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Abstract. In this paper, first Szabo operator related to the Ricci op-
erator of Lorentzian 3-manifold in the algebraic setting is determined.
Then, a necessary and sufficient condition for a Lorentzian 3-manifolds
admitting a parallel line field with vanishing Szabo operator is obtained.
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1 Introduction

The existence of a parallel line on a Riemannian manifold gives rise to
a local decomposition of the manifold as a direct product is familiar.
This property extends to semi-Riemannian manifolds whenever the line
is nondegenerate, i.e., it is spanned by a non-null locally defined vector
field. However, there are several research on geometrical consequences
of the existence of a parallel degenerate line [2, 3, 4, 5].
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Lorentz manifolds admitting a parallel degenerate line field are of

special interest, so that, Walker [3, 9] obtained canonical coordinates
for semi-Riemannian metrics admitting parallel degenerate plane fields
which allowed further investigations [1, 2, 3, 4, 5]. In order to study

some geometric properties, it is some times useful to have some insight
from the 3-dimensional case. Let (M, g) be a 3-dimensional Lorentzian
manifold admitting a parallel degenerate line field with local coordinates
(t,z,y) where the Lorentzian metric tensor is expressed as:

0 0 1
g, =0 ¢ 0 (1)
1 0 f(tz,y)

for some function f(¢,z,y), where, ¢ = £1 and the parallel degenerate

line field becomes, D = <88t>

Let (M,g) be a semi-Riemannian manifold. A (0,4)—tensor R €
®4TpM , for each point p in M, is said to be an algebraic curvature
tensor, if R has the symmetries of the curvature of the Levi-Civita con-
nection:

R($>?/727w) = R(Z7w7x7y) = _R(yax7z7w)a
R(z,y,z,w) + R(y, z,z,w) + R(z,z,y,w) = 0.

A (0,5)—tensor, which we denote symbolically by VR € ®°T,M, is
said to be a covariant derivative algebraic curvature tensor if VR has
the symmetries of the covariant derivative of the curvature of the Levi-
Civita connection:

VR(a,b,c,d;e) = —=VR(b,a,c,d;e) = VR(c,d,a,b;e),
VR(a,b,c,d;e) + VR(a,c,d,b;e) + VR(a,d,b,c;e) =0,
VR(a,b,c,d;e) + VR(a,b,d,e;c) + VR(a,b,e,c;d) = 0.

The Jacobi operator Jr(x) and the Szabo operator Sg(x) are the sym-
metric linear operators on 7, M defined by:

<JR($)y7w> = R(y,x,,x,w) and <SVR($):I/,’UJ> = VR(y,.fL',$,’UJ;ZL‘)-
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It is obvious the Jr(x) and Sgr(x) are self-adjoint.
Since any 3-dimensional algebraic curvature tensor is completely deter-
mined its Ricci tensor, we consider separately the following possibilities

for the Ricci operator Ric (for more information see [3, 7]):
a 0 0 a —p 0
Typela: | O B 0 |, Typelb:| B o 0 |,
0 0 « 0 0 v
(2)
a 0 0 a 0 0
Type II: | 0 B 0 |, Type III: 1 a O
01 8 0 1

Here, we can classify the Szabo operator, according to the classification
of Ricci operator is suitable orthogonal frame {e1, e2, e3} [2].

The specialties geometry of Szabo operator is investigated by Gilkey and
Stavrov in [6]. They proved that:

Lemma 1.1. Let VR be a covariant derivative algebraic curvature ten-
sor on a Lorentzian vector space. If trac{Svr(0)?} is constant on
S_(V), then Sygr = 0.

Where, S*(V') be the pseudo-spheres of unit space-like (4) and time-like
(—) wectors in V:

SEV)={2€V;g(z,2) = +1}.
Also in [6], they are proved that:

Lemma 1.2. Let VR be a covariant derivative algebraic curvature ten-
sor on a vector space of arbitrary signature. If Syr =0, then VR = 0.

Here, we study some geometric and algebraic properties of Lorentzian
3-metric. The paper is organized in the following way. In Sect 2, we
calculate the non-zero components of the Levi-Civita connection and
curvature tensor of 3-dimensional Lorentz manifolds admitting a parallel
degenerate line field. In Sect 3, Szabo operator related to the Ricci
operator of 3-dimensional Lorentzian manifold is determined. Finally,
in Sect 4, a necessary and sufficient condition for a function f(¢,x,y)
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of the Walker metric of 3-dimensional manifold, with vanishing Szabo
operator is constructed.

2 Preliminaries

Here, we will give some necessary objects corresponding to Lorentzian
geometry. It follows after a straightforward calculation that the Levi-
Civita connection of any metric (1), is given by:

1
Vor0y = iftata

1
Vamay = 7f$at7

2
1 1 1
Vo, 0y = i(fft + fy)Or — %faca:v - §ftay7
. o 0 0 .
where 0, 0;, 0, are the coordinate vector fields FREREN respectively.
t T Y

Hence, if (M, g) admits a parallel null vector field, then the associate
Levi-Civita connection satisfies

1 1 1
Vamay = if:cata Vayay = §fyat - ﬂfa:ax

Let R denote the curvature tensor taken with the sign convention:
R(X,Y)=Vxy] — [Vx, Vy].

Therefore, for any vector field Z € X(M):

R(X,Y)Z =V xy|Z — [Vx,Vy]Z =VyVxZ - VxVyZ +VxyZ.

Then, the non-zero components of the curvature tensor of any metric
(1) are given by:

1
R(04,0,)0; = _ifttat)

1
R(at’ay)ax - _iftxata
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1 1 1
R(0r, 0y)0y = _§fftt8t + ?Eftxﬁm + ifttaya (3)
1
R(axyay)at = _thIata
1
R(axaay)ax = _§fx:cata
1 1 1
R(8z7ay)8y = _ifftxat + %fxxax + iftxay‘

Further, note that the existence of parallel null field simplifies (3) as

follows:

1 1
R(axa 8y)a:v = _ifa:xata R(ama 6y)ay = %fzmaz

As a matter of notation, let Ric and Sc denote the Ricci tensor and
the scalar curvature of (M,g), defined by Ric(X,Y) = trace{Z —
R(X,Z)Y} and Sc = trace Ric, respectively.

Moreover, let Ric be the Ricci operator defined by:

(Rice(X),Y) = Ric(X,Y). Then the Ricci tensor of any metric (1)

satisfies:

0 0 I%ftt
Ric = 10 10 ) §fm ,
§ftt §ftx g(ffftt —fm)

when expressed in the local coordinate basis. Moreover, the Ricci oper-
ator Ric of a metric (1), when expressed in the coordinate basis, takes
the form:

R %ftt %ftw _12%.]03:35
Ric=| 0 0 %fm . (4)
0 0 3 St

Hence, the Ricci operator has eigenvalues:

1
)\1 == 0, )\2 == A3 == iftt,

and the scalar curvature satisfies

Sc = fu.
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3 Szabo operators on 3-dimensional Lorentzian
manifolds

Since any 3-dimensional algebraic curvature tensor is completely de-
termined by its Ricci tensor. By (2), we can characterize the Szabo
operator, according to the classification of Ricci operator in suitable
orthogonal frame {ej,e2,e3} [3]. So, by a direct and straightforward
computation according to definition of Szabo operator we will have the
following

Proposition 3.1. The non-zero component of Szabo operator of each
type of classification are explained as:

(1) When {e1, ez, es} is unite orthogonal, one of the following cases oc-
curs.

Type la:
VRig113 = VRig112 = %(5 —)(—a+B+7)%
V Ro1223 = VRag221 = —%(0‘ —(a—B+7)?
VR31332 = VR32331 = —%(04 — B+ B—)%
Type Ib:

VRi9112 = VRiz113 = (o — 28)8(a — 2),
V Ra1223 =V Razo91 :%(25(5 —v—a®) +a(B —28° — 7)) + a*(1+7)),
V R31332 =V R32331 Z%(OZQ(—l +7) =28(8 +7) —a’) + (B -2 —7)).
Type 11:

VRig112 = VRa3203 = —VRi2113 = =V Rig112 = —%(5 - 27)?,

V Ra1223 = VRa3201 = ia(—élﬁ + a(3 — 2a +2p)),

1
V R31332 = VRga331 = 104(—04(3 + 2a) +26(2 + @)).
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Type 1II:
VRi2112 = VRi2113 = VRi3112 = VRi3113 = 20,
—2 4+ a?
V Ro1221 = VR31331 = BV
VR =VR = —,
23223 32332 7

V R31332 = VR32331 = =V R21203 = —V Ra3291 = «.

(2) When, {e1,e2,e3} is not unite orthogonal, one of the following cases
occurs:

Type IV1: {e1, ea, e3} is orthonormal with (e1,e1) = —(ea, €2) = — (€3, €3)
and the structure constant satisfies ay — d = 0.

Type IV2: {e1,ea,e3} is orthonormal with {(e1,e1) = (ea, e2) = —(e3, e3)
and the structure constant satisfies ary + 6 = 0.

Type IV3: {e1,ea,e3} is pseudo-orthonormal with

0 0 1
g=10 0 -1
0 -1 0

and the structure constant satisfies ay = 0. Then according the this
classification, we have:
Type 1V1:

1
VRi2113 = VRi3112 = Z(a + B)(=B% + 4 + 2a(a + 6)),

1
V Ra1203 = VRa301 = —5(5 + (B =)y — ad + 6?),
1
V R31332 = VR32331 = —1(5 — (=202 + (B — )% — 26%).

Type IV2:

1
VRi2113 = VRi3112 = Z(a + (=B + 4% + 2a(a + 9)),

V Ra1223 = VRazoo1 = —=(B+7)((B — )y — ad + §%),

1
2
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(B —7)(a®+ B — 72 +482).

1
V R31332 = VR32331 = 1

Type IV3:

VRizi13 = v(a® + By — ad),
VR31331 = 2y(=B7 + a — a4+ 9),

1
V R31332 = VR32331 = 57(042 + 387y — ad).

4 Szabo Operators of Walker Metrics on 3-Manifolds

Let (M, g) be a 3-dimensional Lorentzian manifold admitting a parallel
one-dimensional degenerate plane with the local coordinates (¢,z,y),
where the Lorentzian metric tensor expresses by (1).

Then, we can classify the Szabo operator in a suitable unit orthogo-
nal frame {e1, ez, e3}, where ey = 0y, e2 = 0;,e3 = Jy. So, the non-zero
component of the Szabo operator are:

1
VRi3313 = §fttya

1 1 1
V Ri3323 = VR23313 = §fta:y - Zf:z:ftt + thft:r:a

1 1 1
VRi3333 = VR33313 = fotftt + nyftt + Zefxftxa

1 1 1
VR23323 = ifxxy - fofta: + thftl’a

1 1 1
V Ra3333 = VR33393 = ngmfm: - fotftx — nyftm-

Theorem 4.1. Let (M, g) be a three-dimensional Lorentzian manifold
admitting a parallel one-dimensional degenerate plane field. Suppose S
be Szabo operator of Walker metric. Then, S = 0 if and only if the
function f is of the form

fit,z,y) = G(x,t) + H(x,y)t + K(z,y) + ¢, (5)

for any functions G(x,t), H(x,y), K(z,y) and ¢ (constant) satisfy the
following relations:

2(H:ry - H:m:yt - K:m:y) + (G:r + Hmt + Ka:)(Gtx + HQZ - Gtt) = 07
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(Gx + H,t + Kx) (ng +Hx2 +2GieHy+ GpuGy + Hyp Gt —|—K3;tht) =0.

Proof. Using the condition in Szabo operator, then we have five equa-
tions:

%ftty = 07

1 1 1 _

5ftey — 7 fefte + 7 fefia =0,

+3ffefu + 5 fufu+ = fofin =0,

1 1 1 _

§fmzy - Zfrftm =+ thftm - 0,

z%gfxf:vx - %fftftw - ifyft:r =0.

From the first equation, %ftty = 0, we conclude:

ftz,y) = Gz, t) + H(z,y)t + K(z,y) +c.
By the second equation, the fourth equations, and (5) we concluded:
2(Hyy — Hyayt — Kagy) + (Go + Hyt + K3) (G + Hy — Gi) = 0.
Also by the third equation, fifth equations and (5), the proof is com-
pleted. O

Now, if (M, g) admits a parallel null vector field, then the non-zero
component of Szabo operator are:

1
V Ro3323 = §fxzya

1
V Ra3333 = Efxfxx- (6)

Theorem 4.2. Let (M, g) be a three-dimensional Lorentzian manifold
admitting a parallel null one-dimensional degenerate plane field. Then,
S =0 if and only if the function f is of the from

flz,y)=Ply) or  flo,y) =2Q(y) +c

for any functions P(y),Q(y) and ¢ (constant).



10

S. AZIMPOUR AND A. HAJI-BADALI

Proof. Using the condition in Szabo operator, then we have two equa-
tions.

fmcy =0 and fxfacx =0.

From the above equations (6), the proof is completed. O
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