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1 Introduction

The study of a metric function on the set of closed and bounded subsets
of a metric space was initiated by Pompeiu in [30] and then continued
by Hausdorff [18]. Such a metric function is reffered to as the Hausdorff-
Pompeiu metric. On the other hand Bakhtin [7] introduced the concept
of a b-metric space as a generalisation of metric space and proved Ba-
nach’s contraction principle in a b-metric space. Some recent interesting
results on contraction principles in a b-metric space and its applications
can be found in [I, 4, 5, 8, 13, 16, 17, 22, 29, 32, 34]. Banach’s con-
traction principle was extended to a multi-valued function in a metric
space by Nadler [28] and in a b-metric space by Czerwik [11] using the
Hausdorff-Pompieu metric H. Further generalized results of multivalued
contractions can be found in [2, 12, 20, 21, 23, 25]. Czervik’s contraction
was also generalised in many directions, to name a few g-quasi contrac-
tion [6], Hardy Rogers contraction [27], weak quasi contraction [19],
Ciri¢ contraction [26] etc . More results for multi-valued contraction
mappings in a b-metric space can be found in [9, 10, 14, 24, 29]. In [15]
the authors introduced the concept of HP-Hausdorff-Pompeiu b-metric
for some 0 < 8 < 1 and proved fixed point theorems for multi-valued
mappings belonging to various classes of multi-valued H”-contractions
in a b-metric space. The aim of this work is to prove common fixed point
theorems for a pair of multivalued mappings in a b-metric space using
HP-Hausdorff Pompieu b-metric and thereby extend and introduce new
variants of various fixed point results for multi-valued mappings existing
in literature. An application of our main result is demonstrated by prov-
ing the existence of a common solution of a pair of nonlinear Volterra
type integral equations.

2 Preliminaries
In this section we provide some preliminary definitions, lemmas and

propositions required in our main results.

Definition 2.1. [7] Let X be a nonempty set and dg: X x X — [0, 00)
satisfy:

1. ds(x,y) =0 if and only if z =y for all z,y € X;
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2. ds(z,y) = d(y,z) for all z,y € X;

3. there exists a real number s > 1 such that d(z,y) < s[ds(z,¢) +
ds(4,y)] for all z,y,¢ € X.

Then d; is a b-metric on X and (X, ds) is a b-metric space with coefficient
5.

Let CB%(X) be the collection of all nonempty closed and bounded
subsets of a b-metric space (X, ds). For A, B € CB%(X), define dy(z, A) =
inf{ds(xz,a) : a € A}, 64,(A,B) = sup,cads(a,B) and Hy (A, B) =
max {04, (A, B), 64, (B,A)}. Czerwik [11] has shown that Hg, is a b-
metric in the set CB%(X) and is called the the Hausdorff-Pompeiu
b-metric induced by ds. In [15], the authors introduced the function

HB(A’ B) = maX{B&is(A’ B) + (1 - 5)6ds(BvA)v/85ds(B7A)
+(1 = P)da, (A, B)}

for some B € [0,1] and showed that H” form a metric for the set
CB% (X). They called this function the H5-Hausdorff Pompieu b-metric
induced by the b-metric d;. Note that for 8 = 0 or 1, H? metric is equal
to the Hausdorff-Pompieu metric H.

Proposition 2.2. [15] For any z,y € X, H?({z}, {y}) = ds(z, ).

Definition 2.3. [26] The b-metric d is *-continuous if and only if for
any A € CB%(X) and sequence {z,} in (X,ds) with lim, scor, = ,
we have limy,_oods(zpn, A) = ds(z, A).

Proposition 2.4. [9] For any A C X,
a € A<= ds(a,A) =0.

Lemma 2.5. [20] Let {x,} be a sequence in (X,ds). Then for any
n€ N and k € {1,2,3...2" — 1,2"}, we have

N
—_

d(zo, ) < 8™ d(ws, Tig1).

ﬂ.
[e=]
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Lemma 2.6. [20] Let {x,} be a sequence in (X,ds). If there exists
A € [0,1) such that ds(zy,xnt1) < Mds(zp—1,2,) for all n € N, then
{zn} is a Cauchy sequence.

Following the technique of [26], we now prove the following lemma.

Lemma 2.7. If for some \je € [0,1), with A < €, ds(xn,xpny1) <
Ms(Tp—1,2n) + € for alln € N, then {x,} is a Cauchy sequence.

Proof. Note that dg(xn, Tn+1) < Ads(p—1,Ty) + € implies
entl

€— A

for all n € N. Also for all m,k € N and p = [logak], we have

ds(xnaxn—s—l) <A\ ds(xoaxl) +

ds (xm-‘rl; merk) S S ds (wm—i—la xm+2) + 32 ds (CUmJ,-Q, xm+22)
+5% ds(Tppy02, Trnpa) + -+

< Z " ds (T yon—1, Tmyon) + 3p+1d8(xm+2pa Tm-tk)- (2)

n=1
Then using Lemma 2.5 and (1), we get

D m+2n—1-1
ds(xm+17xm+k> < § Sn{sn Z ds(x2nfl+iax2"*1+i+l)}
n=1 i=m
m—+k—2P—1
2 1
452 +1) Z ds(Top4i, Top4it1)
i=m
p+1 m—42n—1-1

2n
< ZS Z ds(Ton—1.44, Ton—14441)
n=1

i=m
p+1 ) on—1_1 — 6m+2n—1+i+1
< E S nds(.%’(],.l‘l) E {)\m+ t + 7)\}
n=1 =0 €
m Ppt+1 p+1
< ds(.f[f(),x1>)\ 25271)\2”71 + .’L'(),.’El Z omn 2n 1
- 1—A | )(1—¢)
n=
m pT1
.’L‘o, :1:1 § : AinOgA s+2on—1 .’L‘o, :1:1 § : 2nloge s+2m~1
- ( )(1—€)
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Note that limy,—sc2nlogy s + 2" 1 = 0o and limy—ee2nloge s + 271 =
0o. So for fixed M > 0, there exists ny,no € N such that 2nlogy s +
2n=1 > M for all n > ny and 2nloge s + 2"~ > M for all n > no, that
is \2nlogys+2" 71 - AM for all i > g and €27109 52" AM for )]
n > ng. Thus the series SIPTT A20100x 542771 g P 2nloges+2771 e
convergent. Let S22 A2nlooxs+2"71 — g and $PHY 2nlogast271 — g
Then we get

ds(avo,am)/\””LSlJr ds(x0,1)e™

1— A (e—)\)(l—e)s2

ds ($m+1a merk) <

for all m,k € N. Thus sequence {z,} is a Cauchy sequence.

3 Main Results

We introduce pairwise H?-Hausdorff functions as follows:

Definition 3.1. Let S,7 : X — CB%(X). For any z € X, y €
Txz( or Sz) and any € > 0 if there exist z € Sy( or T'y) such that

d(y,z) < H?(Tz,Sy) + ¢ or respectively d(y,z) < H?(Sz,Ty) + ¢ (3)
then we say that 7 and S are pairwise H°-Hausdorff functions .

For S =T, we get the following:

Definition 3.2. For any z € X, y € Tx and any € > 0 if there exists
z € Ty such that

d(y,z) < HP(Tz,Ty) + € (4)
then we say that T is a H?-Hausdorff function.

Remark 3.3. (i) For =1, T : X — CB(X) is always a HS-
Hausdorft function.

(i) If for any 0 < B; < 1, the function 7" : X — CB(X) is a
Hlﬁ -Hausdorff function then for any 0 < g1 < B2 < 1, the function
T:X —-CB(X)is a Hg—Hausdorff function.
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Example 3.4. Let X = [0, 3] {1},

ds(z,y) = |z —y|*> forall z,y € X.
and S,T: X — CB(X) be as follows :

{2}, for x € (0,3

{%, 1}, for =z € {0,1},
{5}, for z € (0, %]
T(x) =
{3,221}, for x€{0,1}.
We will show that the functions S and T satisfies (3). We will con-
sider the values of x in X as follows :

(i) = € (0, 22]. In this case Sz and Ty are singleton sets and so (3)

is obviously true.

(ii) x = 0. Sx = {31}, If y = 32, Ty = {22}, then we
have 232 % and ds(y,2) = ég?g, ds(Sz,Ty) = %7 0s(Ty, Sx) = %
and Hi(Sz,Ty) = 328 Thus (3) is true for all e > 0. If y = 1,

Ty = {1,321} then inequality (3) holds with z = 1.

(iii) z=1. Sz = {%, 1} and the result follows in the same way as in
(ii) above.

(iv) z = 0. Te = {3,3,1}. Ify = L, Sy = {5}, then we
have z = % and dg(y, z) = %4, ds(Tx,Sy) = %, 0s(Sy, Tx) = 1%24 and
H%(Saﬁ,Ty) = 2% Thus (3)istrueforalle > 0. Ify = 33 Sy = {3
then we take z = =5 and Then dy(y,z) = 1003, 0s(Tx, Sy) = B3,
55(Sy, Tz) = 3354 and H%(T:):,Sy) = 138L. Thus (3) is true for all

e>0.Ify=1, Sy={2,1} and inequality (3) holds with z = 1.

Thus S and T are pairwise HP-Hausdorff functions for g = %. How-
ever S and T are not pairwise H?-Hausdorff functions for 8 = %, as we

see that inequality (3) is not satisfied for x = 0, Tz = {%, %, 1} and
33

y = 1z In fact S and T are not pairwise H A_Hausdorff functions for
34 61
5 < B < g
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3.1 Fixed point results

We now present our main result.

Theorem 3.5. Let (X,ds) be a complete b-metric space with constant
s > 1, ds be x-continuous, T, S : X — Py p(X) be multivalued pairwise
HPB-Hausdorff functions for some % < B < 1. If there exist nonnegative
real numbers o, 7y, d satisfying o + 2y + 2sd < 1, s(y+9) < 5 and

HP(Tz,Sy) < ads(z,y) +7[ds(z, Tz) + ds(y, Sy)]
+6[ds(z, Sy) + ds(y, Tz)] (5)

forallx,y € X, then S and T has a common fixed point.

Proof. Let 29 € X, 1 € Txg and 0 < € < 1. By (3) there exists
x9 € Sz, such that d(xy,x2) < HP(Txg, Sx1) + €. By (3) again , there
exists x3 € Txa, such that d(zg,z3) < HB(le,Txg) + €2

Continuing this way we construct the sequence < x, > such that,

Zont1 € TTop, Tapso € STopy1; (6)
dy(Toni1, Tontre) < H?(Txan, Stoni1) + €77 (7)
ds(Tont2, Tansz) < HP (Swony1, Tronia) + €72 (8)

Then we have

ds(Toni1, Tonte) < HP(Txan, Stoni1) + €11

< ads(on, Tant1) + Y[ds(@2n, Taon) + ds(T2n+1, ST2nt1)]
+0 [ds(xon, STan+1) + ds(xont1, Troy)]

< ads(2on, Tant1) + Y[ds(Ton, Tony1) + ds(Ton41, Tons2)]
+0 ds(w2n, T2ny2) + ds(T2n 41, T2np1)] + €71

< ad(Tan; Tont1) + V[ds(T2n, Tans1) + ds(Tans1, Tant2)]
+6 5[dg(zon, Toni1) + ds(Toni1, Tong2)] + €L

Thus we have

a+7y+so (2n+l
1—7—s6 ’

ds(Ton41, Tont2) < ds(zon, Tant1) +
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Again
ds(Tont2, Tonys) < HP(Sxan i1, Tonye) + €12
< ads(Tant1, Tant2) + V[ds(T2nt2, Tront2) + ds(Tany1, STan41)]
+6[ds(2ont2, STont1) + ds(Tont1, Toony2)] + €12
< ads(Tont1, Ton+2) + V[ds(Tant2, Tants)+, ds(Ton+1, Tan+2)]
+6[ds(Tant2, Tany2) + ds(T2ns1, Tangs)] + €2
< ads(Ton+1, Ton+2) + V[ds(T2nt2, Tan+3) + ds(T2n41, Tan2]
+0 s[ds (wan 11, Tant2) + ds(Tonya, onys)] + €72

Thus we have

a+y+ s
7 ds(T2n+41, Tant2)-

d(x2n+27332n+3) < m s

Thus we have
ds(mrw $n—&—l) < ACls(l'n—la xn) +€"

_ aty+sd
where, \ = T < 1.

By Lemma 2.7 the sequence < z,, > is a Cauchy sequence. Since (X, dy)
is complete, there exist A € X such that the sequence < x,, > converges
to h. We will show that i € Th() Sh.

By the definition of H?, we have

B3s(Swoni1, Th) + (1 — B)ds(Th, Swapi1) < HP(Sxapi1, TH)
< ads(xont1,h) + v[ds(h, Th + ds(x2n41, STont1)]
+8[ds(h, Sxont1) + ds(zont1, Th)] + e2nt?
< adg(zont1, h) +[ds(h, Th+ dg(z2n41, Tont2)]
+5[d8(h7 x2n+2) + ds(x2n+17 Th)] + €2n+2_
It follows that
Jim BOs(Sxapy1, Th) + (1 — B)0s(Th, Swan41)
< hm[a ds (x2n+17 h) + ')’[ds(ha Th+ds (x2n+17 $2n+2)]
+8[ds(h, Tons2) + ds(Tans1, Th)] + €2
< (v +0)ds(h, Th).
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Since
li_>m B0s(Szant1, Th) + 1i_>m (1= 5)ds(Th, Sxont1)
< h_)m Bés(stn—i—lyTh) + (]— - B)és(Thy Sl‘2n+l)a
we have

lim B3(Swons1, Th) + lim (1= B)3y(Th, Sxans1) < (74 8) dy(h, Th).

n—oo

This implies
1i_>rn Bos(Sxony1, Th) < (v +0)ds(h, Th). (9)
Again we have

B04(Txan, Sh) + (1 — B)ds(Sh, Txa,) < HP(Txay, Sh)
< ads(wan, h) + v[ds(zan, Tray) + ds(h, SH)]
+6[ds(z2n, Sh) + ds(h, Txay)] + €71

< adg(won, h) + v[ds(T2n, T2ny1) + ds(h, Sh)]
+0[ds(zon, Sh) + ds(h, w2n11)] + €1

It follows that

li_>m B0s(Txon, Sh) + (1 — B)ds(Sh, Txay)

lim[a ds(z2n, h) + v[ds(22n, Tont1) + ds(h, Sh)]
+68[ds (w2, Sh) + ds(h, Tons1)}] + €T
< (7 +8) dy(h, Sh)

IN

Since
ILm Bos(Txon, Sh) + ILm (1 = B)ds(Sh, Txay)
< li_)m Bos(Tzop, Sh) + (1 — B)ds(Sh, T'xay,),
n o0
we have

lim B6,(Twan, Sh) + lim (1= B)3,(Sh, Twzn) < (v +6) dy(h, Sh).

n—o0
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This implies

lim [0s(Txon, Sh) < (v +0)ds(h, Sh). (10)

n—o0

Now

ds(h, Tﬁ) < S[ds(h, :L’Qn+2) + (55(S$2n+1, Th)]
< s[ds(h, zont1) + 0s(Txap, SH))]

Using (9) and (10) we get

ds(h,Th) < s li_)rn ds(h, xony2) + s li_>m 0s(Swop+1, Th)

< 0 = %) a4,n,Th).
ds(h,Sh) < s li_)m ds(h, xopt1) + s li_)rn ds(Tx2n, Sh)
< 0 = %) a,n,Th).

Since s(y+9) < B3, we get ds(h, Th) = 0 and ds(h, Sh) = 0. Since T" and
S are closed we have h € T and R € S.

Example 3.6. Let X = [0, 5] U{2}, ds(z,y) = |z —y[* forallz,y €
X and S,T : X — CB(X) be as follows :

{3}, for ZEG[O,%]
S(z) =
{0,1,2}, for z=2,

{2}, for x €0, 3]
T(x) =
{0, 2 15,2}, for x=2,

We will show that the functions S and T satisfy contraction condition

(5) for =5
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Case 1. 2,y € [0, ). By Lemma (), we have

H%(S;r,Ty) = H%({E}a{%})

<olz—yl*, forany o> L

Case 2.z €[0,3],y =2. We have
5

ds(x,y) = |2 — z|?>. The minimum Value of ds(z,y) for x € [0, 3]

12
0s(Sw, Ty) = 6s({5},{0, 5, 2}) =
6.(Ty.52) = 810, %.2).(3)) = (- 9
H2(S2,Ty) = 5(§5 + (2 %))
The maximum value of H%(Sx Ty) for z € [0, ] is 2 (at z = 0). Thus
H2(Sx Ty) < ads(z,y) for any o > 258

361
Is 751

Case 3. 1z =2,y€[0,35]. We have

' 12
ds(z,y) = |2 — y|*>. The minimum value of dy(z,y) for y € [0, 5] is 261,

12
55(Sz, Ty) = 65({0 ,12,2} {1 = (g—%)Q-
Js (T?J,Sl’) =06s({7 } {0.3.1) =14
H2(S:c Ty) = (16+(2_*))
The maximum value of H? (Sz,Ty) for y € |0, 152} is 2 (at y = 0). Thus
H3(Sz,Ty) < ady(z,y) for any a > 28,

Thus S and T satisfy contraction condition (5) for 3 =1, 28 <o <1
and v = 6 = 0. Simple calculations shows that S and T are pairwise H”-
Hausdorff functions. All conditions of Theorem 3.5 are satisfied and 0 is
a common fixed point of S and T'. However we see that at x = 0,y = 2,
S and T do not satisfy contraction condition (5) for 5 = 1 and so do

not satisfy Nadler’s contraction and Czerwic’s contraction.

Remark 3.7. In Example 3.6 above, simple calculations show that S
and T do not satisfy contraction condition (5) for -2 100 < B < 1. However
in view of Remark 3.3(i), there may exist functions S and 7" which satisfy

11
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contraction condition (5) for § = 1 but may not satisfy for 5 < 1. Thus

for § = 1 Theorem 3.5 is an extension of Nadler’s contraction [25],
Czervik’s contraction [11] and many of its generalisations. For § < 1
Theorem 3.5 provides new variants of Nadler’s contraction [28], Czervik’s
contraction [11] and many of its generalisations.

Taking v = § = 0 in Theorem 3.5, we get the following extension
and new variants of Nadler’s contraction and Czerwik’s contraction :

Corollary 3.8. Let (X,ds) be a complete b-metric space with constant
s>1,T,5: X — Pyp(X) be multivalued pairwise HPB-Hausdorff func-
tions for some % < B <1 and satisfying the following condition:

HP(Tx, Sy) < ady(z,y).
forallz,y e X and 0 < a < 1, then S and T has a common fized point.

Taking « = § = 0 in Theorem 3.5, we get the following extension
and new variants of Kannan’s contraction :

Corollary 3.9. Let (X,ds) be a complete b-metric space with constant
s>1,T,5: X — Pyp(X) be multivalued pairwise HPB-Hausdorff func-
tions for some % < B <1 and satisfying the following condition;

HP(Tz, Sy) < ylds(x, Tx) + ds(y, Sy)

for all x,y € X and some real number ~v with 0 < v < %, then S and T
has a common fixed point.

Taking o« = v = 0 in Theorem 3.5, we get the following extension
and new variants of Kannan’s contraction :

Corollary 3.10. Let (X,ds) be a complete b-metric space with constant
s>1,T,8: X — Pyp(X) be multivalued pairwise HPB-Hausdorff func-
tions for some % < B <1 and satisfying the following condition;

H(Tz, Sy) < ~[ds(x, Sy) + ds(y, Tx)

for all x,y € X and some real number § with 0 < s < %, then S and T
has a common fixed point.
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3.2 Application to integral equation

In this section, motivated by the applications given in [3, 31, 33], we es-
tablish the sufficient conditions for the existence of a common solution
of a pair of nonlinear Volterra type integral equations.

For some real numbers a,b with 0 < a < b and I = [a,b], let X =
C(I,R) be the Banach space of real continuous functions defined on I
equipped with a norm given by ||z|| = maxycs |(¢)|. For some and some
p > 1, define a b-metric dg on X by

ds(z,y) = max |z(t) — y(t)|P, for all z,y € X.
€

Then (X, ds, 2P~ 1) is a complete b-metric space. Consider two Fredholm
integral equations

2(t) = q(t) + [MDP(t, )1 (¢, 5,2(s))ds + [T Q(t, s)Ka(t, 5, y(s))ds
y(t) = q(t) + [MDP(t, )Calt, 5, y(s))ds + [T Q(t, s)K(t, 5, y(s))ds
(11)

forallt,s € I =[a,b) CR, |A| >0,Kj=12: IxIxX - Randg:I =R
and P, Q: I x I — R are continuous functions and p,o : I — I.
Suppose T, 5 : X — X be self-mappings defined by

Ta(t) = q(t) + [MDP(t, )1 (t, 5,2(5))ds + [7 Q(t, 5)KCa(t, 5, y(s))ds

Sy(t) = q(t) + ["O P, )Ka(t, 5,u(s))ds + [T Q(t, $)Kr(t, 5, y(s))ds,
(12)

for all x,y € X, where t € I. It is obvious that A(t) is a solution of (11)
if and only if it is a common fixed point of T" and S.

Theorem 3.11. Suppose that the following hypotheses hold:
(Hy): T(X) and S(X) are closed in X ;

(H3) : There exist nonnegative real numbers «,~y,d satisfying o + 2y +
2P < 1, 2P~ Y(y +6) < B such that

"Cl(t’ Sv$(8)) - ’CQ(ta S,y(S))‘p < N(Tv Svpvt)
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2) (MOt s)ds + [7D Q(t, s)ds < 5t

where,

N(T, S, p,t) = afz(t) —y(@)[" +yllz(t) = Tz + |y(t) = Sy®)]"]
+ollx(t) = Sy + [y(t) — Tx(t)["].

Then the system (11) of integral equations has a common solution in X .

Proof: Using (H3) and (H3) we have

4,(Tx, Sy) = max [Ta(t) — Sy(t)]

w(t)

o(t)
< max | P(t,s)K1(t,s, x(s ))d8+/ Q(t, s)Ka(t, s,y(s))ds

tel ' ),
o(t)
—/ P(t,s)lCQ(t,s,y(s))ds—/ Q(t, s)K1(t, s, y(s))ds[P

w(t)
< max2p_1{|/ P(t,s)Ki(t,s,x(s))ds

tel
w(t)
_ / Pt )Ka(t, 5, y(s))ds|?
o(t) o(t)
+ / Q(t, 5)Kalt, 5, y(s))ds — / Qt, $)K1 (£, 5, y(s))ds|P}
w(t)
< Iglgfx 21| / Pt, 5)(Kx (1, 5,2(5)) — Ka(t, 5,5(s)))ds|?

+ / Qt, 5)(Ka(t, 5, 5(s)) — K (£, 5, y(s)))ds|?}

< I?glxgp 1{/ Pt 5)P|(Ka(t, 5, 2(5)) — Kolt, s, y(s)))Pds

+/ |1Q(t, $)P[(Ka(t, 5,4(s)) — Ka(t, 5,y(s)))[Pds}
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1(t)
< max 2P~ 1{ |P(t,s)|P N(T,S,p,t)ds

o(t)
4 / 1Q(t, )P N(T, S, p, t)ds

u(t) o(t)
<max2 NI S ([ Pl [ Qs ds
€ a a
<
< I?eaIXN(T’ S,p,t)
< ads(z,y) +7[ds(x, Tx) + ds(y, Sy)] + 0[ds(, Sy) + ds(y, Tx)].

Thus conditions of Theorem 3.5 are satisfied. Theorem 3.5 therefore
ensures a common fixed point of 7" and S, which in turn is a common
solution of the pair of integral equations (11).

Remark 3.12. Taking Q(t,s) = 0,P(t,s) = 1,q(t) = 0, u(t) = t and
a=01in (11), we get the Volterra-type integral equations considered in
Rasham et al [31] and Alshoraify et al [3].

Remark 3.13. Taking Q(t,s) = 0, u(t) =1 and a = 0 in (11), we get
the Fredholm-type integral equations (II1.3) considered in Shoaib et al

[33]-

Remark 3.14. Taking Q(t,s) =0,P(t,s) =1 and pu(t) =bin (11), we
get the Fredholm-type integral equations (III.1) considered in Shoaib et
al [33].
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