-))p /:G(/Gmxloywi(t)(m_mi?‘_lf(t)dt)pdm.

Now, applying Theorem 1.4, one obtains

/ow(fﬁ))% - (r(i«))p(/: Uomx“m’('”)% ]’ sy ar)

- 1 sy

1 _ oo
= mﬁ(?'p-p+1,p— 1)(/0 t

= @t [T af

1

v f(tyat)”
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< mﬁ(rp—PJr Lig— 1)(LOOLJ;(5)43)”_1( Uxf(t)dt). |

Theorem 2.5. Suppose p > 1, é - % =1, > %1 and

@) =505 [x}(" — )" f(t) dt.

Then

[ e < g ([Casorrra)( [ gopea)™

Proof. By using assumption and Holder’s inequality we have

[ wr@rde = [T [ xpsmtie-ar e a) s

_ F(?‘)(?'pl—p+ 5 (/Omt"””%f(t)dt)p

— 1 s r—1+1 1-r41 \P
S I()(rp-p+ 1)(,/(, (EF) o (F) " at)

:—F(T')(i“pl-»p-}—l](fﬂx{tf(”)rp_pﬂdf')(]Gx(f(t))q_rq-l—ldi)}]ul. 0

Remark 2.6. By putting r = 1 in Theorems 2.4 and 2.5 respectively,
we obtain Theorems 2.1 and 2.2.

Theorem 2.7. Suppose that p > 1, Ilj + }I = 1, and f is nonnegative
integrable function which its Laplace transformation exists. Define

F(z) = n' £(t) dt.
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Then

1
¥

’(/ﬂwa(s)ds)‘l’,

,/[,M(FS))P dz < %(./:OLF(.S)ds)

where Ly is the Laplace transformation of f.

1 S i
o / e-—-.Ef, dt.
% 0

50

/uoc(Ff))de: j:’[(l“’e_ﬂ dt)(ADCX[U,x]f(S)dS)]pdm

- /Gm( / / X021 (5)f(5) dv) de
// / & P oo (2 FP(8) dx} dv
U, b T wa)
U [T rosaf ([ [
pp(/ )’ (/UmLf(f)dt)'_f

1 1

:#(-/{;DOLF(S)J.S);(/O Ly(s)ds)". O

Theorem 2.8. Suppose that p > 1, k(x,y) is nonnegative and homoge-
neous of degree -1 and

Proof. Note that

1

C= {/Dmkp(l,t)dt};.

Also assume that all of the following integrals converge. Then
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/; A () f d’rdJ<C m@diﬂ)%(/Omf(x)dm)’_l’”g”q?
‘ /(/() cor [y [ o)

/ fu (2, ) f(2)g(y)dady < c(/ gijy) dy)%(fuwg(y)dy)%’ufﬂp.

Moreover, If f and g have Laplace transformation, then

) [ ke ey <o | “Lyts)s)" / " f@)dz) ol
) / (fm (z, i)f(z)dr) dy < CP(/UmLf(s)ds)p“l( Uwf(:r)d;r)
i) [ [ ke sy < o [ reas) ([ awar) 1,

(¢) Inequalities (a) and (i) are equivalent to (a') and (i'), respectively.

Proof. (a).

[ s < (o) ([t
< ( fo{ /Umk”@ y)f”(x)dy}‘%dm)||g”q_

By taking y = tx, one may obtain

/Dm{/Oxkp(w,y).f”(w)dy}%da:: (/Oxk”(l,t)dt)’l’(/(;m.z;i—;ef(x)dx)

- C(f(f(a:))i(ﬂﬁdx)
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p
x)kP (z ydy :1:)

/j(/ﬂ Kz, y)f dy<(/0{
:(/U {/ o kpzrf:r.rdf}ld.r)
c(fu ()

(/0 f(x) _p— /f i)
/j@dm - fomLf(s)ds,

if f and g have Laplace transformation, then inequalities (i), (i) and
(ii) are obtained.

(c).

[7([ Hestore) s | ([ Havsew)” ([ Ko o)
= [ s fo " ke y)f(@)da) dy
/ f e al ay
<o( [T ff )iz) gl

o) = ([ ke s@ar)"

P

Il

)

cr

By the identity

where
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Note that

lglly = ( ]D ( /ﬂ " k(a.y) f(sc)da,-)”dy)%.

On the other hand

/ﬁm/()mk(xy)f(.:,)q(y)da,dy = /Om(/oxk('ru)f(i))g(y)da‘dy

1

< (fc(/:ck(m.y)f(m)dﬂf)pdy)FI
< (cp( [ ) ([ “f(w)d:c));nyuq
—o( [ Dar) ([ sterta) 1ol ©

Corollary 2.9. Suppose that p > 1, %4—% =1, and f, g are nonnegative

integrable functions which have Laplace transformation. Then

) /:G( Dm%dw)pdy < p%l(fox,cf(s) ds)p_l(/uxf(t)dt),

(i) /:3 (/Uw%dx)pdy < qP(AOQLf(s)ds)p_l( {}Oof(t) dt).

One may generalize Theorem 2.8 as follows:

9||q

Theorem 2.10. Suppose that p > 1, A > 0, k(z,y) is nonnegative and
homogeneous of degree —A and

oo 1
& Ky= {/ (@-DO-D(1, )t}

0

Also assume that all the following integrals converge. Then

‘[ny(p_m-)‘_”(/nxk(at, y)f(;r)da:)de < CP(p, /\)(/Dw@d:r)p_l (/ﬂwml_’\f(a‘:)daz).
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Proof.

]:S"U}“lmul}(./ﬂook(l‘-.y)f(r)d;n)pdy< (f:?{ﬁoc-y{pd)(z\-l)kp(_r?y)fp(m)dy}ﬁdm)p

TRV O TR (MR L AL
= (f[; f{.i){[] (tz) P Y- gp (g, I‘..r).t,a'.t} d.t-)
= Cp(p,A)(me%E f(z,)d::c)p
oo [ () e

< C¥(p, /\)(f:@dar);jul(]:I]_'\f{ﬂ‘)da:)‘ O

Remark 2.11. By taking A = 1 and

-1
1 0L <y
b ={ b e
Yy
in the above mentioned theorem one may obtain Theorem 2.1.

Theorem 2.12. Suppose that p > 1, A > 0, k(x,y) is nonnegative and
homogeneous of degree —\ and

1

C= {/Oookp(l,t)dt}’_’.

Then
/Owﬂmk(;c,y)f(:r)g(y)dxdy < C(f:G@dI)%(/{;mmp(l—,\)f(j:)dx):%qu”q_
Proof.

/ﬁ : /0 k() f)g(w)drdy < ( /0 R /0 ke f()d) dy)%( /0 ")y’
<([{ [ eanrwa) )l
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By taking y = tx, one may obtain

/Ox{/Gmkp(x,y)fv(m)dy}ﬁdm:(fomkp(u)dt)?'*(/me'—}"—’f(x)dm)
o[ ) (2

< C(/Omgdm)é([Jm:rp(l““f(i:)dm)ﬁ. [

Theorem 2.13. Suppose p > 1, l + % =1, k(z) >0, and

C:(l/g' kP (z )d:{) .

Also assume that all of the following integrals converge. Then

L fn (2y) f(x)g(y)dzdy < C / = )i(/nwf(x)d:r)énguq.
@) A (/ " bay) fa)da) dy < €7 ( U =10 ) ( /D“’ faas)"

Moreover, If f and g have Laplace transformation, then

) [ ke s@atuasay < o [ “Lyes)” ( / * f@)dz) gl
i) /{] (A k(zy) f(z )d:x) dy<CP(]UmLf(s)ds)(/Dmf(w)da-;)w.

(b) Inequalities (a) and (i) are equivalent to (a') and (i'), respectively.

Proof. (a).

1

/ f (zy)f(@)g(y)dzdy < (/Uw{fomk(my)f(x)dm}pdy)‘l‘(/:gq(y)d_y)a
= (/Gw{./omkp(wy)f"(' )d; }%da:)ug“q
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By taking y = % one may obtain

1 (a0}

/ODO{/Oockr’(:ry)f?’(x)dy}?l’dm: (/Oxk?’(t)dt)ﬁ(fo x“%f(g;)dx)

By the identity

Am[%dar = ./OOGLf(s)ds,

if f and g have Laplace transformation, then inequalities (i) and (i) are
obtained.

(b).
[T v s@as)as= [~( [ s seras)™ ([ s soras)ay
= [t / " Kay) @)z dy
/ / (@3 f(2)g(y) dedy
()

@, f it
) (] f@dz) gl

(o 4]

=
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= (./Oook(xy)f(a:)da:)pnl.
lglly = ([o (/ﬂmk(xy)f(x)dm)f’dy)%_

On the other hand
oo
/.
( 0

L /{; k(zy) f(x yd-rdy—/;m( k(
(]m §
f

where

Note that

xy) (@) ) g(y)dady
<([T([ eniw)a) ol

< (cp( [ E2a)( [ mf(m)dx)”_')%ngllq
= o[9[ swae) ol ©

Remark. 2.14. In special case, by taking k(z) = e, in the above

mentioned theorem, one may obtain the following inequalities:
% L g [R5y e [ :

a Li(y)g(y)dy < —( —d;::) (j f(x d;r:) 9llq-

) [ eiweway < ([ [~ 1@ydz) gl

a') /OwLi}(y)dy < %(fuwf_(:)dx)(/Oxf(x)dw);’“l.

Moreover, if f and g have Laplace transformation, then

) [T eswatwar <o ( [T es)? ([ ) ol
) /Um Ih(y)dy < ;(AmLf(.s)d.s)( Doof(z:)d:r)p_l.
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