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Abstract. Since various problems in science and engineering fields
can be modeled by nonlinear Volterra-Fredholm integral equations, the
main focus of this study is to present an effective numerical method for
solving them. This method is based on the hybrid functions of Legen-
dre polynomials and block-pulse functions. By using this approach, a
nonlinear Volterra-Fredholm integral equation reduces to a nonlinear
system of mere algebraic equations. The convergence analysis and as-
sociated theorems are also considered. Test problems are provided to
illustrate its accuracy and computational efficiency.
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1. Introduction

Many problems in science and engineering field such as heat transfer, dif-
fusion process, neurosciences, etc. give rise to Volterra-Fredholm integral
equations (VFIE). Usually, evaluating the exact solution of these equa-
tions may be difficult. So the numerical methods have a great appeal for
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mathematicians [1].
The aim of this work is to present a numerical method for approximating
the solution of nonlinear integral equations of the form

f(s) = g(s) +
∫ s

0

k1(s, t)G1(t, f(t))dt+
∫ 1

0

k2(s, t)G2(t, f(t))dt, 0 6 s 6 1,

(1)
where f(s) is an unknown function defined on [0, 1], and g(s), k1(s, t),
k2(s, t), G1(t, f(t)), and G2(t, f(t)) are given L2 functions. We suppose
that G1(t, f(t)) = [f(t)]α and G2(t, f(t)) = [f(t)]β , with arbitrary posi-
tive integers α and β.
Several numerical methods have been proposed for solving Eq. (1), us-
ing various orthogonal basis functions [9, 11-13].
In recent years, the hybrid functions of Legendre polynomials and block-
pulse functions have been applied in solving various types of integral
equations, control problems, time-varying descriptor systems and etc.,
[6-8, 10]. By these functions, the computational advantages of Legendre
polynomials are combined with the simplicity of block-pulse functions,
and a powerful set of basis functions is made. A numerical solution for
the linear case of Eq. (1), was presented by Hsiao, using the hybrid
functions [5]. Also, Maleknejad et al. used the hybrid functions to com-
pute an approximate solution for this equation when G1 and G2 be the
positive integer powers of f , [4].
In this paper, a novelty method based on hybrid functions in a Galerkin
approach, is proposed. The method converts Eq. (1) to a system of
mere algebraic equations. In this manner, only the unknown function in
Eq. (1) is expanded by using hybrid functions, and the exact forms of
all known functions in this equation are used. So, the proposed method
is more accurate than the methods used in [4] and [5].
In the next sections, a description of the Legendre hybrid functions and
some of their properties are mentioned. Some theorems regarding the
convergence of function expansion with respect to the Legendre hybrid
functions are also proved. Then, a method for computing numerical so-
lutions of nonlinear Volterra-Fredholm integral equations by using Leg-
endre hybrid functions and Galerkin conditions is proposed. Finally, The
method is applied for solving several numerical examples, which follows
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some conclusions.

2. Review on Legendre Hybrid Functions

Definition 2.1. The Legendre polynomials on the interval [−1, 1] are
given by the following recursive formula

L0(s) = 1,

L1(s) = t,

Lm+1(s) =
2m+ 1
m+ 1

sLm(s)− m

m+ 1
Lm−1(s), m = 1, 2, 3, · · · .

The set of {Lm(s) : m = 0, 1, · · · } in the Hilbert space L2[−1, 1] is a
complete orthogonal set. Orthogonality of Legendre polynomials on the
interval [−1, 1] implies that

< Li(s), Lj(s) >=
∫ 1

−1
Li(s)Lj(s)ds =

{
2

2i+1 , i = j,

0, i 6= j,
(2)

for i, j = 0, 1, · · · , such that < ·, · > denotes the inner product [2].

Definition 2.2. In an N -set of block-pulse functions over the interval
[0, 1), each component is defined as

φn(s) =
{

1, n−1
N 6 s < n

N ,
0, otherwise,

(3)

where n = 1, 2, · · · , N , for arbitrary positive integer N . Block-pulse func-
tions have several important properties such as disjointness, orthogonal-
ity, and completeness [3].

Definition 2.3. Let {Lm(s)}M−1
m=0 be an M -set of Legendre polynomials,

and {φn(s)}Nn=1 be an N -set of block-pulse functions over the interval
[0, 1), too. An MN -set of Legendre hybrid functions (LHFs) is defined
over the interval [0, 1) as

hn,m(s) = Lm(2Ns−2n+1)φn(s),
n = 1, 2, · · · , N,
m = 0, 1, · · · ,M − 1.

(4)
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In the above definition, N and M are the order of block-pulse func-
tions and the order of Legendre polynomials, respectively. So, the in-
terval [0, 1) is divided to N -subintervals and M Legendre polynomials
constructed on each of them. It is clear that hn,m(s) can be written as

hn,m(s) =
{
Lm(2Ns− 2n+ 1), n−1

N 6 s < n
N ,

0, otherwise,
(5)

for n = 1, 2, · · · , N , and m = 0, 1, · · · ,M − 1.
The set of {hn,m(s) : n = 1, 2, · · · , N, m = 0, 1, · · · ,M−1} is a complete
orthogonal set in the Hilbert space L2[0, 1), and its components can be
considered in the following LHFs vector

H(s) = [h1,0(s), · · · , h1,M−1(s), · · · , hN,0(s), · · · , hN,M−1(s)]T . (6)

It is simple to verify that the function hn,m(s) is attached in k-th com-
ponent of vector H where k = (n− 1)M +m.

Function Expansion: The truncated LHFs expansion of any function
f(s) ∈ L2[0, 1) is defined as

f(s) '
N∑
n=1

M−1∑
m=0

cn,mhn,m(s)

= F T · H(s), (7)

where H(s) defined in (6) and the NM -vector F contains the coefficients
cn,m that are defined as

Fk = cn,m =
< f(s), hn,m(s) >

< hn,m(s), hn,m(s) >

= N(2m+ 1) ·
∫ n

N

n−1
N

f(s)hn,m(s)ds,

for k = 1, 2, · · · , NM , and called LHFs coefficients vector.

The uniform convergence and the expected error for (7) are showed in
[14], and the results can be summarized in the following theorem.
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Theorem 2.4. Let f(s) be a continuous function defined on [0, 1), and
f̄(s) be its truncated LHFs expansion. If |f ′′(s)| 6 M2, then we have the
following error estimation

‖f(s)− f̄(s)‖2
2 6

3
8
M2

2

∞∑
n=N+1

∞∑
m=M

1
n5(2m− 3)4

.

Proof. See [14].
The above theorem guarantees the uniform convergence of the function
expansion with respect to LHFs. �

The Integration of Cross Products: In continuation of this section,
we will encounter to the product of H(s) and HT (s), which is called the
product matrix of the Legendre hybrid functions. It is clear that

hnp,mi(s)hnq ,mj (s) =
{
hnp,mi(s)hnp,mj (s), np = nq,
0, np 6= nq,

for np, nq = 1, 2, · · · , N , and mi,mj = 0, 1, · · · ,M − 1. Therefore

H(s) · HT (s) =


H1 0 · · · 0

0 H2
. . .

...
...

. . . . . . 0
0 · · · 0 HN

 , (8)

in which the M ×M matrices Hnp are as follows

(Hnp)mi,mj
= hnp,mi(s)hnp,mj (s),

np = 1, 2, · · · , N,
mi,mj = 0, 1, · · · ,M − 1.

(9)

So,

D =
∫ 1

0
H(s) · HT (s)ds =


L 0 · · · 0

0 L
. . .

...
...

. . . . . . 0
0 · · · 0 L

 , (10)
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where L is an M ×M diagonal matrix that is given by

L =
1
N


1 0 · · · 0

0 1
3

. . .
...

...
. . . . . . 0

0 · · · 0 1
2M−1

 .

Evaluation of cross products: Let F be an arbitrary NM -vector of
the form

F = [c1,0, · · · , c1,M−1(s), · · · , cN,0(s), · · · , cN,M−1(s)]T . (11)

If µ = (np − 1)M +mi, the µth component of H(s) · HT (s) · F can be
computed as

(H(s) · HT (s) · F )µ =
M−1∑
k=0

hnp,mi(s)hnp,k(s)cnp,k.

By expanding the components of H(s) · HT (s) · F in terms of LHFs, we
have

H(s) · HT (s) · F ' F̃ · H(s). (12)

It is remarkable that the (NM ×NM)-matrix F̃ is a block matrix too,
and we have

F̃ =


F̃1 0 · · · 0

0 F̃2
. . .

...
...

. . . . . . 0
0 · · · 0 F̃N

 , (13)

in which the components of the M ×M matrices F̃np can be computed
as follows(

F̃np

)
mi,mj

=
M−1∑
k=0

< hnp,mi
(s)hnp,k(s) , hnp,mj

(s) >
< hnp,mj

(s), hnp,mj
(s) >

cnp,k

= N(2mj − 1)

.
M−1∑
k=0

[∫ np
N

np−1
N

hnp,mi
(s)hnp,k(s)hnp,mj

(s)ds

]
cnp,k, (14)
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for np = 1, 2, · · · , N , and mi,mj = 0, 1, · · · ,M − 1.
The components of vector F may be considered as the expansion coeffi-
cients in Eq. (7). In this situation F̃ is called the coefficients matrix. The
calculation procedure of Eq. (12) for N = 2 and M = 8 can be found in
[5].

Approximation for Power of Functions: Now, a truncated expan-
sion of [f(s)]α, for positive integer α > 2 and f(s) ∈ L2[0, 1) is computed.
This idea comes from [8], and is indicated in the following lemma.

Lemma 2.5. Let NM -vectors F and Fα be the LHFs coefficients of f(s)
and [f(s)]α, respectively. Then Fα can be computed from the following
recursive formula

Fα = F T · F̃ Tα−1, α = 3, 4, · · · ,

F2 = F T · F̃ .
(15)

where F̃ defined in Eq. (13).

Proof. see [8]. �

3. Solving Nonlinear Volterra-Fredholm Integral
Equations

The results obtained in the previous section are applied to present an
effective method for solving the nonlinear Volterra–Fredholm integral
equations, numerically.
Consider the following nonlinear Volterra–Fredholm integral equation

f(s) = g(s) +
∫ s

0
k1(s, t)[f(t)]αdt+

∫ 1

0
k2(s, t)[f(t)]βdt, 0 6 s 6 1,

(16)
where α, β > 1 and L2 functions k1(s, t), k2(s, t) and g(s) are known
but f(s) is not [1]. We can Approximate the functions f , [f(s)]α, and
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[f(s)]β with respect to the Legendre hybrid functions as follows

f(s) ' F T · H(s) = HT (s) · F,
[f(s)]α ' F Tα · H(s) = HT (s) · Fα,
[f(s)]β ' F Tβ · H(s) = HT (s) · Fβ,

(17)

where H(s) is defined in Eq. (6), and NM -vectors F , Fα, and Fβ are
LHFs coefficients of f , [f(s)]α, and [f(s)]β , respectively. Elements of
Fα, and Fβ are nonlinear combinations of the elements F .

By substituting Eqs. (17) in Eq. (16), we have

F TH(s) ' g(s) + F Tα

∫ s

0
k1(s, t)H(t)dt+ F Tβ

∫ 1

0
k2(s, t)H(t)dt

= g(s) + F Tα K1(s) + F Tβ K2(s),

in which K1(s) and K2(s) are two NM -vectors with the following com-
ponents

(K1(s))n,m =
∫ s

0
k1(s, t)hn,m(t)dt

=



0, s < n−1
N ,∫ s

n−1
N
k1(s, t)hn,m(t)dt, n−1

N 6 s < n
N ,

∫ n
N

n−1
N

k1(s, t)hn,m(t)dt, s > n
N ,

(K2(s))n,m =
∫ 1

0
k2(s, t)hn,m(t)dt =

∫ n
N

n−1
N

k2(s, t)hn,m(t)dt,

for n = 1, 2, · · · , N , and m = 0, 1, · · · ,M − 1. Now, let r(s) be the
residual of Eq. (16) when using the approximate solution (17), that is

r(s) = F TH(s)− F Tα K1(s)− F Tβ K2(s)g(s),

In order to obtain unknown vectors, we use the orthogonality conditions
of {hn,m(s) : n = 1, 2, · · · , N, m = 0, 1, · · · ,M − 1} to r(s), that means

〈r(s), hn,m(s)〉 = 0, n = 1, 2, · · · , N, m = 0, 1, · · · ,M − 1,
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so,

F T
∫ 1

0
H(s)HT (s)ds − F Tα

∫ 1

0
K1(s)HT (s)ds

− F Tβ

∫ 1

0
K2(s)HT (s)ds =

∫ 1

0
g(s)HT (s)ds,

and symbolically

F T ·D − F Tα ·A− F Tβ ·B = G, (18)

where D is defined in Eq. (10), and A is an NM ×NM matrix of the
form

A =



AD1 AU1,2 AU1,3 · · · AU1,N

0 AD2 AU2,3
. . . AU2,N

0 0 AD3
. . . AU3,N

...
...

. . . . . .
...

0 0 0 · · · ADN


, (19)

in which ADnp and AUnp,nq are M ×M matrices and can be computed
as follow

(ADnp)mi,mj
=

∫ np
N

np−1

N

∫ s

np−1

N

k1(s, t)hnp,mi(t)hnp,mj (s)dtds,

(AUnp,nq)mi,mj
=

∫ nq
N

nq−1

N

∫ np
N

np−1

N

k1(s, t)hnp,mi(t)hnq ,mj (s)dtds,

for np = 1, 2, · · · , N , nq = np + 1, · · · , N and mi,mj = 0, 1, · · · ,M − 1.
Similarly,

BNM×NM =


BD1,1 BD1,2 · · · BD1,N

BD2,1 BD2,2 · · · BD2,N
...

...
...

BDN,1 BDN,2 · · · BDN,N

 , (20)

and M ×M matrices BDnp,nq can be computed as follows

(DBnp,nq)mi,mj
=

∫ nq
N

nq−1

N

∫ np
N

np−1

N

k2(s, t)hnp,mi(t)hnq ,mj (s)dtds,
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for np, nq = 1, 2, · · · , N , and mi,mj = 0, 1, · · · ,M − 1.

Eq. (18) is a nonlinear system of NM algebraic equations. The NM
components of F are unknown and can be computed by solving this
system using Newton method or other iterative methods. Hence, an ap-
proximate solution

f(s) ' F T · H(s),

can be computed for Eq. (16). If an approximate value for f(a), 0 6 a <

1 required, we can evaluate it as

f(a) '
M−1∑
m=0

cn,mhn,m(a),

providing a belongs into the interval
[
n−1
N , nN

)
.

4. Convergance Analysis

In the following theorem, we show that the solution obtained by our
method converges to the exact solution of Eq. (16).

Theorem 4.1. Let f(s) be the exact solution of Eq. (16), and fMN (s)
be its approximate solution obtained by the proposed method. If K1 =
‖k1(s, t)‖ <∞ and K2 = ‖k2(s, t)‖ <∞, then fMN (s) converges to f(s)
when M,N →∞.

Proof. We have

f(s) = g(s) +
∫ s

0
k1(s, t)[f(t)]αdt+

∫ 1

0
k2(s, t)[f(t)]βdt,

and

fMN (s) ' g(s) +
∫ s

0
k1(s, t)[fMN (t)]αdt+

∫ 1

0
k2(s, t)[fMN (t)]βdt.
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So

eMN = ‖f(s)− fMN (s)‖2

6 ‖
∫ s

0
k1(s, t)([f(t)]α − [fMN (t)]α)dt‖2

+ ‖
∫ 1

0
k2(s, t)([f(t)]β − [fMN (t)]β)dt‖2

6 K1

∫ s

0
‖[f(t)]α − [fMN (t)]α‖2dt

+ K2

∫ 1

0
‖[f(t)]β − [fMN (t)]β‖2dt.

Suppose that

‖[f(t)]α − [fMN (t)]α‖2 6 Cα‖f(t)− fMN (t)‖2,

‖[f(t)]β − [fMN (t)]β‖2 6 Cβ‖f(t)− fMN (t)‖2.

Then, using theorem 2., we have

eMN 6 K1Cα

∫ s

0
‖f(t)− fMN (t)‖2dt+K2Cβ

∫ 1

0
‖f(t)− fMN (t)‖2dt

6 (sK1Cα +K2Cβ) ·

√√√√3
8
M2

2

∞∑
n=N+1

∞∑
m=M

1
n5(2m− 3)4

.

Hence eMN → 0 when M,N →∞, and the proof is completed. �

5. Numerical Examples

In this section, we implement the proposed method on some examples. In
example 1, a simple integral equation is considered to illustrate the vec-
tor G and the matrices A, B, and F̃ in details.
Examples 2 and 3 are selected from [5, 13]. So, we can compare our
results with the results obtained by another method based on Legendre
hybrid functions [5], and rationalized Haar functions method [13]. The
results of these methods and the exact solution of integral equations are
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compared for 17 terms and reported in Tables 1 and 2.
Furthermore, the accuracy of the method is studied by computing

e2 = f̄(s)− f(s)2 =

N

n=1

 n
N

n−1
N

�
f̄(s)− f(s)

2
ds

 1
2

, (21)

where f(s) and f̄(s) are the exact and approximate solutions of the
integral equation, respectively. The results are tabulated for N = 2 and
different values of M in Table 3.
The computations associated with the examples were performed using
Matlab 7.0 software on a personal computer.

Example 5.1. Consider the following nonlinear Volterra–Fredholm in-
tegral equation

f(s) =
1
2
s3−11

12
s2+s+1+

 s

0
(s−3t)f(t)dt+

 1

0
s2t[f(t)]2dt, 0  s < 1,

(22)
with the exact solution f(s) = s + 1. Choosing N = 2 and M = 4, we
have

A =
1
2





−1
24

−1
48

−1
240 0 0 1

24 0 0
−1
48

−1
60

−1
120

−1
560

−1
8 0 0 0

1
48

1
120

−1
420

−1
280 0 0 0 0

0 1
240

1
280

−1
1260 0 0 0 0

0 0 0 0 −7
24

−5
48

−1
240 0

0 0 0 0 1
16

−1
60

−1
40

−1
560

0 0 0 0 1
48

1
40

−1
420

−3
280

0 0 0 0 0 1
240

3
280

−1
1260





,
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A PROJECTION METHOD FOR SOLVING NONLINEAR 89

F̃ =

[
F̃1 0
0 F̃2

]
,

F̃i =



ci,0 ci,1 ci,2 ci,3

1
3ci,1 ci,0 + 2

5ci,2
2
3ci,1 + 3

7ci,3
3
5ci,2

1
5ci,2

2
5ci,1 + 9

35ci,3 ci,0 + 2
7ci,2

3
5ci,1 + 4

15ci,3

1
7ci,3

9
35ci,2

3
7ci,1 + 4

21ci,3 ci,0 + 4
15ci,2


, i = 1, 2

and

G =
[

685
1152

157
5760

−13
5760

1
4480

835
1152

13
640

1
1152

1
4480

]T
.

Solving the nonlinear system (18), the unknown vector F is obtained as

F =
[

5
4

1
4 0 0 7

4
1
4 0 0

]T
,

which confirms that the proposed method gives the analytical solution
of Eq. (22).

Example 5.2. [5, 13] Consider the following Volterra–Fredholm integral
equation

f(s) = e2s+
1
3 −

∫ 1

0

1
3
e2s−

1
3
tf(t)dt, 0 6 s < 1, (23)

with the exact solution f(s) = e2s. The comparison between the results
of presented method, and two other methods are shown in Table 1,
which confirms that our method is more efficient than Haar method [2]
and another hybrid method [10].
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Table 3:The values of e2 for Examples 5.2. and 5.3.
M N Example 5.2. Example 5.3.
4 2 6.7848e− 04 4.9436e− 05
6 2 1.4204e− 06 7.8036e− 08
8 2 1.5892e− 09 6.5687e− 11

10 2 1.1053e− 12 3.4333e− 14
12 2 7.5409e− 16 3.4333e− 14

Example 5.3. [5, 13] For the following Volterra–Fredholm integral
equation

f(s) = cos(s)−
∫ s

0
(s− t) cos(s− t)f(t)dt, 0 6 t 6 s < 1, (24)

with the exact solution f(s) = 1
3(2 cos

√
3s + 1), the results for various

methods are reported in table 2.

6. Comments on the Results

In this approach, applying the hybrid Legendre polynomials and block-
pulse functions, a nonlinear Volterra–Fredholm integral equation can be
reduced to a system of algebraic equations. Since Eq. (18) is set up in
a simple manner, the suggested method can be used easily in practical
cases.
The accuracy and applicability of method is checked on some exam-
ples. Example 1 shows that the exact solution of the integral equation
can be computed by the method with suitable choice of M and N , when
the kernel and the known term is selected by polynomials. The function
approximation with respect to LHFs is uniformly converges to the func-
tion. Furthermore, Since in this method, only the unknown function is
expanded by LHFs, it provides more accurate solutions than some of
other existing methods.
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