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Abstract. In this paper, we consider some kinds of semiregular frames
of translates on the Hilbert space L? (Rd). More precisely, we investigate
the frames of the form {Taxf},cze where A is a real invertible d x d
matrix, f € L?(R?) and it is a frame for the closed subspace generated
by {Tak f}reza-
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Frames are a generalization of orthonormal bases in Hilbert spaces.
In 1946, Gabor |13] formulated a fundamental approach to a signal de-
composition in terms of elementary signals. In 1952, Duffin and Schaffer
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[9] presented some problems in nonharmonic Fourier series and frames
for Hilbert spaces. Later, Daubechies, Grossman and Mayer || revived
the study of frames and applications. The main property of frames that
makes them useful is their redundancy. Many properties of frames make
them useful in various applications in mathematics, sciences and engi-
neering. For a nice and comprehensive survey on various types of frames,
one may refer to [3, 6, 7, 141] and the references therein.

Frames of translates are an important class of frames that have a
special structure. These frames are central in approximation, sampling,
Gabor and wavelet theory and they were investigated in the context
of general properties of shift invariant spaces in a number of articles,
including [10, 15, 16]. Frames of translates are natural examples of frame
sequences. Frame sequences are useful in cases where we are interested
only in expansions in subspaces. For the literature regarding frames and
frame sequences, one may refer to [4, 5, 7, 14]. We fix a real invertible
d x d matrix A and consider AZ? as an index set. For f € L?(R%),
let <I>3c4 = m Y kezd |f(AT)—1(. + k)|? be the periodization of |f|2
By using @}4, among other things, we characterize when the sequence
TA(f) == {f(- —Ak) }1cza is a Bessel sequence, frame of translates, Riesz
basis, or orthonormal basis. Finally, we construct an example, in which
TA(f) is a Parseval frame of translates, but not a Riesz sequence. This
is a generalization of regular frames of translates of the form {A,f},czq,
where {\;}peze € R? and f € L2(RY); see [1, 2, 4].

1 Preliminaries and Notation

Let H be a separable Hilbert space with inner product (-,-). A se-
quence {f;}72, is called a basis for H if for every f € H there is a
unique sequence of scalars {c;}72, such that f = > 77 cpfe. A se-
quence {ex}2, C H is an orthonormal system if (e, e;) = 0y ;. An
orthonormal basis is an orthonormal system {e;}72; that is a basis for
H. A Riesz basis for M is a family of the form {Uey}32, where {e;}72,
is an orthonormal basis for H and U : H — H is a bounded bijective
operator. A Riesz basis is actually a basis. In fact, a basis {f;}32, in H
is a Riesz basis if Y o0 | ¢k fr converges in H only when > 72, |ex|? < oc.
A sequence {fi}32, of elements in H is a frame for H if there exist
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constants A, B > 0 such that

AIFIP <D ICF P < BIIFI?, forall f € H. (1)
=1

The numbers A and B are called frame bounds which are not unique.
A frame with bounds A = B = 1 is called Parseval frame. A sequence
{fr} € H is called a Bessel sequence if the right-hand side of inequality
(1) holds. A frame is called ezact if it ceases to be a frame whenever
any single element is deleted from the sequence and a frame that is not
exact is called overcomplete frame. We recall that every orthonormal
basis is an exact Parseval frame and every exact Parseval frame is an
orthonormal basis. A sequence { f}32, is called a Riesz sequence if there
exist A, B > 0 such that A 72, |ex|* < || 3052 e fell?> < BY_52 ekl
for all sequences {c}32, € (2. A Riesz sequence {f;}3, in a Hilbert
space H is a Riesz basis for the Hilbert space span{ fi}32, which might
just be a subspace of H and a sequence {fx};2, is a frame sequence if
it is a frame for span{ f;}72,; see [7, 11]. For A € GL4(R) (the set of
all d x d invertible real matrices), let A = AZ? and Q4 = A[0,1)%, then
R = Uyea(X + Qa) where (A + Qa) (X + Q) = 0 if and only if
AN

A function f : R? — C is called A-periodic if f(x + \) = f(z) for
all z € RY and A\ € A. It is easy to check that f is A-periodic if and
only if foA is periodic. For simplicity, we denote foA by f4. Recall
that for f c LY(R%), the Fourier transform of f is Ff(£) := f(f)
fRd —2mierdy where ¢ € R? and the inversion Fourier transform is

f(z) = f ( x). As usual, the definition of Fourier transform extends to a
unitary operator f — f on L2(R%), known as the Plancharel theorem.

Also (f4)(€) = |detA‘f((.AT) 1¢) [12] and the Fourier series of f4 is

Z f;\(k)ef%rik-x _ ‘detA‘ Z f((AT)flk>ef2ﬂ'ik-x

kezd
Z f —27rzAT>\:v

AeAt

\det Al

where A+ = (AT)7'Z. For ¢ € L*(Qa), put ea(v) = {(Eart) (V) }reza
where (Eg0)(x) = > A%y (z), (z € Q4) and set N&f‘ ={r€Qu:

3
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Y(x) = 0}. For any function f on R? and k € Z%, the translation of
f by kis Tapf(z) = f(x — Ak) and the set of all translations of f is
denoted by TA(f) = {Tak f }reza, which is called a system of translates of

f- Moreover, F(raf) i= {(Tarf)" brezs = {E—anf}reza for f € L*(RY)
and A € GLg(R). For f € L*(R?%), we define

1 (y) = ,th,Z!f (AN v+ k)P, yeRY

kezd

We call CIJ}“ the periodization of ]f\Q It is worthwhile to mention for f €
L' (R%), the series > wezd Takf converges point-wise almost everywhere
and it converges in L'(Q4) to a function Pf such that [|[Pf|[11q,) <
| £l (rey. Moreover, for v € 7%, it follows that (Pf) (v) (Fourier
transform on Q4) equals f(v) (Fourier transform on R%); see [11]. For
f € L2(R%), one can check easily that

1
H(I)f HLl (Qa) — ‘d tA| ||f”L2(]Rd

Consequently,

ol

(@F)7(y) =

W(Zd'f (AT (7 + R)P)

belongs to L%*(Q4) and H(@[)A) 2lr2 Q) Therefore

= \/ﬁw”m(u@)-
the map from L?*(R?) into L?(Q4) defined by f (@}4)% is a norm-
preserving map. In this paper, among other things, we use @}4 for char-
acterization when 74(f) is a Bessel sequence, frame of translates, Riesz
basis, or an orthonormal basis.

2 MAIN RESULTS

It is known that for f € L?(R?), if 74(f) is a Bessel sequence then
for any {cxtpeze € (2(Z%), Y ez crTar(f) converges in L?(RY) and
> keza ek E—ax converges in L2[0,1)9, where E_ 45 (2) = e 2™AkT 3 €
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RY. Now for f € LY(RY), let 1/1}4(7) = > peza [(v + AE) be the A-
periodization of f. We show that wf‘ is absolutely convergent in L(Q 4)

and that V7|11 = [fllLr ra)-
Lemma 2.1. Let f € LY(RY). With notations as above, the series 1/1}4
converges absolutely in L'(Q4) and fQA 1/)f Y)dy = Jga f(7)dry.

Proof. Let f € L'(R?), A € GL4(R) and put 1/}f (v) = Dpeza f(y +
Ak). Using the fact that 1/1}4 is A-periodic, we have

fQA Wf Ndy < fQA > keza | f(y + AE)|dy
=D heze Jo, |f (v + Ak)|dy
- kaezd Qurak [f (v + AK)|dy
= Jga lf(v + AR)|dy = || f]lx < o0,

which is finite. This implies that ¥7(y) = Ypcza f(y + Ak) € L'(Q.4)

and Hl/J]f‘H 1@ < |Ifll1- Using the dominated convergence theorem, we
have

= > fy+AR) = > f(y+Ak) as N — oo

|k|I<N kezd

where k| = Y| kj, and
[N (< D If (v + AR)| € LHQu).

kezd
Then
¢N d’V—>/ Z f(y + Ak)dy

QA pezd

Moreover,

Jou Zkeza f(y + Ak)dy =3z [, fly + Ak)dy
= kaezd Qut+-Ak ¢(7)d’y
= fRd f(’}/)d’)/
O

It is known that, 4 (1) is a Bessel sequence in L?(Q4) if and only if
Y4 € L®(Q4). In this case, [t(7)|? < B a.e., where B is a Bessel bound.
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Proposition 2.2. Let f € L*(R?) and let B > 0. Then 7a(f) is a
Bessel sequence with bound B if and only if @}4(7) < B forae veQq.

Proof. Given a finite sequence {cy}rcz¢ C C, we put

B(7) = 3 epe 2 ATk,

kezd

Since ¢ € LZ(Q(AT)fl), we have

|T{exrenall® = 11D exTiary-1f 1P
kezd

= H}'( Z CkT(AT)—lkf)H2

kezd

= | 3 eB_pary-i f|I”

kezd

= [ | X aemn e fay
R4

kezZd

= [ wePlfe) P
1 5 _
= o] o FOE X AT+

kezd

- / () P24 ().
[0,1]4

Conversely, if @}4(7) < B for a.e. v € RY, then

ITehenl®<B [ WPdr=B 3 laf

kezd

O

Proposition 2.3. Let f € L*(R%), then 74(f) is an orthonormal se-
quence if and only if @}4(7) =1 for ae v€ Q4.
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Proof. We have to show that (T ag, f, Tk, ) = 0.4k, Ak, (for ki, ka2 € A)
if and only if @}4(7) =1 for a.e. v € RZ. Using the Plancharel theorem
and Weil’s formula, we have

(Tary [ Tano 1) = (F Taky —ko) )
= (. TaGts o) )

= [ F Aty

1 A o
" [det 4] f((‘AT)ilQY + )\))|26727”('A ) (k1*k2)-'yd,y
et Al Jo, gzid»
:/Q DA (y) - e 2mAD T R gy (2)
A

The Pontryagin duality theorem and [11, Proposition 4.3] imply that A
is an orthonormal basis for L?(Q4) and (2) completes the proof. O

Lemma 2.4. Let ) € L*>(Q4) be bounded. Then
spanc4(v¥) = {f € L*(Q4) : f =0 a.e. on qu}

Proof. It is easy to see that {f € L?(Q4) : f = 0 a.e. on N;;‘} is a
closed subspace and span(e4(v)) C {f € L*(Q4) : f =0 a.e. on N&f‘}.
To show that spanc4(¢) = {f € L2(Q4) : f =0 a.e. on Nf}, suppose
that f € {f € L?*(Q4) : f = 0 a.e. on N;;l} satisfies (f,vex) = 0
for every k € Z%. Since ¢ is bounded, f¢ € L?(Q4) and Qary-1 1s an

orthonormal basis for L2(Q 4) (see [11]). We have (fi), ex) = (f,Yer) =0
for k € Z%. Therefore fy = 0 a.e. and since f € {f € L*(QA) :
f = 0 ae. on N{;‘}, f = 0 ae. Hence e4(¢) is complete in the set

{feL?*Q4): f=0aec. on Nf} O

Theorem 2.5. Suppose that 1) € L*(Q4), then c4(3)) is a frame se-
quence in L?(Q4) if and only if there evist A,B > 0 such that A <
10(Y)|? < B for a.e. v ¢ N;;‘. In this case, the closed span of e A()) is

Hi' = {f € LX(Qa): =0 ac. on N},

and A and B are frame bounds for e 4(v) as a frame for H;;‘.
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Proof. Let A and B be frame bounds for spane 4(). Since €4(¢) is a
Bessel sequence, [¢|? < B a.e. Fix any f € H;;l. Then f1i € L?(Q4).
Since 1) is bounded, € (1)) is a frame for H;;‘. Using the fact that eg(y) :=

e~ 2mi(AT) kY ig an orthonormal basis for L?(Q4), we have

A f()Pdy = AllfII7

Qa
< (S ver)

kezd

= 3 (B en)?

kezd

— DI
=ArﬂwMMw&w

Since f and v both vanish on N4,
[ QPO - Ay =0 3)
QA\N!

If [1(7)]> < A on any set D C Q4 \ N;;‘ of positive measure, then
taking f = xp in inequality (3) leads to a contradiction. Hence we have
19(7)|? > A for a.e. v ¢ Nf. O

The next Theorem shows the condition under which, 7.4(f) is a frame
sequence.

Theorem 2.6. Let f € L>(R?) and A,B > 0. Then 14(f) is a frame
sequence with bounds A and B if and only if A < @}4(7) < B jor a.e.

7 & Noa, where Noa = {f € Qa: @4(y) = 0}.

Proof. Suppose that f € L?(R?) and define V(f) := span{ra(f)}. We
have to show that 74(f) is a frame for V(f) if and only if, for v € RY,
{(E_ax|f])(7)}reza is a frame for the set {F € L*(Q4) : F = 0 a..
on N¢}4}. This happens if and only if {(E_x|f])(7)}reza is a frame

sequence in L%(Q4). Now the result follows from Theorem 2.5. O
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Remark 2.7. With the assumption in Theorem 2.6, we call the frame
generated by T4(f), the frame determined by CIJ}“.

The following corollary characterize the members of the subspace
generated by a frame sequence of translates.

Corollary 2.8. Suppose that f € L*(RY) and 74(f) is a frame se-
quence then a function i € L*(R?) belongs to span{t(f)} if and only
if there exists a A-periodic function F whose restriction to Q 4, belongs
to L?(Q4) such that v =Ff.

Proof. Let ¢ € span{r.a(f)}. Then there exists {cx }reza C 1?(Q ) such
that ¢ = 3, cza cxTarf. Hence ) = > hezd cxEB_anf. Thus o = F - f
for F = ZkEZd CkE—Ak:-

Conversely, suppose 1& = Ff Then ¢ = F-f and w’QA is A-periodic.
Hence F € L*(Qa) and F =3, pa ek B_ap,. O

At this point, we recall the facts that a sequence {f;}72, in a Hilbert
space ‘H is a Riesz basis for H if and only if {fr}};2, is a bounded un-
conditional basis for 7, and that the functions ej(y) 1= e~ 2mi(AT) "k
are an orthonormal basis for L?(Q 4). These facts are applied in the fol-
lowing lemma to characterize when €4(v) is a Riesz basis for the Hilbert

space L2(Q4).

Lemma 2.9. Given ) € L?(Q.4), it holds that € 4(1)) is an unconditional
basis for L*(Q4) if and only if there ewist A,B > 0 such that A <
10(Y)| < B for a.e. v. In this case e A(v) is a Riesz basis for L*(Q4).

Proof. Suppose that € 4(¢) is a bounded unconditional basis for L?(Q 4).
Since [|eg| 2 = ||¢]|12 for every k, it is a bounded unconditional basis
and so is a Riesz basis. Since every Riesz basis is an exact frame, by
Theorem 2.5, we have A < |[¢(y)[? < Bae. O

Using Lemma 2.9, we are able to show that 74(f) is a Riesz sequence
ifandonlyifAé@;ﬁ‘gBa.e. for some 0 < A < B < 0.

Proposition 2.10. Let f € L*(R%) and A,B > 0. Then 74(f) is a
Riesz sequence with bounds A and B if and only if A < (IJ“Jﬁ‘(’y) < B for

a.e. v € Q4.

9
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Proof. Suppose that 74(f) is a bounded unconditional basis for L?(R%)
and that H@}“ekHLz = H‘I)?HLZ for every k. By Lemma 2.9, it is a bounded
unconditional basis and so is a Riesz basis with A < @}4(7) <Bae. O

In the next proposition, we determine the Fourier coefficients of the
periodic function <I>}4.

Proposition 2.11. For f € L*(RY), the Fourier coefficients of <I>;C4 are
= | fOVFO+E)N kez
Rd

Proof. Let f € L?(R%). Then using the Z%periodicity of @}4, the
Fourier coefficients ¢,, are

Cn = / R (y) - e T My
[0,1]¢

T —27ri7-n
|detA/01 S (AT G )P ey

kezd

= o L A )R ey
= [ e gy
f(v) (Earf)(y)dy
f T aif)
/ ST (VA

FOVFA+ k)dA.
Rd

i

Remark 2.12. If f has compact support, then Proposition 2.11, implies
that only finitely many of the Fourier coefficients of @}4 are nonzero and

therefore @}4 1S continuous.
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In the following theorem, we determine conditions under which for
f € L?(R?) with compact support, 74(f) is a Bessel sequence that can-
not be an overcomplete frame sequence. This determines under which
conditions for such f, 74(f) is a Riesz sequence.

Theorem 2.13. Assume that f € L*(R?) has compact support. Then
the following assertions hold:

i) TA(f) is a Bessel sequence.

ii) TA(f) cannot be an overcomplete frame sequence.

Proof. i) By Remark 2.12, @}4 is continuous. Since (AT)7[0,1]¢
is compact, <I>}4 is bounded. Therefore there exists B > 0 such that
\Cb“ﬁ(’y)] < B a.e.. Consequently, by Proposition 2.2, 74(f) is a Bessel
sequence.

For proving (i7), by Theorem 2.6, 74(f) is a frame sequence. Also @}4 is
continuous. Hence Proposition 2.10 implies that it is a Riesz sequence;
that is, it is a Riesz basis for span{7a(f)}. Thus their members are
linearly independent and therefore it is not overcomplete. O

Corollary 2.14. Assume that f € L*(R?) is compactly supported. Then
7A(f) is a Riesz sequence if and only if for every v € R%, there exists a

k € Z¢ such that f((AT)fl(’y +k)) #0.
Proof. By Proposition 2.10, @}4 is continuous. Suppose that there exists
v € R? such that for every k € Z¢, f((AT)_l(’y+k)) = 0. Then @}4 =0,
which contradicts Proposition 2.10. Thus f((AT)~!(y + k)) # 0.
For the converse, assume that for any v € R¢, f((.AT)fl(’y + k)) # 0.
This implies that 74(f) is a Riesz sequence. Now, @?4(7) =% 0 implies
that @}4 is continuous and bounded. Thus @}4(7) > 0; that is, it takes
its minimum, which is strictly positive. Therefore, it is a Riesz sequence
bounded from below. O

In what follows, using Lemma 2.15 and Proposition 2.16, we de-
termine conditions under which {Taxf + Taktnf}rezae is a frame for
span{Ta(f)}.
Lemma 2.15. Let {t;}rcze be a Bessel sequence and complete in a
Hilbert space H and let ng € Z% be given. Then {Y + Vking trezd 18
complete.

11
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Proof. We prove the lemma for the case d = 1 and ng = 1. The
general case is almost the same. Suppose that ¢ € H is arbitrary such
that for every k, (¥, v + ¥ry1) = 0. We show that v = 0. Indeed
(¥, Yk + g 41) = 0 implies that (1, ¢) = — (¥, ¥k11). Then for every F,
(Y, Yr)| = [(¢, Yr11)|. Hence |(, )] is constant. On the other hand,
by our assumption, {¢x}rez is a Bessel sequence. Therefore,

S 1wk, ) 2 < B¢,

kEZ

for some B > 0. Hence (1, %y) = 0, for all k. Thus ¢ = 0 (because
{¥r }rez is complete). O

Proposition 2.16. For f € L>(R%), let f = f + Tanf. Then @}4(7) =
11+ 6_2”i(AT)71”'7|2<I>?4(7) and @J’?(’y) determines a frame for V(f) =
span{Ta(f)} if and only if @f(’y) determines a frame for V(f) and
e—?m’(AT)’ln-'y 7& —1.

Proof. By the definition of CIJ?, we have

®40) = Ty 2 FF(AT) 6+ ) 2

kezd
1 —
- Mgz:d (Ff + FLunf) (A1) 1y + k)
= |de%c./4\ Z |f((.AT)—1(fy+ k:)) + E—Anf((.AT)_l('y " k))‘z
kezd

= o 2 (AN 6+ )

kezd
e AT I F(AT) 7 oy 4 )P
_ |(1et/l| Z |1 + eszri(AT)_lTL'(’Y*i’k')‘Q . ‘f((.AT)il(”}/ + k))‘Q
kezd
= 142D TR (),
Therefore using Theorem 2.5, there exist A, B > 0 such that A <

@}4(7) < Bforae 7€ Qa\N, where N ={y € Qu: ‘P?(V) = 0}.
U
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Corollary 2.17. Let f € L2(R%), 74(f) be a frame for V := span{ta(f)}
andn € Z2. Then {Tarf + Takinf treza is a frame for V if and only if
2(AT) "1y - n is not an odd number, for v € [0,1]%.

Proof. It is an immediate consequence of Lemmas 2.15 and 2.16. Il
In the following we give an example in which 74(f) is a Parseval
frame, but it is not a Riesz sequence.

Example 2.18. Let f € L2(R?%) and let f(y) = X(AT)-1 [—1, %]d(v) for
v € R% Then

1 _ 2
A _ Ty—1

3

1 1.4
2:X(AT)71[_§,§:| .

By Theorem 2.6, 74(f) is a frame sequence with frame bounds A = B =

1 but does not form a Riesz sequence.
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