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1 Introduction

The study of a metric function on the set of closed and bounded subsets
of a metric space was initiated by Pompeiu in [30] and then continued
by Hausdorff [18]. Such a metric function is reffered to as the Hausdorff-
Pompeiu metric. On the other hand Bakhtin [7] introduced the concept
of a b-metric space as a generalisation of metric space and proved Ba-
nach’s contraction principle in a b-metric space. Some recent interesting
results on contraction principles in a b-metric space and its applications
can be found in [1, 4, 5, 8, 13, 16, 17, 22, 29, 32, 34]. Banach’s con-
traction principle was extended to a multi-valued function in a metric
space by Nadler [28] and in a b-metric space by Czerwik [11] using the
Hausdorff-Pompieu metric H. Further generalized results of multivalued
contractions can be found in [2, 12, 20, 21, 23, 25]. Czervik’s contraction
was also generalised in many directions, to name a few q-quasi contrac-
tion [6], Hardy Rogers contraction [27], weak quasi contraction [19],
Ćirić contraction [26] etc . More results for multi-valued contraction
mappings in a b-metric space can be found in [9, 10, 14, 24, 29]. In [15]
the authors introduced the concept of Hβ-Hausdorff-Pompeiu b-metric
for some 0 ≤ β ≤ 1 and proved fixed point theorems for multi-valued
mappings belonging to various classes of multi-valued Hβ-contractions
in a b-metric space. The aim of this work is to prove common fixed point
theorems for a pair of multivalued mappings in a b-metric space using
Hβ-Hausdorff Pompieu b-metric and thereby extend and introduce new
variants of various fixed point results for multi-valued mappings existing
in literature. An application of our main result is demonstrated by prov-
ing the existence of a common solution of a pair of nonlinear Volterra
type integral equations.

2 Preliminaries

In this section we provide some preliminary definitions, lemmas and
propositions required in our main results.

Definition 2.1. [7] Let X be a nonempty set and ds : X ×X → [0,∞)
satisfy:

1. ds(x, y) = 0 if and only if x = y for all x, y ∈ X;
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2. ds(x, y) = d(y, x) for all x, y ∈ X;

3. there exists a real number s ≥ 1 such that d(x, y) ≤ s[ds(x, ℓ) +
ds(ℓ, y)] for all x, y, ℓ ∈ X.

Then ds is a b-metric onX and (X, ds) is a b-metric space with coefficient
s.

Let CBds(X) be the collection of all nonempty closed and bounded
subsets of a b-metric space (X, ds). ForA,B ∈ CBds(X), define ds(x,A) =
inf{ds(x, a) : a ∈ A}, δds(A,B) = supa∈A ds(a,B) and Hds(A,B) =
max {δds(A,B), δds(B,A)}. Czerwik [11] has shown that Hds is a b-
metric in the set CBds(X) and is called the the Hausdorff-Pompeiu
b-metric induced by ds. In [15], the authors introduced the function

Hβ(A,B) = max{βδds(A,B) + (1− β)δds(B,A), βδds(B,A)

+(1− β)δds(A,B)}

for some β ∈ [0, 1] and showed that Hβ form a metric for the set
CBds(X). They called this function theHβ-Hausdorff Pompieu b-metric
induced by the b-metric ds. Note that for β = 0 or 1, Hβ metric is equal
to the Hausdorff-Pompieu metric H.

Proposition 2.2. [15] For any x, y ∈ X, Hβ({x}, {y}) = ds(x, y).

Definition 2.3. [26] The b-metric ds is ∗-continuous if and only if for
any A ∈ CBds(X) and sequence {xn} in (X, ds) with limn→∞xn = x,
we have limn→∞ds(xn, A) = ds(x,A).

Proposition 2.4. [9] For any A ⊆ X,

a ∈ Ā ⇐⇒ ds(a,A) = 0.

Lemma 2.5. [26] Let {xn} be a sequence in (X, ds). Then for any
n ∈ N and k ∈ {1, 2, 3...2n − 1, 2n}, we have

d(x0, xk) ≤ sn
k−1∑
i=0

d(xi, xi+1).
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Lemma 2.6. [26] Let {xn} be a sequence in (X, ds). If there exists
λ ∈ [0, 1) such that ds(xn, xn+1) ≤ λds(xn−1, xn) for all n ∈ N , then
{xn} is a Cauchy sequence.

Following the technique of [26], we now prove the following lemma.

Lemma 2.7. If for some λ, ϵ ∈ [0, 1), with λ < ϵ, ds(xn, xn+1) ≤
λds(xn−1, xn) + ϵn for all n ∈ N , then {xn} is a Cauchy sequence.

Proof. Note that ds(xn, xn+1) ≤ λds(xn−1, xn) + ϵn implies

ds(xn, xn+1) ≤ λn ds(x0, x1) +
ϵn+1

ϵ− λ
(1)

for all n ∈ N . Also for all m, k ∈ N and p = [log2k], we have

ds(xm+1, xm+k) ≤ s ds(xm+1, xm+2) + s2 ds(xm+2, xm+22)

+s3 ds(xm+22 , xm+23) + · · ·

≤
p∑

n=1

sn ds(xm+2n−1 , xm+2n) + sp+1ds(xm+2p , xm+k). (2)

Then using Lemma 2.5 and (1), we get

ds(xm+1, xm+k) ≤
p∑

n=1

sn
{
sn

m+2n−1−1∑
i=m

ds(x2n−1+i, x2n−1+i+1)
}

+s2(p+1)
m+k−2p−1∑

i=m

ds(x2p+i, x2p+i+1)

≤
p+1∑
n=1

s2n
m+2n−1−1∑

i=m

ds(x2n−1+i, x2n−1+i+1)

≤
p+1∑
n=1

s2nds(x0, x1)

2n−1−1∑
i=0

{
λm+2n−1+i +

ϵm+2n−1+i+1

ϵ− λ

}
≤ ds(x0, x1)λ

m

1− λ

p+1∑
n=1

s2nλ2n−1
+

ds(x0, x1)ϵ
m

(ϵ− λ)(1− ϵ)

p+1∑
n=1

s2nϵ2
n−1

≤ ds(x0, x1)λ
m

1− λ

p+1∑
n=1

λ2n logλ s+2n−1
+

ds(x0, x1)ϵ
m

(ϵ− λ)(1− ϵ)

p+1∑
n=1

ϵ2n logϵ s+2n−1
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Note that limn→∞2n logλ s+ 2n−1 = ∞ and limn→∞2n logϵ s+ 2n−1 =
∞. So for fixed M > 0, there exists n1, n2 ∈ N such that 2n logλ s +
2n−1 ≥ M for all n ≥ n1 and 2n logϵ s + 2n−1 ≥ M for all n ≥ n2, that
is λ2n logλ s+2n−1

< λM for all n ≥ n1 and ϵ2n logϵ s+2n−1
< λM for all

n ≥ n2. Thus the series
∑p+1

n=1 λ
2n logλ s+2n−1

and
∑p+1

n=1 ϵ
2n logϵ s+2n−1

are

convergent. Let
∑p+1

n=1 λ
2n logλ s+2n−1

= S1 and
∑p+1

n=1 ϵ
2n logλ s+2n−1

= S2.
Then we get

ds(xm+1, xm+k) ≤ ds(x0, x1)λ
m

1− λ
S1 +

ds(x0, x1)ϵ
m

(ϵ− λ)(1− ϵ)
S2

for all m, k ∈ N . Thus sequence {xn} is a Cauchy sequence.

3 Main Results

We introduce pairwise Hβ-Hausdorff functions as follows:

Definition 3.1. Let S, T : X → CBds(X). For any x ∈ X, y ∈
Tx( or Sx) and any ϵ > 0 if there exist z ∈ Sy( or Ty) such that

d(y, z) ≤ Hβ(Tx, Sy) + ϵ or respectively d(y, z) ≤ Hβ(Sx, Ty) + ϵ (3)

then we say that T and S are pairwise Hβ-Hausdorff functions .

For S = T , we get the following:

Definition 3.2. For any x ∈ X, y ∈ Tx and any ϵ > 0 if there exists
z ∈ Ty such that

d(y, z) ≤ Hβ(Tx, Ty) + ϵ (4)

then we say that T is a Hβ-Hausdorff function.

Remark 3.3. (i) For β = 1, T : X → CB(X) is always a Hβ-
Hausdorff function.

(ii) If for any 0 ≤ β1 ≤ 1, the function T : X → CB(X) is a

Hβ
1 -Hausdorff function then for any 0 ≤ β1 ≤ β2 ≤ 1, the function

T : X → CB(X) is a Hβ
2 -Hausdorff function.
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Example 3.4. Let X = [0, 3348 ]
⋃
{1},

ds(x, y) = |x− y|2 for all x, y ∈ X.

and S, T : X → CB(X) be as follows :

S(x) =


{x
4}, for x ∈ (0, 3348 ]

{33
48 , 1}, for x ∈ {0, 1},

T (x) =


{x
2}, for x ∈ (0, 3348 ]

{1
3 ,

33
48 , 1}, for x ∈ {0, 1}.

We will show that the functions S and T satisfies (3). We will con-
sider the values of x in X as follows :

(i) x ∈ (0, 3348 ]. In this case Sx and Ty are singleton sets and so (3)
is obviously true.

(ii) x = 0. Sx = {33
48 , 1}. If y = 33

48 , Ty = {33
96}, then we

have z = 33
96 and ds(y, z) =

1089
9216 , δs(Sx, Ty) =

3969
9216 , δs(Ty, Sx) =

1089
9216

and H
3
4 (Sx, Ty) = 3249

9216 . Thus (3) is true for all ϵ > 0. If y = 1,
Ty = {1

3 ,
33
48 , 1} then inequality (3) holds with z = 1.

(iii) x = 1. Sx = {33
48 , 1} and the result follows in the same way as in

(ii) above.

(iv) x = 0. Tx = {1
3 ,

33
48 , 1}. If y = 1

3 , Sy = { 1
12}, then we

have z = 1
12 and ds(y, z) =

9
144 , δs(Tx, Sy) =

121
144 , δs(Sy, Tx) =

9
144 and

H
3
4 (Sx, Ty) = 93

144 . Thus (3) is true for all ϵ > 0. If y = 33
48 , Sy = { 33

192}
then we take z = 33

192 and Then ds(y, z) = 1089
4096 , δs(Tx, Sy) = 2809

4096 ,

δs(Sy, Tx) = 961
36864 and H

3
4 (Tx, Sy) = 19201

36864 . Thus (3) is true for all
ϵ > 0. If y = 1, Sy = {33

48 , 1} and inequality (3) holds with z = 1.
Thus S and T are pairwise Hβ-Hausdorff functions for β = 3

4 . How-
ever S and T are not pairwise Hβ-Hausdorff functions for β = 1

2 , as we
see that inequality (3) is not satisfied for x = 0, Tx = {1

3 ,
33
48 , 1} and

y = 33
48 . In fact S and T are not pairwise Hβ-Hausdorff functions for

34
95 < β < 61

95 .
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3.1 Fixed point results

We now present our main result.

Theorem 3.5. Let (X, ds) be a complete b-metric space with constant
s ≥ 1, ds be ∗-continuous, T, S : X → Pcl,b(X) be multivalued pairwise
Hβ-Hausdorff functions for some 1

2 ≤ β ≤ 1. If there exist nonnegative
real numbers α, γ, δ satisfying α+ 2γ + 2sδ < 1, s(γ + δ) < β and

Hβ(Tx, Sy) ≤ αds(x, y) + γ [ds(x, Tx) + ds(y, Sy)]

+δ[ds(x, Sy) + ds(y, Tx)] (5)

for all x, y ∈ X, then S and T has a common fixed point.

Proof. Let x0 ∈ X, x1 ∈ Tx0 and 0 < ϵ < 1. By (3) there exists
x2 ∈ Sx1, such that d(x1, x2) ≤ Hβ(Tx0, Sx1) + ϵ. By (3) again , there
exists x3 ∈ Tx2, such that d(x2, x3) ≤ Hβ(Sx1, Tx2) + ϵ2

Continuing this way we construct the sequence < xn > such that,

x2n+1 ∈ Tx2n, x2n+2 ∈ Sx2n+1; (6)

ds(x2n+1, x2n+2) ≤ Hβ(Tx2n, Sx2n+1) + ϵ2n+1; (7)

ds(x2n+2, x2n+3) ≤ Hβ(Sx2n+1, Tx2n+2) + ϵ2n+2. (8)

Then we have

ds(x2n+1, x2n+2) ≤ Hβ(Tx2n, Sx2n+1) + ϵ2n+1

≤ αds(x2n, x2n+1) + γ[ds(x2n, Tx2n) + ds(x2n+1, Sx2n+1)]

+δ [ds(x2n, Sx2n+1) + ds(x2n+1, Tx2n)]

≤ αds(x2n, x2n+1) + γ[ds(x2n, x2n+1) + ds(x2n+1, x2n+2)]

+δ ds(x2n, x2n+2) + ds(x2n+1, x2n+1)] + ϵ2n+1

≤ αd(x2n, x2n+1) + γ[ds(x2n, x2n+1) + ds(x2n+1, x2n+2)]

+δ s[ds(x2n, x2n+1) + ds(x2n+1, x2n+2)] + ϵ2n+1.

Thus we have

ds(x2n+1, x2n+2) ≤ α+ γ + sδ

1− γ − sδ
ds(x2n, x2n+1) + ϵ2n+1.
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Again

ds(x2n+2, x2n+3) ≤ Hβ(Sx2n+1, Tx2n+2) + ϵ2n+2

≤ αds(x2n+1, x2n+2) + γ[ds(x2n+2, Tx2n+2) + ds(x2n+1, Sx2n+1)]

+δ[ds(x2n+2, Sx2n+1) + ds(x2n+1, Tx2n+2)] + ϵ2n+2

≤ αds(x2n+1, x2n+2) + γ[ds(x2n+2, x2n+3)+, ds(x2n+1, x2n+2)]

+δ[ds(x2n+2, x2n+2) + ds(x2n+1, x2n+3)] + ϵ2n+2

≤ αds(x2n+1, x2n+2) + γ[ds(x2n+2, x2n+3) + ds(x2n+1, x2n+2]

+δ s[ds(x2n+1, x2n+2) + ds(x2n+2, x2n+3)] + ϵ2n+2.

Thus we have

d(x2n+2, x2n+3) ≤ α+ γ + sδ

1− γ − sδ
ds(x2n+1, x2n+2).

Thus we have

ds(xn, xn+1) ≤ λds(xn−1, xn) + ϵn

where, λ = α+γ+sδ
1−γ−sδ < 1.

By Lemma 2.7 the sequence < xn > is a Cauchy sequence. Since (X, ds)
is complete, there exist ℏ ∈ X such that the sequence < xn > converges
to ℏ. We will show that ℏ ∈ Tℏ

⋂
Sℏ.

By the definition of Hβ, we have

βδs(Sx2n+1, Tℏ) + (1− β)δs(Tℏ, Sx2n+1) ≤ Hβ(Sx2n+1, Tℏ)
≤ αds(x2n+1, ℏ) + γ[ds(ℏ, Tℏ+ ds(x2n+1, Sx2n+1)]

+δ[ds(ℏ, Sx2n+1) + ds(x2n+1, Tℏ)] + ϵ2n+2

≤ αds(x2n+1, ℏ) + γ[ds(ℏ, Tℏ+ ds(x2n+1, x2n+2)]

+δ[ds(ℏ, x2n+2) + ds(x2n+1, Tℏ)] + ϵ2n+2.

It follows that

lim
n→∞

βδs(Sx2n+1, Tℏ) + (1− β)δs(Tℏ, Sx2n+1)

≤ lim[αds(x2n+1, ℏ) + γ[ds(ℏ, Tℏ+ ds(x2n+1, x2n+2)]

+δ[ds(ℏ, x2n+2) + ds(x2n+1, Tℏ)] + ϵ2n+2]

≤ (γ + δ) ds(ℏ, Tℏ).
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Since

lim
n→∞

βδs(Sx2n+1, Tℏ) + lim
n→∞

(1− β)δs(Tℏ, Sx2n+1)

≤ lim
n→∞

βδs(Sx2n+1, Tℏ) + (1− β)δs(Tℏ, Sx2n+1),

we have

lim
n→∞

βδs(Sx2n+1, Tℏ) + lim
n→∞

(1− β)δs(Tℏ, Sx2n+1) ≤ (γ + δ) ds(ℏ, Tℏ).

This implies

lim
n→∞

βδs(Sx2n+1, Tℏ) ≤ (γ + δ) ds(ℏ, Tℏ). (9)

Again we have

βδs(Tx2n, Sℏ) + (1− β)δs(Sℏ, Tx2n) ≤ Hβ(Tx2n, Sℏ)
≤ αds(x2n, ℏ) + γ[ds(x2n, Tx2n) + ds(ℏ, Sℏ)]
+δ[ds(x2n, Sℏ) + ds(ℏ, Tx2n)] + ϵ2n+1

≤ αds(x2n, ℏ) + γ[ds(x2n, x2n+1) + ds(ℏ, Sℏ)]
+δ[ds(x2n, Sℏ) + ds(ℏ, x2n+1)] + ϵ2n+1

It follows that

lim
n→∞

βδs(Tx2n, Sℏ) + (1− β)δs(Sℏ, Tx2n)

≤ lim[αds(x2n, ℏ) + γ[ds(x2n, x2n+1) + ds(ℏ, Sℏ)]
+δ[ds(x2n, Sℏ) + ds(ℏ, x2n+1)}] + ϵ2n+1]

≤ (γ + δ) ds(ℏ, Sℏ).

Since

lim
n→∞

βδs(Tx2n, Sℏ) + lim
n→∞

(1− β)δs(Sℏ, Tx2n)

≤ lim
n→∞

βδs(Tx2n, Sℏ) + (1− β)δs(Sℏ, Tx2n),

we have

lim
n→∞

βδs(Tx2n, Sℏ) + lim
n→∞

(1− β)δs(Sℏ, Tx2n) ≤ (γ + δ) ds(ℏ, Sℏ).
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This implies

lim
n→∞

βδs(Tx2n, Sℏ) ≤ (γ + δ) ds(ℏ, Sℏ). (10)

Now

ds(ℏ, Tℏ) ≤ s[ds(ℏ, x2n+2) + δs(Sx2n+1, Tℏ)]
ds(ℏ, Sℏ) ≤ s[ds(ℏ, x2n+1) + δs(Tx2n, Sℏ))]

Using (9) and (10) we get

ds(ℏ, Tℏ) ≤ s lim
n→∞

ds(ℏ, x2n+2) + s lim
n→∞

δs(Sx2n+1, Tℏ)

≤ s(γ + δ)

β
ds(ℏ, Tℏ).

ds(ℏ, Sℏ) ≤ s lim
n→∞

ds(ℏ, x2n+1) + s lim
n→∞

δs(Tx2n, Sℏ)

≤ s(γ + δ)

β
ds(ℏ, Tℏ).

Since s(γ+ δ) < β, we get ds(ℏ, Tℏ) = 0 and ds(ℏ, Sℏ) = 0. Since T and
S are closed we have ℏ ∈ T and ℏ ∈ S.

Example 3.6. Let X = [0, 5
12 ]

⋃
{2}, ds(x, y) = |x − y|2 for all x, y ∈

X and S, T : X → CB(X) be as follows :

S(x) =


{x
4}, for x ∈ [0, 5

12 ]

{0, 13 , 2}, for x = 2,

T (x) =


{x
4}, for x ∈ [0, 5

12 ]

{0, 5
12 , 2}, for x = 2,

We will show that the functions S and T satisfy contraction condition
(5) for β = 1

2 .
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Case 1. x, y ∈ [0, 5
12 ]. By Lemma ( ), we have

H
1
2 (Sx, Ty) = H

1
2 ({x

4
}, {y

4
})

= ds(
x

4
,
y

4
)

= |x
4
− y

4
|2

≤ α1|x− y|2, for any α ≥ 1
16

= αds(x, y).

Case 2. x ∈ [0, 5
12 ], y = 2. We have

ds(x, y) = |2− x|2. The minimum value of ds(x, y) for x ∈ [0, 5
12 ] is

361
144 .

δs(Sx, Ty) = δs({x
4}, {0,

5
12 , 2}) =

x2

16 .
δs(Ty, Sx) = δs({0, 5

12 , 2}, {
x
4}) = (2− x

4 )
2.

H
1
2 (Sx, Ty) = 1

2

(
x2

16 + (2− x
4 )

2
)

The maximum value of H
1
2 (Sx, Ty) for x ∈ [0, 5

12 ] is 2 (at x = 0). Thus

H
1
2 (Sx, Ty) ≤ αds(x, y) for any α ≥ 288

361 .

Case 3. x = 2, y ∈ [0, 5
12 ]. We have

ds(x, y) = |2− y|2. The minimum value of ds(x, y) for y ∈ [0, 5
12 ] is

361
144 .

δs(Sx, Ty) = δs({0, 5
12 , 2}, {

y
4}) = (2− y

4 )
2.

δs(Ty, Sx) = δs({x
4}, {0,

5
12 , 1}) =

y2

16 .

H
1
2 (Sx, Ty) = 1

2

(y2
16 + (2− y

4 )
2
)

The maximum value of H
1
2 (Sx, Ty) for y ∈ [0, 5

12 ] is 2 (at y = 0). Thus

H
1
2 (Sx, Ty) ≤ αds(x, y) for any α ≥ 288

361 .

Thus S and T satisfy contraction condition (5) for β = 1
2 ,

288
361 ≤ α < 1

and γ = δ = 0. Simple calculations shows that S and T are pairwise Hβ-
Hausdorff functions. All conditions of Theorem 3.5 are satisfied and 0 is
a common fixed point of S and T . However we see that at x = 0, y = 2,
S and T do not satisfy contraction condition (5) for β = 1 and so do
not satisfy Nadler’s contraction and Czerwic’s contraction.

Remark 3.7. In Example 3.6 above, simple calculations show that S
and T do not satisfy contraction condition (5) for 62

100 < β ≤ 1. However
in view of Remark 3.3(i), there may exist functions S and T which satisfy



12 N.R. ALRASHEDI, F.S. ALSHAMMARI AND R. GEORGE

contraction condition (5) for β = 1 but may not satisfy for β < 1. Thus
for β = 1 Theorem 3.5 is an extension of Nadler’s contraction [28],
Czervik’s contraction [11] and many of its generalisations. For β < 1
Theorem 3.5 provides new variants of Nadler’s contraction [28], Czervik’s
contraction [11] and many of its generalisations.

Taking γ = δ = 0 in Theorem 3.5, we get the following extension
and new variants of Nadler’s contraction and Czerwik’s contraction :

Corollary 3.8. Let (X, ds) be a complete b-metric space with constant
s ≥ 1, T, S : X → Pcl,b(X) be multivalued pairwise Hβ-Hausdorff func-
tions for some 1

2 ≤ β ≤ 1 and satisfying the following condition:

Hβ(Tx, Sy) ≤ αds(x, y).

for all x, y ∈ X and 0 ≤ α < 1, then S and T has a common fixed point.

Taking α = δ = 0 in Theorem 3.5, we get the following extension
and new variants of Kannan’s contraction :

Corollary 3.9. Let (X, ds) be a complete b-metric space with constant
s ≥ 1, T, S : X → Pcl,b(X) be multivalued pairwise Hβ-Hausdorff func-
tions for some 1

2 ≤ β ≤ 1 and satisfying the following condition;

Hβ(Tx, Sy) ≤ γ[ds(x, Tx) + ds(y, Sy)

for all x, y ∈ X and some real number γ with 0 ≤ γ < 1
2 , then S and T

has a common fixed point.

Taking α = γ = 0 in Theorem 3.5, we get the following extension
and new variants of Kannan’s contraction :

Corollary 3.10. Let (X, ds) be a complete b-metric space with constant
s ≥ 1, T, S : X → Pcl,b(X) be multivalued pairwise Hβ-Hausdorff func-
tions for some 1

2 ≤ β ≤ 1 and satisfying the following condition;

Hβ(Tx, Sy) ≤ γ[ds(x, Sy) + ds(y, Tx)

for all x, y ∈ X and some real number δ with 0 ≤ sδ < 1
2 , then S and T

has a common fixed point.
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3.2 Application to integral equation

In this section, motivated by the applications given in [3, 31, 33], we es-
tablish the sufficient conditions for the existence of a common solution
of a pair of nonlinear Volterra type integral equations.

For some real numbers a, b with 0 ≤ a < b and I = [a, b], let X =
C(I,R) be the Banach space of real continuous functions defined on I
equipped with a norm given by ∥x∥ = maxt∈I |x(t)|. For some and some
p ≥ 1, define a b-metric ds on X by

ds(x, y) = max
t∈I

|x(t)− y(t)|p, for all x, y ∈ X.

Then (X, ds, 2
p−1) is a complete b-metric space. Consider two Fredholm

integral equationsx(t) = q(t) +
∫ µ(t)
a P(t, s)K1(t, s, x(s))ds+

∫ σ(t)
a Q(t, s)K2(t, s, y(s))ds

y(t) = q(t) +
∫ µ(t)
a P(t, s)K2(t, s, y(s))ds+

∫ σ(t)
a Q(t, s)K1(t, s, y(s))ds

(11)

for all t, s ∈ I = [a, b] ⊆ R, |λ| > 0, Ki=1,2 : I×I×X → R and q : I → R
and P,Q : I × I → R are continuous functions and µ, σ : I → I.

Suppose T, S : X → X be self-mappings defined byTx(t) = q(t) +
∫ µ(t)
a P(t, s)K1(t, s, x(s))ds+

∫ σ(t)
a Q(t, s)K2(t, s, y(s))ds

Sy(t) = q(t) +
∫ µ(t)
a P(t, s)K2(t, s, y(s))ds+

∫ σ(t)
a Q(t, s)K1(t, s, y(s))ds,

(12)

for all x, y ∈ X, where t ∈ I. It is obvious that ℏ(t) is a solution of (11)
if and only if it is a common fixed point of T and S.

Theorem 3.11. Suppose that the following hypotheses hold:

(H1) : T (X) and S(X) are closed in X;

(H2) : There exist nonnegative real numbers α, γ, δ satisfying α + 2γ +
2pδ < 1, 2p−1(γ + δ) < β such that

|K1(t, s, x(s))−K2(t, s, y(s))|p ≤ N(T, S, p, t)
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(H3) :
∫ µ(t)
a P(t, s)ds+

∫ σ(t)
a Q(t, s)ds ≤ 1

2p−1 .

where,

N(T, S, p, t) = α|x(t)− y(t)|p + γ[|x(t)− Tx(t)|p + |y(t)− Sy(t)|p]
+δ[|x(t)− Sy(t)|p + |y(t)− Tx(t)|p].

Then the system (11) of integral equations has a common solution in X.

Proof: Using (H2) and (H3) we have

ds(Tx, Sy) = max
t∈I

|Tx(t)− Sy(t)|p

≤ max
t∈I

|
∫ µ(t)

a
P(t, s)K1(t, s, x(s))ds+

∫ σ(t)

a
Q(t, s)K2(t, s, y(s))ds

−
∫ µ(t)

a
P(t, s)K2(t, s, y(s))ds−

∫ σ(t)

a
Q(t, s)K1(t, s, y(s))ds|p

≤ max
t∈I

2p−1{|
∫ µ(t)

a
P(t, s)K1(t, s, x(s))ds

−
∫ µ(t)

a
P(t, s)K2(t, s, y(s))ds|p

+|
∫ σ(t)

a
Q(t, s)K2(t, s, y(s))ds−

∫ σ(t)

a
Q(t, s)K1(t, s, y(s))ds|p}

≤ max
t∈I

2p−1{|
∫ µ(t)

a
P(t, s)(K1(t, s, x(s))−K2(t, s, y(s)))ds|p

+|
∫ σ(t)

a
Q(t, s)(K2(t, s, y(s))−K1(t, s, y(s)))ds|p}

≤ max
t∈I

2p−1{
∫ µ(t)

a
|P(t, s)|p|(K1(t, s, x(s))−K2(t, s, y(s)))|pds

+

∫ σ(t)

a
|Q(t, s)|p|(K2(t, s, y(s))−K1(t, s, y(s)))|pds}
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≤ max
t∈I

2p−1{
∫ µ(t)

a
|P(t, s)|pN(T, S, p, t)ds

+

∫ σ(t)

a
|Q(t, s)|pN(T, S, p, t)ds

≤ max
t∈I

2p−1N(T, S, p, t){
∫ µ(t)

a
|P(t, s)|p ds+

∫ σ(t)

a
|Q(t, s)|p ds

≤ max
t∈I

N(T, S, p, t)

≤ αds(x, y) + γ[ds(x, Tx) + ds(y, Sy)] + δ[ds(x, Sy) + ds(y, Tx)].

Thus conditions of Theorem 3.5 are satisfied. Theorem 3.5 therefore
ensures a common fixed point of T and S, which in turn is a common
solution of the pair of integral equations (11).

Remark 3.12. Taking Q(t, s) = 0,P(t, s) = 1, q(t) = 0, µ(t) = t and
a = 0 in (11), we get the Volterra-type integral equations considered in
Rasham et al [31] and Alshoraify et al [3].

Remark 3.13. Taking Q(t, s) = 0, µ(t) = 1 and a = 0 in (11), we get
the Fredholm-type integral equations (III.3) considered in Shoaib et al
[33].

Remark 3.14. Taking Q(t, s) = 0,P(t, s) = 1 and µ(t) = b in (11), we
get the Fredholm-type integral equations (III.1) considered in Shoaib et
al [33].
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