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Abstract. Let G be a locally compact group and H be a compact
subgroup of G. The aim of this paper is to characterize some homo-
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1 Introduction

Homological properties of certain left Banach L!(G)-modules have been
studied by Dales and Polyakov in 2004 [1], and in 2008 some of those
results were investigated by Ramsden for semigroup algebras [6]. How-
ever, homological properties of left Banach L!(G)-modules constructed
on homogeneous spaces have not been investigated so far.
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Throughout this paper, we assume that G is a locally compact group
and H is a closed subgroup of G with left Haar measures A\g and Ap,
respectively. Also, Ag and Ap are the modular functions of G and
H, respectively. Let ¢ : G — G/H be the natural quotient map.
Consider the G-space G/H as a homogeneous space that G acts on by
x(yH) = (zy)H. Let p be a Radon measure on G/H. For x € G, i, is
defined by p2(E) = p(xzE), where E C G/H is a Borel set. The measure
p is said to be G-invariant, if u, = p for all x € G. The Radon measure
1 is said to be strongly quasi-invariant if there is a continuous function
0:GxG/H — (0,00) such that du,(yH) = 0(z,yH)du(yH) for any
z,y € G. A continuous function p : G — (0, 00) is called rho-function
for the pair (G, H), when p(zf) = (ig((g)p(l‘) for any z € G,£ € H.
For every rho-function p there exits a strongly quasi-invariant measure
p on G/H such that the Weil’s formula holds:

/ F(@)p(x)dra(x /G . / F@E) A (©)du(zH) (€ Cu(G)).

Furthermore, the measure yu satisfies d“ L(yH) = £ ((z y)) for any z,y € G.
The map T, : L'(G) — LY(G/H) was deﬁned by Tavallei and et al. in
[5] by

f(z€)
u p(zf)

T, f(cH) = dAp(€) (¢H € G/H.¢ € H),

where (1 is a strongly quasi-invariant measure on GG/H which arises from
a rho-function p and LY(G/H) = L*(G/H,p). The map T, is a linear,
bounded and surjective map with ||7},|| < 1 and fG/H T, f(xH)dpu(xH) =
Jo f(@)dAg(x) for all f € L'(G). Moreover, for every ¢ € L'(G/H),

lells = imf{|lfll1 : f € LG). o = T, f}. (1)

It turns out that the Banach space L'(G/H) isometrically isomorphic
L(G)
Ker(Tp)
For a compact subgroup H of GG, define

to the quotient space equipped with the usual quotiont norm.

ING :H)={f € LY (G): Ref = f,£ € H}.
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Then LY(G : H) is a left ideal of L'(G), and L'(G/H) is isometrically
isomorphic to L'(G : H). Thus L'(G/H) is a Banach algebra. It was
shown in [5] that

LYG:H)={yoq:y e L (G/H)}. (2)
For more details see [7].

Lemma 1.1. Let H be a closed subgroup of G.Then kerT), is a left ideal
of LY(G).

Proof. Let f € L'(G) and g € ker T),. Then one has

frgl@H)=T,(fxg)(«H) = [, ) [y ()A;?;dAH@)dAG(x):O-
AGE

Since T,(g)(y 'zH) = 0, we have [}, 2
ker T),. O

W29 Ay (€) = 0. Thus f#g €

Ag (&)

Lemma 1.2. Let G be a locally compact group and H be a closed sub-
group of G. Then LY(G/H) is a left L'(G)-module.

Proof. For ¢ € L'(G/H) there is g, € L'(G) such that T,(g,) = ¢.
Define a left module action of L'(G) on L*(G/H) by

fro=T,(f*g,), (f€LYG)).
Then

V- el < /G ) |W\dAH<s>du<xH>

— /G 1 % goldra < Il llgolls < oo.

From equality (2) we have |f - ¢l cym < £l el ym- It can
be easily seen that this operation, converts L'(G/H) to a left Banach

L'(G)-module and L'(G/H) is essential as a left L'(G)-module. O
We conclude this section with some examples of homogeneous spaces.
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Example 1.3. Let M, (C) be the space of n x n matrices,
G =GL,(C) :={T € M,(C) : det T # 0},

and
H=U(n):={Te€M,(C):T"T =1}.

Then H is a compact subgroup of G and
SU(n)={T €U(n) :detT = 1},
is a compact subgroup of U(n).

Example 1.4. : Let G = {f : N — N| f is a bijection} with discrete
topology and Hy = {f € G| f(n) = n,n > k}. Obviously G is a group
under composition of functions and Hj is a subgroup of G. Then Hy
(the symmetric group) is a finite subgroup of G.

2 The Module L'(G/H)

Let E and F' be two Banach spaces and B(E, F') denote the space of all
bounded linear operators from E to F. The dual space B(E,C) of E is
denoted by E’. We write B(FE) in place of B(E, E). An operator T €
B(E, F) is called admissible if there exists an operator S € B(F, E') such
that ToSoT =T. Let A be a Banach algebra and FE, I’ be left Banach
A-modules. The linear space of all left A-module morphisms is denoted
by 4B(E,F). An operator T' € 4B(FE, F) is called a retraction if there
exists an operator S € 4B(F, E) such that T o S = Ir. A left Banach
A-module P is called projective if for every admissible epimorphism
T € 4B(E,F) and any S € 4B(P, F), there exists R € 4B(P, E) such
that T o R = S. A left Banach A-module J is called injective if for
every admissible monomorphism 7' € 4B(F, F) and any S € 4B(E,J)
there exists R € 4B(F,J) such that RoT = S. If a left (right) Banach
A-module E is projective, then the right (left) Banach A-module E’ is
injective. Finally, let us recall that if E is a Banach left A-module, then
E’ is a right Banach A-module under the dual module action defined by

(x,A-a) ={a-x,\)
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for N\e F/, v € E and a € A.

A left (right) Banach A-module F is called flat if E’ is injective as
a right (left) A-module. For two Banach spaces E and F', we denote by
E®F their projective tensor product. The projective tensor norm on
E®F is denoted by ||.||x, where

o [e.o]
lullx = mE0Y  zalllyall : u =) 20 ® yn, (@0 € X,yn € Y)}
1 1

Let A be a Banach algebra, F/ a Banach A-bimodule and F' a left Banach
A-module. Then E®F becomes a left A-module with the following
module action:

a-(zy)=(a-2)Qy (acAzrzeXyecY).

For a Banach algebra A we denote by A” the Banach algebra formed by
adjoining an identity to A. The morphism II € sB(A°®E, E) is defined
by

Ma®zr)=a-x (ac A,z €E).
We shall use the following theorem from [4, IV.1.1, IV.1.2].

Theorem 2.1. Let A be a Banach algebra and E be a left A-module.
Then E is projective if and only if the morphism 11 € A\B(A°QE, E) is
a retraction. In the case that E is essential, E is projective if and only
if the morphism 11 € sB(AQE, E) is a retraction.

Remark 2.2. It is well known that L'(G)®LY(G/H) is a left L'(G)-
module. If f, fi € LY(G), ¢ € LY(G/H), then for F = fi ® ¢ €
LY(G x G/H) we have

f-F(z,zH) = (f*fi)(x)p(zH)
= /Gf(y)(fl ® )y w, zH)dAa(y)

— /Gf(y)F(ylx, zH)dM\g(y) (x,z € G).

Thus this formula holds for any F € LY(G x G/H).

5
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Theorem 2.3. Let H be a compact subgroup of G, and let u be the G-
invariant measure on G /H arising from the constant rho-function p = 1.
Then LY(G/H, p) is projective as a left L*(G)-module (M(G)-module),
and hence flat as a left L'(G)-module (M(G)-module).

Proof. Let
II: LNG&LYG/H) — LYG/H), f@p— f-o,
where

f - paH) = /G F@)ely~ e H)dra(y).

Let also E be a compact symmetric subset of G such that Ag(HE) > 0.
We can choose a Haar measure on G such that A\g(HE) = 1. If K =
q(F) C G/H, then K is compact. Define

p: LNG/H) — LYG)&L'(G/H) = LY(G x G/H),

p(@)(s,tH) = xx (tH)p(stH).

Then
lo(@)lls = /G /G IRl A ()
— [ [k GH i) (=& < 1)
¢Ja/H
~AG(HE) [ [pltH)ldultH) < .
G/H
Moreover, for g € L'(G/H) and = € G we have

M(p(p)) (2 H) = /G () oy 2 H)dAG ()

— p(zH) /G iy H) A (y) = p(aH)G(HE) = ().
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Let f € LY(G), ¢ € LY(G/H) and s,t € G. Then

P @)sutH) = x(e) [ ol staG()
= f-plp)(s,tH).

Since L'(G/H) is unital as a left Banach M (G)-module, the result fol-
lows by Theorem 2.1 and [0, Theorem 3.1.1]. O

Lemma 2.4. Let G be a locally compact group, H a closed subgroup of
G and py, po two strongly quasi-invariant measures on G/H that they
arising from rho-functions p1, pa, respectively. Then L'(G/H, 1) is
isometrically isomorphic to L' (G /H, u2) as left Banach L'(G)-modules.

Proof. Let n: G/H — (0,00) be defined by n(zH) = plgg Then

according to [3, Theorem 2.59], du; = ndua. Thus the mapping
T: LY G/H, 1) — LYG/H, pa), ¢ = np.

is well defined and fG/H lplduy = fG/H |pIndus = fG/H |T(p)|dpe < oo.
Moreover, if ¢ € L'(G/H,us), then T(%go) . Therefore, T is a

surjective linear isometry. For ¢ € L'(G/H, u;) there exists g, € L(G)
such that T, (9,) = ¢ and thus T, (g,) = %sz (9¢). Finally for f €

LY(G), p € LY(G/H, j11) we have
T(f4) = T(T,, (f % g5)) = T(:]Tm(f*gso))
=f- sz (gw)
= f-T(y).
4

Corollary 2.5. Let G, H, uy and ps be as in Lemma 2.4. If LY(G/H, u1)
is projective as a left L'(G)-module, then L'(G/H, u2) is projective as
a left LY(G)-module too.

Corollary 2.6. Let H be a compact subgroup of G. Then L*(G/H) is
projective as a left Banach L'(G/H)-module.
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Proof. Since L'(G/H) is an L'(G/H)-bimodule and T}, is a surjective
left L'(G)-module morphism, the result follows by Theorem 2.3 and the
proof of [4, IV Propositionl.7]. O

Definition 2.7. Let G be a locally compact group, F a left Banach
L'(G)-module and ¢ the augmentation character defined by o (f) =
fG fdAg. Then E is termed augmentation-invariant, if there exists a
non-zero A € E’ such that

(f-2.0) = pa(f)z,A) (f € LY(G),z € E).

Remark 2.8. Let E be aleft Banach L!(G)-module. If E is augmentation-
invariant, then E” will also be augmentation-invariant.

Let A € E'. Then (f-z,)\) = og(f){z, ) for f € L'(G),z € E. For each
¢ € E" there exists (24)q € E such that x, — ¢ in o(E", E")-topology.
So, if f € L'(G) and ¢ € E”, we have

(f-0:A) = (A [) =lim(za, A~ f) = lim(f - 24, A)
= limea(f)(Ta, A) = ¢a(f){p, A)-

Lemma 2.9. Let E and F be left Banach L'(G)-modules and T €
L1((;)B(E, F) be an isometric isomorphism of Banach space. If E is
augmentation-invariant, then F is augmentation-invariant as well.

Proof. Let A € E' such that,
(f-2,0) = ea(f)(z,A) (f € LYG),z € E).
Since Ao T~ € F/, for any y € F we have
(f-y, Ao Ty =XoT7Hf-y) = MF(T' () = pa(/)(y, Ao T7H).
O

Corollary 2.10. Let H be a closed subgroup of G. Then the left L*(G)-
module L*(G/H) is augmentation-invariant.

Proof. For f ¢ ker T, we have

0= /G TG = /G f(@)dra(z) = valf).
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Let A: LY(G)/ker T, — C by A(f + kerT,) = p¢(f). Then

A(f - (g+kerTy)) = pa(f)Mg +kerT,).

Thus LY(G)/ker T, is augmentation-invariant as a left L'(G)-module,
and so L'(G/H) is augmentation-invariant by Lemma 2.9. [0

Definition 2.11. Let A be an algebra, and E be a left A-module. Then
E is said to be faithful if for each z € E'\ {0} there exists a € A such
that a-x # 0

Lemma 2.12. Let ¥ and F be left Banach A-modules and T : E — F
be an isomorphism of left Banach A-modules. If E is faithful, then F is
also faithful.

Lemma 2.13. The Banach space L'(G)/kerT, is faithful as a left

LY(G)-module. Consequently, L*(G/H) is faithful as a left L*(G)-module.

Proof. Let g 4+ kerT, # 0 and let {f,}, be a bounded approximate
identity for L'(G). Since f, * g+ ker T, — g+ ker T}, # 0, there exists
v such that f, x g +ker T, # 0. ]

Remark 2.14. Since L'(G/H) is a left Banach L'(G)-module,
L>®(G/H,p) = LY(G/H, 1) and Cy(G/H) become right Banach L!(G)-
modules. For ¢ € Cyo(G/H) and f € L*(G) consider g, € L*(G) with
T,(9,) = ¢. Then

(- ) =(f v, 9)

— [ - o@H)b(H)du(eH)
G/H

fly ggoy 12€) p(y~tz€) .
= [ T e B @ anta)
_ / / P oy w00, o H)dAg (y)du(cH)
G/H
/ / Py H ) p(zH)dAe (y)dp(zH).
G/H

Thus ¥ - f = [o f( °q)(y)dAc(y) and so ¢ - f € Co(G/H).

9



10

M. H. SATTARI, AND V. YOUSEFIAZAR

Theorem 2.15. Let G/H be a discrete space. Then ¢*(G/H) is injective
as a left Banach L'(G)-module if and if G is amenable.

Proof. According to Lemma 2.13, Corollary 2.10 and Remark 2.14, the
result is obtained by [!, Proposition4.6]. O

3 The Modules Cy(G/H) and L>*(G/H)

Let G be a locally compact group and H be a compact subgroup of
G with a normalized Haar measure. The surjective linear map T
L*(G) — L>*(G/H) with Too f(zH) = [ f(x€)dAu(E) for z € G
and f € L*°(G) was defined in [5]. It has been proved that ||To|| < 1
and Too(C.(GQ)) € C.(G/H) [5, Theorem 3.4] and [3, Proposition 2.48].
Moreover, for ¢ € L>*(G/H),

[elloe = nf{[|[flloc : f € L™(G), ¢ = Too(f)}-

Let L>®(G: H) ={f € L*(G) : Ref = f,§ € H}. Then the restriction
of Too on L*°(G : H) is an isometric isomorphism. The left module
action of L'(G) on L™(G/H) is defined by

fro=Tu(f*g) (p€L™(G/H),fecL'(G),geL™(G)),

where T, (g) = . The space Co(G/H) is a closed L'(G)-submodule of
the left Banach L'(G)-module L>=(G/H), and Co(G/H) is essential.

Remark 3.1. Since L*°(G/H) is a left L'(G)-module, L>(G/H)' will
be a right L'(G)-module. We show that L'(G/H) is also a right L(G)-
module.

For f € LY(G), ¢ € LY(G/H), ¢ € L®(G/H) and gy € L°°(G) such
that Too(gy) = 9 we have

Wo ) = (f-.9)
- / / / F (090 (™ 2 H) gy (€)dpu(x H) A ()
a/utula

- / / )0 H)p(yr H)O(y, 2 H)dAe (y) du(xH).
G/H Ja
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Thus ¢-f(zH) = [ f(y)e(yzH)0(y,xH)d g (y), and so - f € L*(G/H).

Furthermore,

lo- flh < / / P @) oy ) 6y, 2 H)dAe (y) du(zH)

/G/ /'f We(zH) [0y~ 2H)0(y,y~ ' wH)d e (y)du(zH)

= [I£ 1 llellr-

It is known that L'(G/H x G) = LY (G/H)®L'(G) is a right LY(G)-
module. Indeed, for F € LY(G/H x G) and f € L(G),

Ff(tH, ) = /G F(tH, sy ) f(0)Ac(y dAa ().

Notice if G is compact and p = 1, L'(G/H) is essential as a right L!(G)-
module.

Theorem 3.2. Let G be a compact group and H be a closed subgroup
of G. Then LY(G/H) is projective as a right L*(G)-module and flat as
a right LY (G)-module.

Proof. Let IT: L' (G/H)®L'(G) — LY(G/H) be given by
Weef)=¢-f (peLli(G/H), [ LNQ),

where
f(zH) / fW)p(yzH)0(y, cH)dA\g(y).
Define p : LY(G/H) — LY(G/H)®LY(G) = L*(G/H x G) by
D) (LT, ) = (s H)0(s ", 1)
Then

M(p) () (xH) = /G P )O(y~ye )0y, wH)dAG(y)
= Xc(G)p(zH) = p(zH),

11
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and

plp - [)(tH, ) /f p(ys 'tH)O(y, s tH)0(s™ ', tH)dAg(y)
) )(tH,s).

O
The following theorem is proved with a similar argument as in [I,
Theorem 3.1].

Theorem 3.3. Let G be a locally compact group, H a compact sub-
group of G and E a closed, left L'(G)-submodule of L>°(G/H) such that
C.(G/H) C E c C*(G/H). If E is projective, then G/H is compact.

Proof. Suppose that G/H is not compact. Then clearly G is not
compact. So, there exists compact and symmetric neighborhoods V, W
of e such that V2 C W and there exists 0 < f; < 1, fi € C.(G) with
fileg) =1, suppfi C V and [ f1]l1 < 1. Then supp(f1 * f1) C V2 C W,
fix fileq) # 0 and f1 * fi > 0. Set T,,(f1) = f. Since f; is continuous
and f1 >0, fi- f = Tp(fix f1) # 0 and Tp(f1 x f1) € Ce(G/H). Set
A = LY(G). Because F is projective, there exists T' € 4 B(E, A”) such
that T'(f1 - f) # 0 by [I, Propositionl.2].

Without loss of generality we may suppose that T(E) C A. Let n € N
and F' be a compact subset of G. Since G is not compact, there exist
$1,...,8n, € G such that s;,F' N s;F' = for i # j.

Set n = W > 0 and pick k¥ € N with % < n. There exists

1
g € C.(G) such that [|T(f) — gl < o and so

[f1 % (T(f) = 9l < NAIRNT) =gl < % <.

Therefore, we have

[fixgly = lfixg—fixT(f)+ fixT(f)lh
[f1xT(H)ll—lfrxg—fixT(f)lh
> 2np—n=n.

Vv

Set K = supp(g) and observe that (K UV)? is compact. There exist
s1,...,5; € G such that the sets s;(K U V)? are pairwise disjoint for
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i=1,...,k Set fij = sjx fi = Ls, f. Then suppfi; C s;V, supp(fi; *
f) € s;V.V and ‘Zf 1 figle =1
Therefore, || Zl fij* gl = 21 f (KUV)?2 |fij* gl =kl fix gl

Now set A = ijl(flj - f). Slnce s;V.VNs;V.V =0 for i # j and
fij* f1 > 0, we have

Ma/a = sup|A(tH)|
teC

k
= jgg‘;Tp(flj*fl)(tHN

= M|fi* fila,
in which M = sup(%) on U?Zl(sjV.V). Since

w\H

115 % (T(f) = 9l < [[fiz I IT(f) — gl <

we have

k k
1T = 1) fig * TN = 1) fij* gl — 1=kl frxgll —1
1 1 > kn—1.
Therefore,
kn =1 < TN < IT[AMe/a < [fi* AleM|T.

This holds for any k£ € N, which is a contradiction with boundedness of
T. O

Theorem 3.4. Let H be a compact subgroup of G and G/H be a compact
space. Then C(G/H) is projective as a left L'(G)-module.

Proof. Since H and G/H are compact, G is compact and so L'(G) is
biprojective. If Co(G : H) = {p € Co(G) : p(z€) = ¢(x), z € G, €
H}, then Cy(G : H) is aleft L'(G)-module by the module action defined
by

fo(@) = frola /f oy~ ) dAa(y), (f € LN(G), ¢ € Co(G : H)).
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Let (fa)a be a bounded approximate identity for L'(G). Then f, -
© = faxp — pand so LYG) - Co(G : H) = LY(G) * Co(G : H) =
Co(G : H). By [1, IV, Proposition 5.3] Co(G : H) is projective as a left
L'(G)-module. Since T, is an isometric isomorphism of Co(G : H) onto
Co(G/H) = C(G/H) as a left L*(G)-module, C(G/H) is projective.
U

Corollary 3.5. Let H be a compact subgroup of G. Then Co(G/H) is
projective as a left L' (G)-module (M (G)-module) if and only if G/H s

a compact space.

Remark 3.6. If G is a locally compact group, and if H is a compact
subgroup of G, then by Theorem 2.3, L>°(G/H) is an injective right
L'(G)-module. If G/H is finite, by Theorem 3.4 and the proof of [4, IV
Proposition1.7], L>°(G/H) is projective as a left L'(G/H)-module.

Let G be a locally compact group and H be a compact subgroup
of G. According to [7], we can define a norm decreasing linear map
T: M(G) — M(G/H) by Tm(E) = m(q~'(E)), where E is a Borel
subset of G/H, that satisfies

| elattyiTmiatt) = | pat)in() (¢ € Co(G/H)).
G/H G
Set M(G : H) = {m € M(G) : m(Ah) = m(A), A € Bg , h € H},
where Bg is the o-algebra of Borel sets. Then M(G : H) is a closed
left ideal of M(G) and T : M(G : H) — M(G/H) is an isometric
isomorphism of Banach spaces ([2]).

For m € M(G) and v € M(G/H) define a left M (G)-module action on
M(G/H) by

mevle)= [ y | etusmdmuivei) (o€ ColG/).

Then M(G/H) is a left Banach L'(G)-module and T(my * my) = my -
T(ms) for all my, ma € M(G). Also, if w,v € M(G/H), then wv =
T(wy * 1), where wy, v, € M(G : H) such that T(w,) = w, T(vy) =
v. Moreover, M(G/H) with this convolution is a Banach algebra and

LY(G/H) is an ideal of M(G/H) (see [2] for more details).



HOMOLOGICAL PROPERTIES OF BANACH MODULES ...

Remark 3.7. If G/H is discrete, then M(G/H) = ¢*(G/H) is projec-
tive as a left L!'(G)-module (M (G) module, L'(G/H)-module).

Lemma 3.8. Let G be a locally compact group and H be a compact
subgroup of G. Then M(G/H) is faithful and augmentation-invariant
as a left L'(G)-module.

Proof. Since M (G : H) is a submodule of the faithful Banach module
M(G) as a left L'(G)-module, M(G/H) is faithful. Since M(G) is
augmentation-invariant, there exists A € M(G)’ such that (f - m,\) =
oa(f)(m,\) for f € L'(G) and m € M(G). The map AoroT ! is an
element of M (G/H)' that satisfies definition of augmentation-invariance
for M(G/H), where v : M (G : H) — M(G) is the inclusion map. [

Theorem 3.9. Let G be a locally compact group and H be a compact
subgroup of G. The following conditions are equivalent.

(a) G is amenable;

(b) M(G/H) is injective as a left Banach L*(G)-module;
(c) L*(G/H) is flat as a right Banach L'(G)-module;
(d) Co(G/H) is flat as a right Banach L'(G)-module.

Proof. According to Lemma 3.8, M(G/H) is augmentation-invariant
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as a left Banach L!(G)-module, and also based on Remark 2.8, (L>°(G/H))’

is augmentation-invariant as a left Banach L' (G)-module. Therefore, ac-
cording to [0, Theorem 3.4.2], the implications (d) < (a) < (b) < (¢)
follow. ]
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