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1 Introduction

Quantum calculus has received more and more attention in recent decades.
The subject of q -di�erence equations was �rst introduced by Jackson
in 1908 ([19], [20]). Other researchers have also studied the issue of q-
di�erence equations ([1], [2], [3], [4], [5], [11], [13], [14], [23], [25], [30],
[34], [38], [41]). This topic has been developed by many researchers in
recent years and many new results have been obtained ([8], [12], [15],
[22], [26], [40]). Later, the study of quantum calculus was generalized
by researchers from one parameter to two parameters (p, q). The (p, q)-
calculus was presented by Chakrabarti and Jagannathan ([9]). The ex-
tension of studies of (p, q)-calculus was given in ([6], [7], [10], [18], [21],
[24], [28], [35], [36]). Recently, Soontharanon and Sitthiwirattham have
acquired fractional operators (p, q)-di�erence and their properties ([37]).
One can �nd some recent studies on the boundary value problem for
(p, q)-di�erence equations in ([27], [29], [31], [32], [33], [39]).

In this article, motivated by several articles about the q-di�erence
and (p, q)-di�erence, we examine the rate of convergence of both cases.
In this way, we review the (p, q)-intgro problem



cDα
p,qy(t) = f(t, y(t),Φϱ

p,qy(t)), t ∈ Tt0(p,q),

y(0) = 1,

κy( t0p ) + (κ+ 1)cDσ
p,qy(

t0
p ) + (κ+ 2)Iζ

p,qy(
t0
p ) = 0,

κy(ρ) + (κ+ 1)cDσ
p,qy(ρ) + (κ+ 2)Iζ

p,qy(ρ) = 0,

(1)

where cDα
p,q ,cDσ

p,q are the Caputo fractional (p, q)−derivative of order

α, σ and 0 < q < p ≤ 1, Tt0(p,q) = { qk

pk+1
t0 : k ∈ N0} ∪ {0}, α be-

longs to (2, 3], σ ∈ (1, 2], ϱ, ζ ∈ (0, 1] and Iζ
p,q denotes the Riemann-

Liouville fractional (p, q)-integral of order ζ, κ is a positive real number

and Φϱ
p,qy(t) = (Iϱ

p,qξy) (t) =
1

p(
ϱ
2)Γp,q(ϱ)

∫ t
0 (t−qs)

ϱ−1
p,q ξ(t, s)y( s

pϱ−1 )dp,qs.
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Also, we investigate the q-version of the problem, that is,

cDα
q y(t) = f (t, y(t),Φγ

qy(t)) , t ∈ Tt0(q),

y(0) = 1,

κy(t0) + (κ+ 1)cDσ
q y(t0) + (κ+ 2)Iζ

q y(t0) = 0,

κy(ρ) + (κ+ 1)cDσ
q y(ρ) + (κ+ 2)Iζ

q y(ρ) = 0,

(2)

where cDα
q ,

cDσ
q are the Caputo fractional q-derivative of order α, σ,

0 < q < 1, t ∈ Tt0(q) = {t : t0qk, k ∈ N} ∪ {0}, α ∈ (2, 3], σ ∈ (1, 2], ζ, ϱ

belong to (0, 1], Iζ
q denotes the Riemann-Liouville fractional q−integral

of order ζ and Φϱ
qy(t) = (Iϱ

q ξy)(t) =
1

Γq(ϱ)

∫ t
0 (t− qs)

ϱ−1
q ξ(t, s)y(s)dqs.

2 Preliminaries

In this section, we recall some basic de�nitions, notations and results.

De�nition 2.1. [37] Let 0 < q < p ≤ 1. The (p, q)-analogue of the
power function (c1 − c2)

n
p,q with n ∈ N0 is de�ned by(c1 − c2)

(n)
p,q =

∏n−1
j=0 (c1p

j − c2q
j),

(c1 − c2)
(0)
p,q = 1,

where c1, c2 ∈ R and N0 := {0, 1, 2, . . .}. For a real number ϑ, we de�ne

(c1 − c2)
(ϑ) = cϑ1

∞∏
j=0

1

pϑ

1− ( c2c1 )(
q
p)

j

1− ( c2c1 )(
q
p)

ϑ+j
, c1 ̸= 0.

De�nition 2.2. [37] For ϑ ∈ N, we put [ϑ]p,q =
pϑ − qϑ

p− q
= pϑ−1[ϑ] q

p
.

De�nition 2.3. [37] We de�ne (p, q)-Gamma and (p, q)-Beta functions

by Γp,q(ϑ) =
(1− q

p
)(ϑ−1)

(1− q
p
)ϑ−1 andBp,q(b1, b2) = p

(b2−1)(2b1+b2−2)
2

Γp,q(b1)Γp,q(b2)

Γp,q(b1 + b2)
,

where ϑ ∈ R \ {0,−1,−2, . . .}.
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We proposed the algorithm 1 for calculating the (p, q)-Gamma func-
tion. Also by de�nition of [ϑ]p,q, the property Γp,q(ϑ+1) = [ϑ]p,qΓp,q(ϑ)
holds [37].

De�nition 2.4. [37] The (p, q)- derivative of a function y : [0, t0] → R
is de�ned by

(Dp,qy)(t) :=


y(pt)− y(qt)

(p− q)t
, t ̸= 0,

y
′
(0) t = 0.

provided that y is di�erentiable at 0. A map y is called (p, q)-di�erentiable
on Tt0(p,q) whenever Dp,qy(t) exists for all t ∈ Tt0(p,q). The (p, q)-
derivative of higher order of a function y, for all n ≥ 1, is given by(Dn

p,qy)(t) = Dp,q(Dn−1
p,q y)(t),

(D0
p,qy)(t) = y(t).

De�nition 2.5. [37] The (p, q)-integral of a function y de�ned on Tt0(p,q)

is given by

(Jp,qy)(t) =

∫ t

0
y(s) dp,qs = t(p− q)

∞∑
j=0

y(t
qj

pj+1
)

qj

pj+1
, (t ∈ Tt0(p,q)),

whenever the sum is absolutely convergent. Similar to (p, q)-derivatives,
we de�ne the operator J n

p,q for all n ≥ 1 by(J n
p,qy)(t) = Jp,q(J n−1

p,q y)(t),

(J 0
p,qy)(t) = y(t),

Remark 2.6. Note that, (Dp,qJp,qy)(t) = y(t), and if y, is continuous
at t = 0, then (Jp,qDp,qy)(t) = y(t)− y(0).

De�nition 2.7. [37] Let ϑ ∈ R+ with n = [ϑ] + 1. The Riemann-
Liouville (p, q)-integral of a function y de�ned on Tt0(p,q) is given by

J ϑ
p,qy(t) =

1

p(
ϑ
2 )Γp,q(ϑ)

∫ t

0
(t− qs)(ϑ−1)

p,q y(
s

pϑ−1
) dp,qs

whenever the integral exists.



A STUDY ON NUMERICAL ALGORITHMS FOR... 5

De�nition 2.8. [37] The Caputo (p, q)-derivative of a function y de�ned
on Tt0(p,q) is given by

cDϑ
p,qy(t) =

1

p(
−ϑ
2 )Γp,q(n− ϑ)

∫ t

0
(t− qs)(n−ϑ−1)

p,q D(n)
p,q y(

s

p−ϑ−1
) dp,qs.

We need next results.

Lemma 2.9. [37] Let 0 < q < p ≤ 1 and y : Tt0(p,q) → R be a map. If
n ≥ 1 and ϑ ∈ (n− 1, n), then

(J ϑ
p,q

cDϑ
p,q)y(t) = y(t) + c0 + c1t+ c2t

2 + · · ·+ cn−1t
n−1.

Theorem 2.10. [16] Let {fj}j∈J be a collection in C[a, b] by sup norm,
then {fj}j∈J is relatively compact i� it is uniformly bounded and equi-
continuous on [a, b].

Theorem 2.11. [16] Suppose that a set C be closed and relatively com-
pact, then C is compact.

Theorem 2.12. [17] Let (X, ∥ . ∥) be a Banach space and S ⊂ X be
closed and convex. Then, any relatively compact operator A : X → X
has at least one �xed point s∗ ∈ S, that is, As∗ = s∗.

3 Main Results

Now, we are ready to start providing our main results.

Lemma 3.1. Let g ∈ C(Tt0(p,q),R) and ∆1,Ω ̸= 0.Then the following
(p, q)-fractional boundary value problem

cDα
p,qy(t) = g(t), t ∈ Tt0(p,q),

y(0) = 0,

κy( t0p ) + (κ+ 1)cDσ
p,qy(

t0
p ) + (κ+ 2)Iζ

p,qy(
t0
p ) = 0,

κy(ρ) + (κ+ 1)cDσ
p,qy(ρ) + (κ+ 2)Iζ

p,qy(ρ) = 0, ρ ∈ Tt0(p,q) − {0, t0
p },

(3)
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has the unique solution

y(t) = − 1

p(
α
2 )Γp,q(α)

∫ t

0
(t− qs)

α−1
p,q g(

s

pα−1
)dp,qs (4)

− t

∆1

[
(−Θ2Ξ1 +∆1Ξ2)

Ω
+ Ξ1

]
+

t2

Ω
(−Θ2Ξ1 +∆1Ξ2),

where



∆1 =

(
κ( t0p ) + (κ+ 2)

Γp,q(2)(
t0
p )

ζ+1

Γp,q(ζ + 2)

)

∆2 =

(
κρ2 + (κ+ 1)

Γp,q(3)(ρ)
2−σ

Γp,q(3− σ)
+ (κ+ 2)

Γp,q(3)ρ
ζ+2

Γp,q(ζ + 3)

)
,

Θ1 =

(
κ( t0p )

2 + (κ+ 1)
Γp,q(3)(

t0
p )

2−σ

Γp,q(3− σ)
+ (κ+ 2)

Γp,q(3)(
t0
p )

ζ+2

Γp,q(ζ + 3)

)
,

Θ2 =
1

∆1

(
κρ+ (κ+ 2)

Γp,q(2)ρ
ζ+1

Γp,q(ζ + 2)

)
,

Ω = Θ1Θ2 −∆2∆1,

(5)

Ξ1 = − κ

p(
α
2 )Γp,q(α)

∫ t0
p

0
(
t0
p
− qs)

α−1
p,q g(

s

pα−1
)dp,qs (6)

+ (κ+ 1)(− 1

p(
α
2 )+(

−σ
2 )Γp,q(α)Γp,q(−σ)

∫ t0
p

0

∫ x
p−σ−1

0
(
t0
p
− qx)

−σ−1
p,q

× (
x

p−σ−1
− qs)

α−1
p,q g(

s

pα−1
)dp,qsdp,qx)

+ (κ+ 2)(− 1

p

(
α+ζ
2

)
Γp,q(α+ ζ)

∫ t0
p

0
(
t0
p
− qs)

α+ζ−1
p,q g(

s

pα+ζ−1
)dp,qs),
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and

Ξ2 = − κ

p(
α
2 )Γp,q(α)

∫ ρ

0
(ρ− qs)

α−1
p,q g(

s

pα−1
)dp,qs (7)

+ (κ+ 1)(− 1

p(
α
2 )+(

−σ
2 )Γp,q(α)Γp,q(−σ)

∫ ρ

0

∫ x
p−σ−1

0
(ρ− qx)

−σ−1
p,q

× (
x

p−σ−1
− qs)

α−1
p,q g(

s

pα−1
)dp,qsdp,qx)

+ (κ+ 2)(− 1

p

(
α+ζ
2

)
Γp,q(α+ ζ)

∫ ρ

0
(ρ− qs)

α+ζ−1
p,q g(

s

pα+ζ−1
)dp,qs.

Proof. To achieve the desired solution by using Lemma 2.9, at �rst we
take Iα

p,q from (3), then there exist constants a0, a1, a2 ∈ R such that

y(t) = − 1

p(
α
2 )Γp,q(α)

∫ t

0
(t− qs)

α−1
p,q g(

s

pα−1
)dp,qs+ a0 + a1t+ a2t

2. (8)

To apply boundary condition, we take the cDσ
p,q and Iζ

p,q of y. Thus,

cDσ
p,qy(t) = − 1

p(
α
2 )+(

−σ
2 )Γp,q(α)Γp,q(−σ)

∫ t

0

∫ x
p−σ−1

0
(t− qx)

−σ−1
p,q

(
x

p−σ−1
− qs)

α−1
p,q g(

s

pα−1
)dp,qsdp,qx+ a2

Γp,q(3)t
−σ+2

Γp,q(3− σ)
,

and

Iζ
p,qy(t) = − 1

p

(
α+ζ
2

)
Γp,q(α+ ζ)

∫ t

0
(t− qs)

α+ζ−1
p,q g(

s

pα+ζ−1
)dp,qs

+ a0
tζ

Γp,q(ζ + 1)
+ a1

Γp,q(2)t
ζ+1

p

(
ζ
2

)
Γp,q(ζ + 2)

+ a2
Γp,q(3)t

ζ+2

p

(
ζ
2

)
Γp,q(ζ + 3)

.

By using the boundary value condition, we get

a0 = 0,

a1 =
−1

∆1

[
(−Θ2Ξ1 +∆1Ξ2)

Ω
+ Ξ1

]
a2 =

1

Ω
(∆1Ξ2 −Θ2Ξ1).

(9)
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in which ∆1,∆2,Θ1,Θ2,Ω,Ξ1,Ξ2, are de�ned by (5)- (7). Now by sub-
stituting (9) in (8), we obtain (4). the proof is complete. □

Now, we investigate the problem by using the q-derivative.

Lemma 3.2. Let α ∈ (2, 3] , σ ∈ (1, 2) , ζ ∈ (0, 1) and κ be a nonzero
real positive constant. Then the q-di�erential fractional problem

cDα
q y(t) + g(t) = 0, t ∈ Tt0(q),

y(0) = 0,

κy(t0) + (κ+ 1)cDσ
q y(t0) + (κ+ 2)Iζ

q y(t0) = 0,

κy(ρ) + (κ+ 1)cDσ
q y(ρ) + (κ+ 2)Iζ

q y(ρ) = 0, ρ ∈ Tt0(q) − {0, t0},
(10)

has the unique solution

y(t) = − 1

Γq(α)

∫ t

0
(t− qs)

α−1
q g(s)dqs (11)

− t

∆∗
1

[
(−Θ∗

2Ξ
∗
1 +∆1Ξ

∗
2)

Ω∗ + Ξ∗
1

]
+

t2

Ω∗ (−Θ∗
2Ξ

∗
1 +∆1Ξ

∗
2),

where

∆∗
1 =

(
κt0 + (κ+ 2)

Γq(2)t
ζ+1
0

Γq(ζ + 2)

)
,

∆∗
2 =

(
κρ2 + (κ+ 1)

Γq(3)ρ
2−σ

Γq(3− σ)
+ (κ+ 2)

Γq(3)ρ
2+ζ

Γq(ζ + 3)

)
,

Θ∗
1 =

(
κt20 + (κ+ 1)

Γq(3)t
2−σ
0

Γq(3− σ)
+ (κ+ 2)

Γq(3)t
2+ζ
0

Γq(ζ + 3)

)
,

Θ∗
2 =

1
∆∗

1

(
κρ+ (κ+ 2)

Γq(2)ρ
ζ+1

Γq(ζ + 2)

)
,

Ω∗ = Θ∗
2Θ

∗
1 −∆2∆1,

(12)
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Ξ∗
1 = − κ

Γq(α)

∫ t0

0
(t0 − qs)

α−1
q g(s)dqs (13)

+ (κ+ 1)(− 1

Γq(α− σ)

∫ t0

0
(t0 − qs)

α−σ−1
q g(s)dqs)

+ (κ+ 2)(− 1

Γq(α+ ζ)

∫ t0

0
(t0 − qs)

α+ζ−1
q g(s)dqs),

and

Ξ∗
2 = − κ

Γq(α)

∫ ρ

0
(ρ− qs)

α−1
q g(s)dqs+ a0 (14)

+ (κ+ 1)(− 1

Γq(α− σ)

∫ ρ

0
(ρ− qs)

σ−1
q g(s)dqs)

+ (κ+ 2)(− 1

Γq(α+ ζ)

∫ ρ

0
(ρ− qs)

α+ζ−1
q g(s)dq).

Proof. The procedure is similar to the previous case. By taking Iα
q

from (10), we get

y(t) = − 1

Γq(α)

∫ t

0
(t− qs)

α−1
q g(s)dqs+ a0 + a1t+ a2t

2. (15)

To use the boundary condition, we take cDσ
p,q and Iζ

p,q from y. Hence,

cDσ
q y(t) = − 1

Γq(α− σ)

∫ t

0
(t− qs)

α−σ−1
q g(s)dqs + a2

Γq(3)t
−σ+2

Γq(3− σ)
,

and

Iζ
q y(t) = − 1

Γp,q(α+ ζ)

∫ t

0
(t− qs)

α+ζ−1
q g(s)dqs

+ a0
tζ

Γq(ζ + 1)
+ a1

Γq(2)t
ζ+1

Γq(ζ + 2)
+ a2

Γq(3)t
ζ+2

Γq(ζ + 3)
.

Note that, 

a0 = 0,

a1 =
−1

∆∗
1

[
(−Θ∗

2Ξ
∗
1 +∆1Ξ

∗
2)

Ω∗ + Ξ∗
1

]
,

a2 =
1

Ω∗ (∆1Ξ
∗
2 −Θ2Ξ

∗
1),

(16)
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where ∆∗
1,∆

∗
2,Θ

∗
1,Θ

∗
2,Ω

∗,Ξ∗
1,Ξ

∗
2, are de�ned by (12)- (14). Now by sub-

stituting (16) in (15), we obtain (11). This completes the proof. □

Now, we investigate the existence and uniqueness of the solutions of
problems (1) and (2) by using the Banach �xed point theorem. Consider
the Banach space X = {y : y ∈ C(Tt0(p,q))} via the norm

∥y∥X = max
t∈Tt0(p,q)

{| y(t) |}.

Let α ∈ (2, 3], σ ∈ (1, 2), ϱ ∈ (0, 1), 0 < q < p ≤ 1, κ ∈ R+, Tt0(p,q) :=

{ qk

pk+1 t0, k ∈ N0} ∪ {0} and X = C(Tt0(p,q),R). De�ne B : X → X by

(By)(t) = − 1

p(
α
2 )Γp,q(α)

∫ t

0
(t− qs)

α−1
p,q

× B
[
(

s

pα−1
), y(

s

pα−1
),Φγ

p,qy(
s

pα−1
))

]
dp,qs

− t

∆1

[
(−Θ2Ξ1By +∆1Ξ2By)

Ω
+ Ξ1By

]
+

t2

Ω
(−Θ2Ξ1By +∆1Ξ2By),

where Ξ1By and Ξ2By are de�ned by

Ξ1By = − κ

p(
α
2 )Γp,q(α)

∫ t0
p

0

(
t0
p

− qs)
α−1
p,q

× B
[
(

s

pα−1
), y(

s

pα−1
),Φγ

p,qy(
s

pα−1
)

]
dp,qs)

+ (κ+ 1)(− 1

p(
α
2 )+(

−σ
2 )Γp,q(α)Γp,q(−σ)

∫ t0
p

0

∫ x
p−σ−1

0

(
t0
p

− qx)
−σ−1
p,q (

x

pα−1
− qs)

α−1
p,q

× B
[
(

s

pα−1
), y(

s

pα−1
),Φγ

p,qy(
s

pα−1
))

]
dp,qsdp,qx)

+ (κ+ 2)(− 1

p(
α
2 )+

(
ζ
2

)
Γp,q(α)Γp,q(ζ)

∫ t0
p

0

∫ x

pζ−1

0

(
t0
p

− qx)
ζ−1
p,q (

x

pα−1
− qs)

α−1
p,q

× B
[
(

s

pα−1
), y(

s

pα−1
),Φγ

p,qy(
s

pα−1
)

]
dp,qs),
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and

Ξ2By = − κ

p(
α
2 )Γp,q(α)

∫ ρ

0

(ρ− qs)
α−1
p,q

× B
[
(

s

pα−1
), y(

s

pα−1
),Φγ

p,qy(
s

pα−1
)

]
dp,qs

+ (κ+ 1)(− 1

p(
α
2 )+(

−σ
2 )Γp,q(α)Γp,q(−σ)

∫ ρ

0

∫ x
p−σ−1

0

(ρ− qx)
−σ−1
p,q (

x

p−σ−1
− qs)

α−1
p,q

× B
[
(

s

pα−1
), y(

s

pα−1
),Φγ

p,qy(
s

pα−1
)

]
dp,qsdp,qx)

+ (κ+ 2)(− 1

p(
α
2 )+

(
ζ
2

)
Γp,q(α)Γp,q(ζ)

∫ ρ

0

∫ x

pζ−1

0

(ρ− qx)
ζ−1
p,q (

x

pζ−1
− qs)

α−1
p,q

× B
[
(

s

pα−1
), y(

s

pα−1
),Φγ

p,qy(
s

pα−1
)

]
dp,qs).

Also, the constants ∆1, ∆2, Θ1, Θ2, Ω are de�ned by (5).

Theorem 3.3. Let B : Tt0(p,q)×R×R → R and ξ : Tt0(p,q)×Tt0(p,q) → [0,∞)
be continuous and ξ0 = max{ξ(t, s) : (t, s) ∈ Tt0(p,q) × Tt0(p,q)}. Assume that
the following conditions hold:

(H1 ) There exist constant τ1, τ2 > 0 such that

| B[t, y1, y2]− B[t, v1, v2] |≤ τ1 | y1 − v1 | +τ2 | y2 − v2 |,

for all t ∈ Tt0(p,q) and yi, vi ∈ X (i = 1, 2),

(H2 ) We have

Σ := ℓ

 (
t0
p

)α

Γp,q(α + 1)
−

t0
p

∆1

[
(−Θ2Υ1 + ∆1Υ2)

Ω
+ Υ2

]
+

(
t0
p

)2

Ω
(−Θ2Υ1 + ∆1Υ2)

 < 1,

where

ℓ =

[
τ1 − τ2

ξ0(
t0
p )

ϱ

Γp,q(ϱ+ 1)

]
,

Υ1 = −
κ( t0p )

α

Γp,q(α+ 1)
−

(ℓ+ 1)( t0p )
α−σ

Γp,q(α− σ + 1)
−

(ℓ+ 2)( t0p )
α+ζ

Γp,q(α+ ζ + 1)
,

Υ2 = − ℓ(ρ)α

Γp,q(α+ 1)
− (ℓ+ 1)ρα−σ

Γp,q(α− σ + 1)
− (ℓ+ 2)ρα+ζ

Γp,q(α+ ζ + 1)
.

Then, the problem (1) has a unique solution in Tt0(p,q).
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Proof. For each t ∈ Tt0(p,q) and y, v ∈ X , we have

| Φϱ
p,qy(t)− Φϱ

p,qv(t) |

= − ξ0

p(
ϱ
2)Γp,q(ϱ)

∫ t

0

(t− qs)
ϱ−1
p,q | y( s

pϱ−1
)− v(

s

pϱ−1
) | dp,qs

≤ − ξ0

p(
ϱ
2)Γp,q(ϱ)

| y − v |
∫ t0

p

0

(
t0
p
− qs)

ϱ−1
p,q dp,qs = −

ξ0(
t0
p )

ϱ

Γp,q(ϱ+ 1)
| y − v | .

Put Ky(t) :=| B[t, y(t),Φϱ
p,qy(t)] |. Then, we get

| Ξ1By − Ξ1Bv |

= (− ℓ

p(
α
2 )Γp,q(α)

∫ t0
p

0

(
t0
p
− qs)

α−1
p,q | Ky −Kv | ( s

pα−1
)dp,qs)

+ (ℓ+ 1)(− 1

p(
α
2 )+(

−σ
2 )Γp,q(α)Γp,q(−σ)

∫ t0
p

0

∫ x

p−σ−1

0

(
t0
p
− qx)

−σ−1
p,q (

x

pα−1
− qs)

α−1
p,q

× | Ky −Kv | ( s

pα−1
)dp,qsdp,qx+ (ℓ+ 2)(− 1

p(
α
2 )+(

ζ
2)Γp,q(α)Γp,q(ζ)∫ t0

p

0

∫ x

pζ−1

0

(
t0
p
− qx)

ζ−1
p,q (

x

pα−1
− qs)

α−1
p,q | Ky −Kv | ( s

pα−1
)dp,qs))

≤
(
τ1 | y − v | +τ2 | Φϱ

p,qy − Φϱ
p,qv |

)
× | −

ℓ( t0p )
α

Γp,q(α+ 1)
−

(ℓ+ 1)( t0p )
α−σ

Γp,q(α− σ + 1)
−

(ℓ+ 2)( t0p )
α+ζ

Γp,q(α+ ζ + 1)
|

≤

(
τ1 | y − v | −τ2

ξ0(
t0
p )

ϱ

Γp,q(ϱ+ 1)
| y − v |

)
Υ1

≤

(
τ1 − τ2

ξ0(
t0
p )

ϱ

Γp,q(ϱ+ 1)

)
Υ1 | y − v |≤ ℓΥ1 ∥ y − v ∥X .
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Similarly, we have | Ξ2By − Ξ2Bv |≤ (ℓ)Υ2 ∥ y − v ∥X . Thus,

| (By)(t)− (Bv)(t) |

≤ − 1

p(
α
2 )Γp,q(α)

∫ t0
p

0

(
t0
p
− qs)

α−1
p,q | Ky −Kv | ( s

pα−1
)dp,qs

+

t0
p

∆1

(
(−Θ2Ξ1By +Θ2Ξ1Bv) + (∆1Ξ2By −∆1Ξ2Bv)

Ω
+ (Ξ1By − Ξ1Bv)

)

+
( t0p )

2

Ω
((∆1Ξ2By −∆1Ξ2Bv) + (−Θ2Ξ1By +Θ2Ξ1Bv))

≤ (
(ℓ)( t0p )

α

Γp,q(α+ 1)
+

( t0p )

∆1

[ 1
Ω

(
| −Θ2Ξ1By +Θ2Ξ1Bv |

+ | ∆1Ξ2By −∆1Ξ2Bv |
)
+ | Ξ1By − Ξ1Bv |

]

+
( t0p )

2

Ω
(| −Θ2Ξ1By +Θ2Ξ1By | + | ∆1Ξ2By −∆1Ξ2By |)

≤ (
(ℓ)( t0p )

α

Γp,q(α+ 1)
−

( t0p )

∆1

[
(−Θ2(ℓ)Υ1 +∆1(ℓ)Υ2)

Ω
+ (ℓ)Υ1

]

+
( t0p )

2

Ω
[−Θ2(ℓ)Υ1 +∆1(ℓ)Υ2] ∥ y − v ∥X≤ Σ ∥ y − v ∥X .

Hence, ∥ By−Bv ∥< Σ ∥ y− v ∥C . By by using (H2 ), we deduce that B
is a contraction and so by using the Banach �xed point theorem, B has
a �xed point which is a unique solution for the problem (1) on Tt0(p,q).
□

Now, we prove the existence and uniqueness result for problem(2).
Consider the Banach space X = {y : y ∈ C(Tt0(q))} via the norm

∥y∥X = max
t∈Tt0(q)

{| y(t) |},

where α ∈ (2, 3], σ ∈ (1, 2), ϱ ∈ (0, 1), 0 < q < 1, ℓ ∈ R+, t ∈ Tt0(q),
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X = C(Tt0(q),R). De�ne the operator B : X → X by

(By)(t) = − 1

Γq(α)

∫ t

0
(t− qs)

α−1
q B

[
(s, y(s),Φϱ

qy(s)
]
dqs

− t

∆∗
1

[
(−Θ∗

2Ξ
∗
1 +∆1Ξ

∗
2)

Ω∗ + Ξ∗
1

]
+

t2

Ω∗ (−Θ∗
2Ξ

∗
1By +∆1Ξ

∗
2By)

where Ξ∗
1By and Ξ∗

2By are de�ned by

Ξ∗
1By = (ℓ)(− 1

Γq(α)

∫ t0

0
(t0 − qs)

α−1
q B

[
s, y(s),Φϱ

qy(s)
]
dqs)

+ (ℓ+ 1)(− 1

Γq(α− σ)

∫ t0

0
(t0 − qs)

α−σ−1
q B

[
s, y(s),Φϱ

qy(s)
]
dqs)

+ (ℓ+ 2)(− 1

Γq(α+ ζ)

∫ t0

0
(t0 − qs)

α+ζ−1
q B

[
s, y(s),Φϱ

qy(s)
]
dqs),

and

Ξ∗
2By = (ℓ)(− 1

Γq(α)

∫ ρ

0
(ρ− qs)

α−1
q B

[
s, y(s),Φϱ

qy(s)
]
dqs)

+ (ℓ+ 1)(− 1

Γq(α− σ)

∫ ρ

0
(ρ− qs)

α−σ−1
q B

[
s, y(s),Φϱ

qy(s)
]
dqs)

+ (ℓ+ 2)(− 1

Γq(α+ ζ)

∫ ρ

0
(ρ− qs)

α+ζ−1
q dqsB

[
s, y(s),Φϱ

qy(s)
]
dqs).

Theorem 3.4. Let B : Tt0(q)×R×R → R and ξ∗ : Tt0(q)×Tt0(q) → [0,∞)
be continuous maps and ξ∗0 = max{ξ(t, s) : (t, s) ∈ Tt0(q) × Tt0(q)}.
Assume that the following conditions hold:

(H1 ) There exist constant τ∗1 , τ
∗
2 > 0 such that

| B[t, y1, y2]− B[t, v1, v2] |≤ τ∗1 | y1 − v1 | +τ∗2 | y2 − v2 |,

for all t ∈ Tt0(q) and yi, vi ∈ C (i = 1, 2),
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(H2 ) We have

Σ
∗

:= (ℓ
∗
)

[
tα0

Γ∗
q (α + 1)

−
t

∆∗
1

[
(−Θ∗

2Υ
∗
1 + ∆∗

1Υ
∗
2)

Ω∗
+ Υ

∗
1

]
+

t2

Ω∗
(−Θ

∗
2Υ

∗
1 + ∆

∗
1Υ

∗
2)

]
< 1,

where



ℓ∗ =

[
τ∗1 − τ∗2

ξ∗0(t0)
ϱ

Γq(ϱ+ 1)

]
,

Υ∗
1 = − ℓtα0

Γq(α+ 1)
− (ℓ+ 1)tα−σ

0

Γq(α− σ + 1)
− (ℓ+ 2)tα+ζ

0

Γq(α+ ζ + 1)
,

Υ∗
2 = − ℓρα

Γq(α+ 1)
− (ℓ+ 1)ρα−σ

Γq(α− σ + 1)
− (ℓ+ 2)ρα+ζ

Γq(α+ ζ + 1)
.

Then, the problem (2) has a unique solution in Tt0(q).

Proof. For each t ∈ T≈⊬(q) and y, v ∈ C, we have

| Φϱ
qy(t)− Φϱ

qv(t) |= − ξ∗0
Γq(ϱ)

∫ t

0
(t− qs)

ϱ−1
q | y(s)− v(s) | dqs

≤ − ξ∗0
Γq(ϱ)

| y − v |
∫ t0

0
(t0 − qs)

ϱ−1
q dqs

= − ξ∗0(t0)
ϱ

Γq(ϱ+ 1)
| y − v | .
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Put Ky(t) := B[t, y(t),Φϱ
q(t)]. Then, we have

| Ξ∗
1By − Ξ∗

1Bv |= (ℓ)(− 1

Γq(α)

∫ t0

0

(t0 − qs)
α−1
q | Ky −Kv | dqs)

+ (ℓ+ 1)(− 1

Γq(α− σ)

∫ t0

0

(t0 − qs)
α−σ−1
q | Ky −Ky | (s)dqs)

+ (ℓ+ 2)(− 1

Γq(α+ ζ)

∫ t0

0

(t0 − qs)
α+ζ−1
q | Ky −Kv | (s)dqs))

≤ τ∗1 | y − v | +τ∗2 | Φϱ
qy − Φϱ

qv |

× | − ℓtα0
Γq(α+ 1)

− (ℓ+ 1)tα−σ
0

Γq(α− σ + 1)
− (ℓ+ 2)tα+ζ

0

Γq(α+ ζ + 1)
|

≤
([

τ∗1 − τ∗2
ξ∗0(t0)

ϱ

Γq(ϱ+ 1)

]
| y − v |

)
Υ∗

1 ≤ (ℓ∗)Υ∗
1 ∥ y − v ∥X .

Similarly, we have | Ξ∗
2By − Ξ∗

2Bv |≤ (ℓ∗)Υ∗
2 ∥ y − v ∥X . Thus,

| (By)(t)− (Bv)(t) |≤ − 1

Γq(α)

∫ t0

0

(t0 − qs)
α−1
q | Ky −Kv | (s)dqs

− t0
∆∗

1

[
(−Θ∗

2Ξ
∗
1By +∆∗

1Ξ
∗
2Bu)

Ω∗ + Ξ∗
1By

]
+

t20
Ω∗ (∆

∗
1Ξ

∗
2By −Θ∗

2Ξ
∗
1By)

≤ (
(ℓ∗)tα0

Γq(α+ 1)
− t0

∆∗
1

[ 1

Ω∗

(
| −Θ∗

2Ξ
∗
1By +Θ∗

2Ξ
∗
1Bv |

+ | ∆∗
1Ξ

∗
2By −∆∗

1Ξ
∗
2Bv |

)
+ | Ξ∗

1By − Ξ∗
1Bv |

]
+

t20
Ω∗ (| −Θ∗

2Ξ
∗
1By +Θ∗

2Ξ
∗
1By | + | ∆∗

1Ξ
∗
2By −∆∗

1Ξ
∗
2By |)

≤ (
(ℓ∗)tα0

Γp,q(α+ 1)
− t0

∆1

[
(−Θ∗

2(ℓ
∗)Υ∗

1 +∆∗
1(ℓ

∗)Υ∗
2)

Ω∗ + (ℓ∗ + τ∗3 )Υ
∗
1

]

+
t20
Ω∗ (−Θ∗

2(ℓ
∗)Υ∗

1 +∆∗
1(ℓ

∗)Υ∗
2)) ∥ y − v ∥X≤ Σ∗ ∥ y − v ∥X .
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Hence, ∥ By−Bv ∥< Σ∗ ∥ y− v ∥X . By using (H2 ), we conclude that B
is a contraction and so by using the Banach �xed point theorem, B has
a �xed point which is a unique solution of problem (2) on Tt0(q). □

Now we check some problems via at least one solution.

Theorem 3.5. Assume that (H1 ) and (H2 ) in theorem 3.3 hold. Then,
the problem (1) has at least one solution on Tt0(p,q).

Proof. We present the proof here in three steps.
1. We �rst show that the map B maps bounded sets into bounded sets of
SL = {y ∈ X :∥ y ∥X } ≤ L. Set maxt∈Tt0(p,q)

| B(t, 0, 0) |= N . Now, put

L ≥

( t0p )
α

Γp,q(α+ 1)

(1− (ℓ) +N)

(
t0
p

∆1

[
(−Θ2Υ1 +∆∗

1Υ2)

Ω
+ Υ1

]
+

(
t0
p )2

Ω (−Θ2Υ1 +∆∗
1Υ2)

) .
Note that, | W (t, y, 0) |=| B[t, y(t),Φϱ

p,qy(t)] − B(t, 0, 0) | + | B(t, 0, 0) |.
For each t ∈ Tt0(p,q) and y ∈ SL, we have

Ξ1By = (ℓ)(− 1

p(
α
2 )Γp,q(α)

∫ t0
p

0

(
t0
p
− qs)

α−1
p,q | W (t, y, 0) | dp,qs) + (ℓ+ 1)

× (− 1

p(
α
2 )+(

−σ
2 )Γp,q(α)Γp,q(−σ)

∫ t0
p

0

∫ x

p−σ−1

0

(
t0
p
− qx)

−σ−1
p,q (

x

pα−1
− qs)

α−1
p,q

× | W (t, y, 0) | dp,qsdp,qx)

+ (ℓ+ 2)(− 1

p(
α
2 )+(

ζ
2)Γp,q(α)Γp,q(ζ)

∫ t0
p

0

∫ x

pζ−1

0

(
t0
p
− qx)

ζ−1
p,q (

x

pα−1
− qs)

α−1
p,q

× | W (t, y, 0) | dp,qs))

≤

([
τ1 − τ2

ξ0(
t0
p )

γ

Γp,q(γ + 1)

]
| y | +N

)
Υ1 ≤ [Lℓ+N ] Υ1 ∥ y ∥X≤ [Lℓ+N ] Υ1.

(17)

Similarly, we have

Ξ2By ≤ [Lℓ+N ] Υ2. (18)
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By using the relations (17)-(18), we �nd

(By)(t) = − 1

p(
α
2 )Γp,q(α)

∫ t0
p

0

(
t0
p

− qs)
α−1
p,q | W (t, y, 0) | dp,qs

−
t0
p

∆1

[
(−Θ2Ξ1By +∆1Ξ2By)

Ω
+ Ξ1By

]
+

( t0
p
)2

Ω
(−Θ2Ξ1By +∆1Ξ2By)

≤ (
( t0

p
)α

Γp,q(α+ 1)
−

t0
p

∆1

[
(−Θ1Ξ1By +∆1Ξ2By)

Ω
+ Ξ1By

]

+
( t0

p
)2

Ω
(−Θ2Ξ1By +∆1Ξ2By)

≤
( t0

p
)α

Γp,q(α+ 1)
−

t0
p

∆1

[ | −Θ2Ξ1By +Θ2Ξ1Bv |
Ω

+ | ∆1Ξ2By −∆1Ξ2Bv |)+ | Ξ1By − Ξ1Bv |
]

+
( t0

p
)2

Ω
(| −Θ2Ξ1By +Θ2Ξ1By | + | ∆1Ξ2By −∆1Ξ2By |)

≤ (
( t0

p
)α

Γp,q(α+ 1)
− [Lℓ+N ] (

t0
p

∆1

[
(−Θ2Υ1 +∆1Υ2)

Ω
+ Υ1)

]

+
( t0

p
)2

Ω
(−Θ2Υ1 +∆1Υ2)) ∥ y ∥X≤ L.

Thus, ∥ By ∥X≤ L, where yield that B is uniformly bounded.
2. The operator B is continuous on SL because of the continuity of B.
3. We claim that B is equi-continuous on SL. For each arbitrary elements
t1, t2 ∈ Tt0(p,q) with t1 < t2, we can write

| (By)(t2)− (By)(t1) |≤
∥ B ∥

Γp,q(α+ 1)
| tα2 − tα1 |

− t2 − t1
∆1

[
−Θ2Ξ1By +∆1Ξ2By)

Ω
+ Ξ1By

]

+
(t22 − t21)

Ω
(−Θ2Ξ1By +∆1Ξ2By). (19)
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Since the right-hand side of (19) tends to be zero when | t2 − t1 |→
0 , B is relatively compact on SL. This yield that B(SL) is an equi-
continuous set. By using these steps and the Arzela-Ascoli theorem 2.10,
we conclude that B : X → X is completely continuous. Now by using
the Schauder �xed point theorem 2.12, we conclude that the problem (1)
has at least one solution. □

Here, we present the existence of a solution to (2).

Theorem 3.6. Assume that (H1 ) and (H2 ) in theorem 3.4 hold. Then,
the problem (2) has at least one solution on Tt0(q).

Proof. The process is similar to the previous theorem.
1. We �rst show that the map B maps bounded sets into bounded sets
of S∗

L = {u ∈ X :∥ y ∥X } ≤ L∗. Put maxt∈Tt0(q)
| B(t, 0, 0) |= N∗ and

L∗ ≥

tα0
Γp,q(α+ 1)

(1− ℓ∗ +N∗)

(
−t0
∆∗

1

[
(
(−Θ∗

2Υ
∗
1 +∆∗

1Υ
∗
2)

Ω∗ ) + Υ∗
1

]
+

t20
Ω∗ (−Θ∗

2Υ
∗
1 +∆∗

1Υ
∗
2

) .

Note that, | W (t, y, 0) |=| B[t, y(t),Φϱ
qy(t)] − B(t, 0, 0) | + | B(t, 0, 0) |.

For every t ∈ Tt0(q) and y ∈ S∗
L, we have

Ξ∗
1By = (ℓ)(− 1

Γq(α)

∫ t0

0
(t0 − qs)

α−1
q | W (t, y, 0) | dqs)

+ (ℓ+ 1)(− 1

Γq(α− σ)

∫ t0

0
(t0 − qs)

−σ−1
q | W (t, y, 0) | dqs)

+ (ℓ+ 2)(− 1

Γq(α+ ζ)

∫ t0

0
(t0 − qs)

α+ζ−1
q | W (t, y, 0) | dqs)

≤
([

τ∗1 − τ∗2
ξ∗0t

ϱ
0

Γq(ϱ+ 1)

]
| y | +N∗

)
Υ∗

1

≤ [L∗ℓ∗ +N∗] Υ∗
1 ∥ y ∥C≤ [L∗ℓ∗ +N∗] Υ∗

1. (20)

Similarly, we have

Ξ∗
2By ≤ [L∗ℓ∗ +N∗] Υ∗

2. (21)
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From (20)-(21), we �nd

(By)(t) = − 1

Γq(α)

∫ t

0

(t− qs)
α−1
q | W (t, y, 0) | dqs

− t

∆∗
1

[
−Θ∗

2Ξ
∗
1By +∆∗

1Ξ
∗
2By

Ω∗ + Ξ∗
2By

]
+

t2

Ω∗ (−Θ∗
2Ξ

∗
2By +∆∗

1Ξ
∗
1By)

≤ (
tα0

Γq(α+ 1)
− t0

∆∗
1

[
(−Θ∗

2Ξ
∗
1By +∆∗

1Ξ
∗
2By)

Ω∗ + Ξ∗
2By

]

+
t20
Ω∗ (−Θ∗

2Ξ
∗
1By +∆∗

1Ξ
∗
2By)

≤ (
tα0

Γq(α+ 1)
+

t0
∆∗

1

[ 1

Ω∗ (| −Θ∗
2Ξ

∗
1By +∆∗

1Ξ
∗
1Bv |

+ | ∆∗
1Ξ

∗
2By −∆∗

1Ξ
∗
2Bv |)+ | Ξ∗

1By − Ξ∗
1Bv |

]
+

t20
Ω∗ (| −Θ∗

2Ξ
∗
1By +Θ∗

2Ξ
∗
1By | + | ∆∗

1Ξ
∗
2By −∆∗

1Ξ
∗
2By |)

≤ (
( t0p )

α

Γq(α+ 1)
+

t0
p

∆∗
1

[
(−L∗Θ∗

2ℓ
∗Υ∗

1) + (L∗∆∗
1ℓ

∗Υ∗
2)

Ω∗ + (L∗ℓ∗Υ∗
1)

]

+
( t0p )

2

Ω∗ [(−L∗Θ∗
2ℓ

∗Υ∗
1) + (L∗∆∗

1ℓ
∗Υ∗

1)] ∥ y ∥C≤ L∗.

Thus, ∥ By ∥C≤ L∗ and so B is uniformly bounded.
2. The operator B is continuous on S∗

L because of the continuity of B.
We show that B is equi-continuous on SL. For each t1, t2 ∈ Tt0(q) with
t1 < t2, we can write

| (By)(t2)− (By)(t1) |≤
∥ B ∥

Γq(α+ 1)
| tα2 − tα1 |

− t2 − t1
∆∗

1

[
(−Θ∗

2Ξ
∗
1By +∆∗

1Ξ
∗
2By)

Ω∗ + Ξ∗
1By

]
+

(t22 − t21)

Ω∗ (−Θ∗
2Ξ

∗
1By +∆∗

1Ξ
∗
2By). (22)
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Since the right-hand side of (22) tends to be zero when | t2− t1 |→ 0 , B
is relatively compact on S∗

L. This shows that B(SL) is equi-continuous.
By using the steps and the Arzela-Ascoli theorem 2.10, we conclude that
B : X → X is completely continuous. Now by using the Schauder �xed
point theorem 2.12, we �nd that problem (2) has at least one solution.
□

4 Examples

In this section, we provide some examples to illustrate our main results.

Example 4.1. Consider the problem de�ned below

cD
11
4

p,qy(t) =
e−πt

24
√
π + e−πt

[ sin t+ et

1 + t3
+

| y(t) |
1+ | y(t) | +

e−πt−3(cos t+ 2)

1 + t2
| Φ

1
5
p,qy(t) |

]
,

for t ∈ Tt0(p,q), with the boundary value conditions


y(0) = 0,

ℓy( t0p ) + (ℓ+ 1)cD
4
3
p,qy(

t0
p ) + (ℓ+ 2)I

3
4
p,qy(

t0
p ) = 0,

ℓy(ρ) + (ℓ+ 1)cD
4
3
p,qy(ρ) + (ℓ+ 2)I

3
4
p,qy(ρ) = 0,

where ξ(t, s) =
e−|s−t|

(t+ 3)
3
2

, t ∈ Tt0(p,q), α = 11
4 , ϱ = 1

5 , ζ = 3
4 , σ = 4

3 ,

t0 = 3, ℓ = 0.01, 0 < q < p ≤ 1, ρ =
q2

p3
t0 and k = 2. Note that,

B
[
t, y(t),Φϱ

p,qy(t)
]
=

e−πt

24
√
π + e−πt

[sin t+ et

1 + t3
+

| y(t) |
1+ | y(t) |

+
e−πt−3(cos t+ 2)

1 + t2
| Φ

1
5
p,qy(t) |

]
.
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By using (5)-(7), we get

∆1 = 0.01(3p) + (0.01 + 2)
Γp,q(2)(

3
p)

3
4
+1

p

(
3
4
2

)
Γp,q(

3
4 + 2)

,

∆2 = 0.01(ρ)2 + (0.01 + 1)
[2]p,q!(ρ)

2− 4
3

Γp,q(3− 4
3)

+ (0.01 + 2)
Γp,q(3)(ρ)

3
4
+2

p

(
3
4
2

)
Γp,q(

3
4 + 3)

,

Θ1 = 0.01(3p)
2 + (0.01 + 1)

[2]p,q!(
3
p)

2− 4
3

Γp,q(3− 4
3)

+ (0.01 + 2)
Γp,q(3)(

3
p)

3
4
+2

p

(
3
4
2

)
Γp,q(

3
4 + 3)

,

Θ2 =
1
∆1

0.01(ρ) + (0.01 + 2)
Γp,q(2)(ρ)

3
4
+1

p

(
3
4
2

)
Γp,q(

3
4 + 2)

,

Ω = Θ1Θ2 −∆1∆2,

and for all t ∈ Tt0(p,q), y, v ∈ R,

| B
[
t, y(t),Φϱ

p,qy(t)
]
−B

[
t, v(t),Φϱ

p,qv(t)
]
|= 1

24
√
π

| y−v | + e−3

8
√
π

| Φϱ
p,qy(t)−Φϱ

p,qv(t) | .

Thus, the condition (H1 ) holds with τ1 = 0.0235079 and τ2 = 0.003511168
for all y, v ∈ X . Also, we have

ℓ =

0.0235079− 0.003511168
0.19245009(3p)

1
5

Γp,q(
1
5 + 1)

 ,

Υ1 =| −
0.01(3p)

11
4

Γp,q(
11
4 + 1)

−
(0.01 + 1)(3p)

11
4
− 4

3

Γp,q(
11
4 − 4

3 + 1)
−

(0.01 + 2)(3p)
11
4
+ 3

4

Γp,q(
11
4 + 3

4 + 1)
|,

Υ2 =| − 0.01(ρ)
11
4

Γp,q(
11
4 + 1)

− (0.01 + 1)(ρ)
11
4
− 4

3

Γp,q(
11
4 − 4

3 + 1)
− (0.01 + 2)(ρ)

11
4
+ 3

4

Γp,q(
11
4 + 3

4 + 1)
| .

In the last section, the tables show us that

Σ := ℓ

 ( 3
p
)
11
4

Γp,q(
11
4

+ 1)
−

3
p

∆1

[
(−Θ2 | Υ1 | +∆1 | Υ2 |)

| Ω |
+ | Υ2 |

]
+

( 3
p
)2

| Ω |
(−Θ2 | Υ1 | +∆1 | Υ2 |)

 < 1.
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By using Theorem 3.3, this problem has a unique solution. Some con-
siderable numerical results presented in Tables 4, 5, 6, 8 and 11 about
this example. By comparing the Tables, it can be concluded that the
q-calculus is better than (p, q)-calculus.

Example 4.2. Consider the q-di�erential equation

cD
11
4
q y(t) =

e−πt

24
√
π + e−πt

[
sin t+ et

1 + t3
+

| y(t) |
1+ | y(t) |

+
e−πt−3(cos t+ 2)

1 + t2
| Φ

1
5
q y(t) |],

for t ∈ Tt0(q), with the boundary conditions
y(0) = 0,

ℓy(t0) + (ℓ+ 1)cD
4
3
p,qy(t0) + (ℓ+ 2)I

3
4
q y(t0) = 0,

ℓy(ρ) + (ℓ+ 1)cD
4
3
q y(ρ) + (ℓ+ 2)I

3
4
q y(ρ) = 0,

where ξ∗(t, s) =
e−|s−t|

(t+ 3)
3
2

, t ∈ [0, 1], α = 11
4 , ϱ = 1

5 , ζ = 3
4 , σ = 4

3 ,

ℓ∗ = 0.01, t0 = 3, 0 < q < 1, ρ = t0q
2, k = 2 and ξ∗0 = 0.19245009. Note

that,

B
[
t, y(t),Φγ

qy(t)
]
=

e−πt

24
√
π + e−πt

[
sin t+ et

1 + t3
+

| y(t) |
1+ | y(t) |

+
e−πt−3(cos t+ 2)

1 + t2
| Φ

1
5
q y(t) |].

For every t ∈ Tt0 , y, v ∈ R, we have

| B
[
t, y(t),Φϱ

qy(t)
]
−B

[
t, v(t),Φϱ

qv(t),
]
|= 1

24
√
π

| y− v | + e−3

8
√
π

| Φϱ
qy(t)−Φϱ

qv(t) | .

Hence, (H1 ) holds with τ∗1 = 0.0235079, τ∗2 = 0.003511168 and all
y, v ∈ X . By performing calculations similar to the previous steps, we
get

∑∗ < 1 and so by using Theorem 3.3, this problem has a unique
solution. Some numerical results presented in Tables 1, 2, 3, 7 about
this example. By comparing the Tables, it can be concluded that the
q-calculus is better than (p, q)-calculus.
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5 Conclusion

The role and importance of generalization in learning and teaching math-
ematics are not hidden from anyone. In fact, the history of mathematics
is nothing but the recording of successive generalizations in mathemat-
ics. Sometimes the problem can be solved more easily by changing the
problem to a more general one and by generalizing it. But this is not
always the case and there are gaps in some generalizations. For this
reason, in this paper, we examined the generalization of q-calculus, ie
(p, q)-calculus. To achieve this goal, we examined the fractional di�eren-
tial equations in both modes with the Banach �xed point theorem, and
numerical result. By comparing the data from Tables 1�3 with 4�6, 7
with 8, and 9 with 10, it can be concluded that the rate of convergence
of the designed algorithms to the desired solution is higher in q-calculus
than in (p, q)-calculus. It can be clearly seen that as the value of p pa-
rameter gets closer to 1, the convergence rate of the algorithm increases.
And if p = 1, we actually have nothing but the q-calculus.
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1 function g = pqGamma1(p,q,x,n)
2 d=1;
3 for k=1:n
4 g=(d.*(1-(q./p).^(k+1))./(1-(q).^(x+k)))./(p-q).^(x-1);
5 end
6 end

Table 1: Some numerical results of Coe�cients in Example 4.2 for di�erent value

of q.

n ∆∗
(1) ∆∗

(2) Θ∗
(1) Θ∗

(2) Ω∗ Υ∗
(1) Υ∗

(2) κ∗ Σ∗

q = 0.6, p = 1
1 7.5498 4.4032 27.9060 0.9551 −2.7243 −12.7158 −0.3997 0.0227 0.0365
2 7.2712 4.6050 27.9290 1.0527 −1.2348 −11.0704 −0.3564 0.0228 0.0014
3 7.1291 4.7154 27.9417 1.1025 −0.5546 −10.4074 −0.3389 0.0228 0.0554
4 7.0513 4.7784 27.9488 1.1298 −0.2250 −10.1053 −0.3309 0.0228 0.1176
5 7.0070 4.8365 27.9530 1.1453 −0.0608 −9.9600 −0.3270 0.0228 0.1778
6 6.9812 4.8493 27.9555 1.1544 0.0221 −9.8883 −0.3251 0.0228 0.2285
7 6.9660 4.8569 27.9569 1.1597 0.0643 −9.8525 −0.3241 0.0228 0.2668
8 6.9570 4.8615 27.9578 1.1628 0.0858 −9.8345 −0.3237 0.0228 0.2935
9 6.9516 4.8642 27.9583 1.1647 0.0967 −9.8255 −0.3234 0.0228 0.3112

10 6.9484 4.8659 27.9586 1.1658 0.1023 −9.8209 −0.3233 0.0228 0.3224
11 6.9465 4.8668 27.9588 1.1669 0.1052 −9.8186 −0.3232 0.0228 0.3294
12 6.9453 4.8674 27.9589 1.1672 0.1066 −9.8174 −0.3232 0.0228 0.3337
13 6.9446 4.8678 27.9590 1.1673 0.1074 −9.8168 −0.3232 0.0228 0.3363
14 6.9442 4.8680 27.9590 1.1674 0.1078 −9.8165 −0.3232 0.0228 0.3379
15 6.9440 4.8681 27.9591 1.1675 0.1080 −9.8164 −0.3232 0.0228 0.3388
16 6.9438 4.8682 27.9591 1.1675 0.1081 −9.8163 −0.3232 0.0228 0.3394
17 6.9437 4.8682 27.9591 1.1675 0.1081 −9.8162 −0.3232 0.0228 0.3398
18 6.9437 4.8683 27.9591 1.1675 0.1081 −9.8162 −0.3232 0.0228 0.3400
19 6.9436 4.8683 27.9591 1.1675 0.1082 −9.8162 −0.3232 0.0228 0.3401
... ... ... ... ... ... ... ... ... ...
22 6.9436 4.8683 27.9591 1.1675 0.1082 −9.8162 −0.3232 0.0228 0.3402
23 6.9436 4.8683 27.9591 1.1675 0.1082 −9.8162 −0.3232 0.0228 0.3403
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Table 2: Some numerical results of Coe�cients in Example 4.2 for di�erent value

of q.

n ∆∗
(1) ∆∗

(2) Θ∗
(1) Θ∗

(2) Ω∗ Υ∗
(1) Υ∗

(2) κ∗ Σ∗

q = 0.7, p = 1
1 6.2846 7.7973 26.4935 1.2559 −15.7296 −3.5559 −0.6320 0.0227 0.0679
2 6.0151 8.1856 26.7723 1.3972 −11.8317 −2.9676 −0.5407 0.0228 0.0806
3 5.8661 8.4196 26.9403 1.4752 −9.6467 −2.6912 −0.4979 0.0228 0.0915
4 5.7762 8.5682 27.0470 1.5223 −8.3179 −2.5384 −0.4742 0.0228 0.0997
5 5.7192 8.6655 27.1169 1.5522 −7.4698 −2.4463 −0.4599 0.0228 0.1056
... ... ... ... ... ... ... ... ... ...
21 5.6022 8.8733 27.2661 1.6135 −5.7166 −2.2681 −0.4323 0.0228 0.1190
22 5.6020 8.8701 27.2656 1.6135 −5.7150 −2.2679 −0.4323 0.0228 0.1191
23 5.6019 8.8712 27.2659 1.6136 −5.7138 −2.2678 −0.4322 0.0228 0.1191
... ... ... ... ... ... ... ... ... ...
26 5.6019 8.8730 27.2665 1.6136 −5.7121 −2.2676 −0.4322 0.0228 0.1191
27 5.6019 8.8733 27.2665 1.6137 −5.7118 −2.2676 −0.4322 0.0228 0.1191
... ... ... ... ... ... ... ... ... ...
31 5.6019 8.8739 27.2665 1.6137 −5.7113 −2.2676 −0.4322 0.0228 0.1191
32 5.6019 8.8739 27.2665 1.6137 −5.7113 −2.2675 −0.4322 0.0228 0.1191
33 5.6019 8.8739 27.2666 1.6137 −5.7113 −2.2675 −0.4322 0.0228 0.1191
34 5.6019 8.8739 27.2666 1.6137 −5.7112 −2.2675 −0.4322 0.0228 0.1191
35 5.6019 8.8739 27.2666 1.6137 −5.7112 −2.2675 −0.4322 0.0228 0.1191
36 5.6019 8.8739 27.2666 1.6137 −5.7112 −2.2675 −0.4322 0.0228 0.1191
37 5.6019 8.8740 27.2666 1.6137 −5.7112 −2.2675 −0.4322 0.0228 0.1191
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Table 3: Some numerical results of Coe�cients in Example 4.2 for di�erent value

of q.

n ∆∗
(1) ∆∗

(2) Θ∗
(1) Θ∗

(2) Ω∗ Υ∗
(1) Υ∗

(2) κ∗ Σ∗

q = 0.9, p = 1
1 2.9739 32.7752 40.7239 1.2095 −48.2147 −0.3615 −0.2499 0.0229 0.0126
2 2.8286 35.3934 43.6447 1.3564 −40.9141 −0.3069 −0.2132 0.0229 0.0155
3 2.7421 37.1229 45.5741 1.4439 −35.9891 −0.2798 −0.1950 0.0230 0.0196
4 2.6850 38.3447 46.9372 1.5017 −32.4667 −0.2636 −0.1842 0.0230 0.0244
5 2.6446 39.2493 47.9464 1.5017 −29.8374 −0.2529 −0.1770 0.0230 0.0297
... ... ... ... ... ... ... ... ... ...
56 2.4748 43.4962 52.6843 1.7143 −17.2848 −0.2137 −0.1506 0.0230 0.1241
57 2.4747 43.4963 52.6843 1.7144 −17.2846 −0.2136 −0.1506 0.0230 0.1242
... ... ... ... ... ... ... ... ... ...
77 2.4744 43.4962 52.6843 1.7147 −17.2848 −0.2136 −0.1506 0.0230 0.1247
78 2.4744 43.4963 52.6843 1.7147 −17.2846 −0.2136 −0.1505 0.0230 0.1247
... ... ... ... ... ... ... ... ... ...
83 2.4744 43.4962 52.6843 1.7147 −17.2848 −0.2136 −0.1505 0.0230 0.1247
84 2.4743 43.4963 52.6843 1.7148 −17.2846 −0.2136 −0.1505 0.0230 0.1247
... ... ... ... ... ... ... ... ... ...
91 2.4743 43.4968 52.6847 1.7148 −17.2831 −0.2136 −0.1505 0.0230 0.1247
92 2.4743 43.4968 52.6848 1.7148 −17.2830 −0.2136 −0.1505 0.0230 0.1248
... ... ... ... ... ... ... ... ... ...
95 2.4743 43.4968 52.6849 1.7148 −17.2830 −0.2136 −0.1505 0.0230 0.1248
96 2.4743 43.4969 52.6850 1.7148 −17.2829 −0.2136 −0.1505 0.0230 0.1248
97 2.4743 43.4969 52.6850 1.7148 −17.2829 −0.2136 −0.1505 0.0230 0.1248
98 2.4743 43.4969 52.6850 1.7148 −17.2828 −0.2136 −0.1505 0.0230 0.1248
... ... ... ... ... ... ... ... ... ...

102 2.4743 43.4969 52.6850 1.7148 −17.2828 −0.2136 −0.1505 0.0230 0.1248
103 2.4743 43.4970 52.6850 1.7148 −17.2828 −0.2136 −0.1505 0.0230 0.1248
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Table 4: Some numerical results of Coe�cients in Example 4.1 for di�erent value

of q.

n ∆(1) ∆(2) Θ(1) Θ(2) Ω Υ(1) Υ(2) κ Σ

q = 0.6, p = 0.99
1 7.4737 5.9052 30.2633 1.0629 −7.4545 −7.0497 −0.5664 0.0228 0.0475
2 7.1980 6.1707 30.3748 1.1900 −4.7391 −5.9650 −0.4922 0.0228 0.0209
3 7.0573 6.3162 30.4358 1.2617 −3.3287 −5.4829 −0.4591 0.0228 0.0188
4 6.9803 6.3991 30.4706 1.3051 −2.5393 −5.2349 −0.4420 0.0228 0.0657
5 6.9365 6.4472 30.4908 1.3325 −2.0793 −5.0977 −0.4326 0.0228 0.1124
6 6.9109 6.4756 30.5027 1.3500 −1.8052 −5.0187 −0.4271 0.0228 0.1529
7 6.8959 4.8569 30.5098 1.3614 −1.6397 −4.9722 −0.4239 0.0228 0.1844
8 6.8870 6.4925 30.5140 1.3688 −1.5391 −4.9445 −0.4220 0.0228 0.2072
9 6.8817 6.5025 30.5166 1.3736 −1.4776 −4.9278 −0.4208 0.0228 0.2227

10 6.8785 6.5085 30.5190 1.3767 −1.4400 −4.9178 −0.4201 0.0228 0.2329
11 6.8766 6.5121 30.5195 1.3788 −1.4169 −4.9117 −0.4197 0.0228 0.2395
12 6.8754 6.5143 30.5198 1.3801 −1.4028 −4.9080 −0.4194 0.0228 0.2436
13 6.8748 6.5156 30.5200 1.3809 −1.3941 −4.9058 −0.4192 0.0228 0.2462
14 6.8743 6.5163 30.5201 1.3815 −1.3888 −4.9044 −0.4192 0.0228 0.2478
15 6.8741 6.5171 30.5202 1.3819 −1.3855 −4.9036 −0.4191 0.0228 0.2488
16 6.8740 6.5172 30.5203 1.3821 −1.3835 −4.9031 −0.4191 0.0228 0.2494
17 6.8739 6.5173 30.5203 1.3822 −1.3822 −4.9028 −0.4190 0.0228 0.2498
18 6.8738 6.5174 30.5203 1.3823 −1.3815 −4.9026 −0.4190 0.0228 0.2500
19 6.8738 6.5174 30.5203 1.3824 −1.3810 −4.9025 −0.4190 0.0228 0.2502
20 6.8738 6.5175 30.5203 1.3824 −1.3807 −4.9024 −0.4190 0.0228 0.2502
21 6.8738 6.5175 30.5203 1.3825 −1.3806 −4.9024 −0.4190 0.0228 0.2503
22 6.8737 6.5175 30.5203 1.3825 −1.3805 −4.9024 −0.4190 0.0228 0.2503
23 6.8737 6.5175 30.5203 1.3825 −1.3804 −4.9023 −0.4190 0.0228 0.2503
24 6.8737 6.5175 30.5203 1.3825 −1.3804 −4.9023 −0.4190 0.0228 0.2504
25 6.8737 6.5175 30.5203 1.3825 −1.3803 −4.9023 −0.4190 0.0228 0.2504
26 6.8737 6.5175 30.5203 1.3825 −1.3803 −4.9023 −0.4190 0.0228 0.2504
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Table 5: Some numerical results of Coe�cients in Example 4.1 for di�erent value

of q.

n ∆(1) ∆(2) Θ(1) Θ(2) Ω Υ(1) Υ(2) κ Σ

q = 0.7, p = 0.99
1 6.2361 8.3024 26.9852 1.2659 −17.6146 −3.3938 −0.6396 0.0228 0.0693
2 5.9686 8.7174 27.3016 1.4132 −13.4479 −2.8244 −0.5454 0.0228 0.0841
3 5.8208 8.9676 27.4924 1.4967 −11.0501 −2.5548 −0.5007 0.0228 0.0972
4 5.7317 9.1263 27.6134 1.5484 −9.5521 −2.4043 −0.4756 0.0228 0.1075
5 5.6751 9.2304 27.6928 1.5821 −8.5693 −2.3126 −0.4603 0.0228 0.1152
... ... ... ... ... ... ... ... ... ...
22 5.5589 9.4527 27.8623 1.6582 −6.3454 −2.1273 −0.4291 0.0228 0.1341
23 5.5588 9.4528 27.8624 1.6583 −6.3433 −2.1272 −0.4291 0.0228 0.1342
24 5.5588 9.4529 27.8625 1.6583 −6.3418 −2.1271 −0.4291 0.0228 0.1342
25 5.5587 9.4530 27.8626 1.6584 −6.3408 −2.1270 −0.4291 0.0228 0.1342
26 5.5587 9.4530 27.8626 1.6584 −6.3400 −2.1270 −0.4290 0.0228 0.1342
... ... ... ... ... ... ... ... ... ...
28 5.5587 9.4531 27.8626 1.6584 −6.3391 −2.1269 −0.4290 0.0228 0.1342
29 5.5587 9.4531 27.8627 1.6584 −6.3388 −2.1269 −0.4290 0.0228 0.1342
30 5.5587 9.4531 27.8627 1.6584 −6.3386 −2.1269 −0.4290 0.0228 0.1342
31 5.5587 9.4531 27.8627 1.6584 −6.3385 −2.1268 −0.4290 0.0228 0.1342
32 5.5587 9.4531 27.8627 1.6584 −6.3384 −2.1268 −0.4290 0.0228 0.1342
33 5.5587 9.4532 27.8627 1.6584 −6.3383 −2.1268 −0.4290 0.0228 0.1342
... ... ... ... ... ... ... ... ... ...
36 5.5587 9.4532 27.8627 1.6584 −6.3382 −2.1268 −0.4290 0.0228 0.1342
37 5.5586 9.4532 27.8627 1.6584 −6.3381 −2.1268 −0.4290 0.0228 0.1342
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Table 6: Some numerical results of Coe�cients in Example 4.1 for di�erent value

of q.

n ∆(1) ∆(2) Θ(1) Θ(2) Ω Υ(1) Υ(2) κ Σ

q = 0.9, p = 0.99
1 2.7988 37.6769 45.4170 1.0796 −17.6146 −0.3338 −0.2412 0.0229 0.0122
2 2.6622 40.7759 48.8551 1.2159 −13.4479 −0.2828 −0.2052 0.0229 0.0157
3 2.5808 42.8230 51.1262 1.2997 −11.0501 −0.2571 −0.1870 0.0229 0.0210
4 2.5271 44.2692 52.7307 1.3573 −9.5521 −0.2414 −0.1759 0.0229 0.0280
5 2.4891 45.3400 53.9187 1.3998 −8.5693 −0.2309 −0.1684 0.0229 0.0365
... ... ... ... ... ... ... ... ... ...
9 2.4089 47.7496 56.5919 1.6584 −6.3382 −0.2092 −0.1530 0.0229 0.0826

10 2.3977 48.1006 56.9814 1.6584 −6.3381 −0.2061 −0.1508 0.0230 0.0964
... ... ... ... ... ... ... ... ... ...
69 2.3291 50.3647 59.4929 1.6706 −6.3381 −0.1820 −0.1336 0.0230 0.4581
70 2.3291 50.3650 59.4933 1.6707 −6.3381 −0.1820 −0.1335 0.0230 0.4584
... ... ... ... ... ... ... ... ... ...
72 2.3291 50.3656 59.4939 1.6709 −6.3381 −0.1820 −0.1335 0.0230 0.4590
73 2.3290 50.3658 59.4942 1.6710 −6.3381 −0.1820 −0.1335 0.0230 0.4593
... ... ... ... ... ... ... ... ... ...
75 2.3290 50.3662 59.4947 1.6711 −6.3381 −0.1820 −0.1335 0.0230 0.4597
76 2.3290 50.3663 59.4949 1.6712 −6.3381 −0.1819 −0.1335 0.0230 0.4599
... ... ... ... ... ... ... ... ... ...
93 2.3290 50.3675 59.4963 1.6716 −6.3381 −0.1819 −0.1335 0.0230 0.4615
94 2.3290 50.3675 59.4964 1.6717 −6.3381 −0.1819 −0.1335 0.0230 0.4616
... ... ... ... ... ... ... ... ... ...
97 2.3290 50.3676 59.4964 1.6717 −6.3381 −0.1819 −0.1335 0.0230 0.4617
98 2.3290 50.3676 59.4965 1.6717 −6.3381 −0.1819 −0.1335 0.0230 0.4617
99 2.3290 50.3676 59.4965 1.6717 −6.3381 −0.1819 −0.1335 0.0230 0.4617

100 2.3290 50.3677 59.4965 1.6717 −6.3381 −0.1819 −0.1335 0.0230 0.4617
... ... ... ... ... ... ... ... ... ...

107 2.3290 50.3677 59.4964 1.6717 −6.3381 −0.1819 −0.1335 0.0230 0.4618
108 2.3290 50.3677 59.4964 1.6717 −6.3381 −0.1819 −0.1335 0.0230 0.4619



A STUDY ON NUMERICAL ALGORITHMS FOR... 35

Table 7: Some numerical results of Coe�cients in Example 4.2 for di�erent value

of q.

n ∆∗
(1) ∆∗

(2) Θ∗
(1) Θ∗

(2) Ω∗ Υ∗
(1) Υ∗

(2) κ∗ Σ∗

q = 0.19, p = 1
1 11.8238 0.3046 38.0837 0.0351 −2.2634 −50.4305 −0.0337 0.0227 0.2129
2 11.7770 0.3072 38.0812 0.0360 −2.2482 −48.9596 −0.0328 0.0227 0.2144
3 11.7681 0.3077 38.0807 0.0361 −2.2453 −48.6899 −0.0326 0.0227 0.2146
4 11.7664 0.3078 38.0806 0.0362 −2.2448 −48.6390 −0.0326 0.0227 0.2147
5 11.7661 0.3078 38.0806 0.0362 −2.2446 −48.6293 −0.0326 0.0227 0.2147
6 11.7661 0.3078 38.0806 0.0362 −2.2446 −48.6275 −0.0326 0.0227 0.2147
7 11.7661 0.3078 38.0806 0.0362 −2.2446 −48.6272 −0.0326 0.0227 0.2147
8 11.7661 0.3078 38.0806 0.0362 −2.2446 −48.6271 −0.0326 0.0227 0.2147
9 11.7661 0.3078 38.0806 0.0362 −2.2446 −48.6271 −0.0326 0.0227 0.2147

10 11.7661 0.3078 38.0806 0.0362 −2.2446 −48.6271 −0.0326 0.0227 0.2147

q = 0.2, p = 1
1 11.7229 0.3320 37.8055 0.0415 −2.3248 −48.5707 −0.0385 0.0227 0.1941
2 11.6703 0.3352 37.8015 0.0425 −2.3042 −47.0204 −0.0374 0.0227 0.1955
3 11.6598 0.3358 37.8007 0.0427 −2.3001 −46.7223 −0.0371 0.0227 0.1958
4 11.6577 0.3360 37.8006 0.0428 −2.2993 −46.6631 −0.0371 0.0227 0.1958
5 11.6573 0.3360 37.8005 0.0428 −2.2991 −46.6513 −0.0371 0.0227 0.1958
6 11.6572 0.3360 37.8005 0.0428 −2.2991 −46.6489 −0.0371 0.0227 0.1958
7 11.6572 0.3360 37.8005 0.0428 −2.2991 −46.6485 −0.0371 0.0227 0.1958
8 11.6572 0.3360 37.8005 0.0428 −2.2991 −46.6484 −0.0371 0.0227 0.1958
9 11.6572 0.3360 37.8005 0.0428 −2.2991 −46.6484 −0.0371 0.0227 0.1958

10 11.6572 0.3360 37.8005 0.0428 −2.2991 −46.6484 −0.0371 0.0227 0.1958

q = 0.4, p = 1
1 9.7192 1.3333 32.4596 0.3452 −1.7541 −21.3048 −0.2280 0.0227 0.3601
2 9.5231 1.3785 32.3953 0.3692 −1.1691 −19.2504 −0.2096 0.0227 0.6311
3 9.4489 1.3962 32.3701 0.3782 −0.9500 −18.5420 −0.2032 0.0227 0.8209
4 9.4198 1.4032 32.3602 0.3818 −0.8645 −18.2741 −0.2008 0.0227 0.9214
5 9.4083 1.4060 32.3562 0.3832 −0.8307 −18.1692 −0.1999 0.0227 0.9670
6 9.4037 1.4072 32.3546 0.3837 −0.8172 −18.1276 −0.1995 0.0227 0.9862
7 9.4019 1.4076 32.3540 0.3839 −0.8118 −18.1110 −0.1994 0.0227 0.9941
8 9.4012 1.4078 32.3537 0.3840 −0.8097 −18.1044 −0.1993 0.0227 0.9973
9 9.4009 1.4078 32.3536 0.3841 −0.8088 −18.1018 −0.1993 0.0227 0.9986

10 9.4008 1.4079 32.3536 0.3841 −0.8085 −18.1007 −0.1993 0.0227 0.9991
11 9.4007 1.4079 32.3535 0.3841 −0.8083 −18.1003 −0.1993 0.0227 0.9993
12 9.4007 1.4079 32.3535 0.3841 −0.8083 −18.1001 −0.1993 0.0227 0.9993
13 9.4007 1.4079 32.3535 0.3841 −0.8082 −18.1000 −0.1993 0.0227 0.9994
14 9.4007 1.4079 32.3535 0.3841 −0.8082 −18.1000 −0.1993 0.0227 0.9994
15 9.4007 1.4079 32.3535 0.3841 −0.8082 −18.1000 −0.1993 0.0227 0.9994
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Table 8: Some numerical results of Coe�cients in Example 4.1 for di�erent value

of q.

n ∆(1) ∆(2) Θ(1) Θ(2) Ω Υ(1) Υ(2) κ Σ

q = 0.19, p = 0.67
1 16.0990 0.5740 79.0227 0.0200 −7.6605 −35.1351 −0.0148 0.0227 0.2544
2 16.0353 0.5790 79.0318 0.0211 −7.6184 −33.0747 −0.0140 0.0227 0.2607
3 16.0232 0.5799 79.0335 0.0214 −7.6018 −32.5329 −0.0138 0.0227 0.2625
4 16.0210 0.5801 79.0338 0.0215 −7.5961 −32.3823 −0.0137 0.0227 0.2630
5 16.0205 0.5801 79.0339 0.0215 −7.5943 −32.3398 −0.0137 0.0227 0.2631
6 16.0204 0.5801 79.0339 0.0215 −7.5938 −32.3278 −0.0137 0.0227 0.2631
7 16.0204 0.5802 79.0339 0.0215 −7.5936 −32.3244 −0.0137 0.0227 0.2632
8 16.0204 0.5802 79.0339 0.0215 −7.5936 −32.3234 −0.0137 0.0227 0.2632
9 16.0204 0.5802 79.0339 0.0215 −7.5936 −32.3231 −0.0137 0.0227 0.2632

10 16.0204 0.5802 79.0339 0.0215 −7.5936 −32.3230 −0.0137 0.0227 0.2632

q = 0.2, p = 0.67
1 15.8590 1.5727 78.1094 0.2138 −33.0847 −35.1351 −0.1095 0.0227 0.0158
2 15.7878 1.5871 78.1188 0.2268 −30.9731 −33.0747 −0.1028 0.0227 0.0479
3 15.7737 1.5900 78.1206 0.2308 −30.3931 −32.5329 −0.1009 0.0227 0.0605
4 15.7708 1.5906 78.1210 0.2320 −30.2239 −32.3823 −0.1004 0.0227 0.0648
5 15.7703 1.5907 78.1211 0.2324 −30.1738 −32.3398 −0.1002 0.0227 0.0661
6 15.7702 1.5907 78.1211 0.2325 −30.1588 −32.3278 −0.1002 0.0227 0.0665
7 15.7701 1.5907 78.1211 0.2325 −30.1543 −32.3244 −0.1001 0.0227 0.0667
8 15.7701 1.5907 78.1211 0.2325 −30.1530 −32.3234 −0.1001 0.0227 0.0667
9 15.7701 1.5907 78.1211 0.2325 −30.1526 −32.3231 −0.1001 0.0227 0.0667

10 15.7701 1.5907 78.1211 0.2325 −30.1525 −32.3230 −0.1001 0.0227 0.0667
11 15.7701 1.5907 78.1211 0.2325 −30.1524 −32.3230 −0.1001 0.0227 0.0667

q = 0.4, p = 0.67
1 10.7739 10.1909 62.0035 1.1890 −36.0724 −8.0181 −0.6199 0.0227 0.1107
2 10.5568 10.4706 62.2349 1.3943 −23.7625 −6.6185 −0.5175 0.0227 0.1122
3 10.4746 10.5801 62.3255 1.5207 −16.0433 −5.9913 −0.4705 0.0228 0.0921
4 10.4425 10.6235 62.3615 1.5991 −11.2115 −5.6680 −0.4459 0.0228 0.0494
5 10.4297 10.6408 62.3758 1.6475 −8.2188 −5.4899 −0.4322 0.0228 0.0111
... ... ... ... ... ... ... ... ... ...
9 10.4215 10.6520 62.3851 1.7123 −4.1879 −5.2737 −0.4154 0.0228 0.2525

10 10.4213 10.6522 62.3852 1.7162 −3.9441 −5.2615 −0.4144 0.0228 0.2839
11 10.4213 10.6522 62.3853 1.7185 −3.7979 −5.2542 −0.4139 0.0228 0.3046
12 10.4213 10.6523 62.3853 1.7200 −3.7104 −5.2499 −0.4135 0.0228 0.3179
13 10.4213 10.6523 62.3853 1.7208 −3.6581 −5.2473 −0.4133 0.0228 0.3261
... ... ... ... ... ... ... ... ... ...
16 10.4213 10.6523 62.3853 1.7218 −3.5970 −5.2443 −0.4131 0.0228 0.3360
17 10.4213 10.6523 62.3853 1.7219 −3.5903 −5.2439 −0.4130 0.0228 0.3371
18 10.4213 10.6523 62.3853 1.7219 −3.5864 −5.2437 −0.4130 0.0228 0.3381
19 10.4213 10.6523 62.3853 1.7220 −3.5840 −5.2436 −0.4130 0.0228 0.3384
20 10.4213 10.6523 62.3853 1.7220 −3.5826 −5.2436 −0.4130 0.0228 0.3385
21 10.4213 10.6523 62.3853 1.7220 −3.5817 −5.2435 −0.4130 0.0228 0.3386
22 10.4213 10.6523 62.3853 1.7220 −3.5826 −5.2435 −0.4130 0.0228 0.3387
... ... ... ... ... ... ... ... ... ...
26 10.4213 10.6523 62.3853 1.7220 −3.5806 −5.2435 −0.4130 0.0228 0.3387
27 10.4213 10.6523 62.3853 1.7220 −3.5805 −5.2435 −0.4130 0.0228 0.3387
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Table 9: Some numerical results for calculation of Γp,q with p = 1 and q =
0.2, 0.5, 0.6, 0.7, 0.8, 0.9 that is constant x = 2.5 and n = 1, 2, ..., 92.

n q = 0.2 q = 0.5 q = 0.6 q = 0.7 q = 0.8 q = 0.9

p = 1, x = 2.5
1 1.3465 2.3270 3.0381 4.3529 7.4253 19.4816
2 1.3874 2.5893 3.4449 5.0035 8.6105 22.6972
3 1.3955 2.7116 3.6611 5.3813 9.3376 24.7266
4 1.3971 2.7707 3.7822 5.6157 9.8190 26.1175
5 1.3975 2.7997 3.8519 5.7672 10.1541 27.1253
... ... ... ... ... ... ...
12 1.3975 2.8282 3.9501 6.0612 10.9983 30.1220
13 1.3975 2.8284 3.9512 6.0686 11.0359 30.3085
... ... ... ... ... ... ...
18 1.3975 2.8284 3.9527 6.0829 11.1340 30.9169
19 1.3975 2.8284 3.9528 6.0838 11.1434 30.9957
... ... ... ... ... ... ...
28 1.3975 2.8284 3.9528 6.0857 11.1754 31.3959
29 1.3975 2.8284 3.9528 6.0858 11.1764 31.4195
... ... ... ... ... ... ...
44 1.3975 2.8284 3.9528 6.0858 11.1802 31.5821
45 1.3975 2.8284 3.9528 6.0858 11.1803 31.5862
... ... ... ... ... ... ...
91 1.3975 2.8284 3.9528 6.0858 11.1803 31.6224
92 1.3975 2.8284 3.9528 6.0858 11.1803 31.6225
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Table 10: Some numerical results for calculation of Γp,q with p = 0.95 and q =
0.2, 0.5, 0.6, 0.7, 0.8, 0.9 that is constant x = 2.5 and n = 1, 2, ..., 250.

n q = 0.2 q = 0.5 q = 0.6 q = 0.7 q = 0.8 q = 0.9

p = 0.95, x = 2.5
1 1.4766 2.6273 3.4863 5.1282 9.2364 29.7243
2 1.5263 2.9606 4.0159 6.0060 10.9431 35.4698
3 1.5368 3.1276 4.3213 6.5649 12.1048 39.5508
4 1.5390 3.2144 4.5070 6.9461 12.9633 42.7302
5 1.5395 3.2603 4.6232 7.2169 13.6317 45.3628
6 1.5396 3.2847 4.6970 7.4142 14.1704 47.6362
... ... ... ... ... ... ...
15 1.5396 3.3126 4.8270 7.9551 16.4436 61.5187
16 1.5396 3.3127 4.8279 7.9663 16.5529 62.6948
... ... ... ... ... ... ...
21 1.5396 3.3127 4.8293 7.9922 16.9100 67.9298
22 1.5396 3.3127 4.8295 7.9942 16.9543 68.8620
... ... ... ... ... ... ...
36 1.5396 3.3127 4.8295 7.9999 17.1866 78.7064
37 1.5396 3.3127 4.8295 8.0000 17.1907 79.2148
.. ... ... ... ... ... ...
73 1.5396 3.3127 4.8295 8.0000 17.2131 80.1671
74 1.5396 3.3127 4.8295 8.0000 17.2132 80.6125
... ... ... ... ... ... ...

249 1.5396 3.3127 4.8295 8.0000 17.2132 89.4425
250 1.5396 3.3127 4.8295 8.0000 17.2132 89.4426

Table 11: numerical results for calculation of ρ(p,q).

ρ
p = 1 p = 0.99 p = 0.67

q = 0.19 0.1083 − 0.36008419

q = 0.2 0.12 − 0.39898525

q = 0.4 0.48 − 1.59594099

q = 0.6 1.08 1.11305896 −
q = 0.7 1.47 1.51499692 −
q = 0.8 1.92 1.97877149 −
q = 0.9 2.43 2.50438267 −
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