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Abstract

Although spectral methods such as Galerkin, Tau and pseudospectral methods do
not work well for solving ordinary differential equations in which, at least, one of
the coefficient functions or solution function is not analytic [1], but it is shown that
the Legendre wavelet Galerkin method is suitable for solving this kind of problems
provided that the singular points have the form 27% for some positive integer k [4].
However, for the other type of singular point the Legendre wavelet basis are not
an efficient method. To overcome this difficulty, in this study we use the extended
Legendre wavelet basis and Tau method for solving a wide range of singular boundary
value problems. The convergence properties and error analysis of the proposed method
is investigated. A comparison between the standard Legendre wavelets and extended
Legendre wavelets methods shows the capability of the proposed method.

Keywords: Extended Legendre wavelets, Operational matrix, Tau method, Bundary
value problems, Convergency, Error analysis.

1 Introduction

In recent years, different basis functions such as orthogonal functions and wavelets have
been used to approximate solutions of functional equations. Depending on the structure,
the orthogonal functions may be widely classed in three families. The first includes of sets
of piecewise constant basis functions (such as the Walsh functions, block pulse functions,
etc.). The second consists of sets of orthogonal polynomials (such as Legendre polyno-
mials and Chebyshev polynomials, etc.). The third is the widely used sets of sine-cosine
functions in Fourier series. It is worth noting that approximating a continuous function
with piecewise constant basis functions results in an approximation that is not contin-
uous. On the other hand if a discontinuous function is approximated with continuous



basis functions, the resulting approximation is continuous and can not properly model
the discontinuities. Moreover, there are some functional equations that the solution vary
continuously in some regions and discontinuously in others. Neither continuous basis func-
tions nor piecewise constant basis functions taken alone can efficiently or accurately model
these spatially varying properties. So, in order to properly approximate these spatially
varying properties it is absolutely necessary to use approximating basis functions that
can accurately model both continuous and discontinuous phenomena. For these situa-
tions, wavelet functions will be more effective. Wavelets possess several useful properties,
such as orthogonality, compact support, exact representation of polynomials to a certain
degree, and the ability to represent functions at different levels of resolution. It is also
worth noting that the wavelets method allows the creation of very fast algorithms when
compared to the algorithms ordinary used. This is due to specific attributes when they
are used as basis functions.

In this paper, we consider the boundary value problem (BVP) [1,4]:

y'(t) + f()y' (1) + 9()y(t) = h(), (1)
with the boundary conditions:
yla)=A, y(b) =B, (2)

where the solution y(t) or coefficients f(t), g(t) and h(t) have some finite singular points in
the interval [0, 1]. It can be shown that for a given ordinary boundary differential equation
defined on the interval [a, b], if solution and coefficients are analytic, spectral methods using
orthonormal polynomials will be suitable for solving such problems and also it leads to
spectral accuracy [1-3]. But when at least, one of the coefficient or solution is not analytic
on [a,b], these basis functions will not appropriate, so that the Gibbs phenomenon will
happen around the singularity points [2, 3].

Wavelets method are very interesting to obtain approximate solutions of differential
equations. It has been shown that in case that solution of problem has some singular points
of the form 27%, for some positive integer k, the standard Legendre wavelets method will
be a very suitable and efficient way for solving such problems with initial or boundary
conditions. In [4] authors have used the Legendre wavelets Galerkin method for solving
singular boundary ordinary differential equations and spectral accuracy was obtained in
the cases that singular points were of the form 2% for some positive integer k. However,
in cases that at least one of the coefficient functions or solution function of under consid-
eration problem has a singular point which is not in the form 27%, the Legendre wavelets
Galerkin method is not an efficient method for solution of it and also the approximate
solution has not the spectral accuracy.

In this paper, an extended Legendre wavelets basis functions are introduced and their
properties are described. Then, the operational matrix of derivatives for these basis func-



tions is obtained and a general procedure for deriving this operational matrix is described.
By using the extended Legendre wavelets, associated operational matrix of derivatives and
Galerkin method a computational method for solving ordinary differential equations with
boundary conditions is proposed. A comparison between the typical Legendre Galerkin
wavelets method and the extended Legendre wavelets method for solving some numerical
examples is performed. Convergence of the proposed method is investigated.

This paper is organized as follows: In section 2, the extended Legendre wavelets and
their properties are presented. In section 3, shifted Legendre polynomials are introduced.
In section 4, the operational matrix of derivative for the extended Legendre wavelets is
obtained. In section 5, the proposed method is described. In section 6, some numerical
examples are presented. Finally a conclusion is drawn in section 7.

2 Extended Legendre wavelets

In this section, the extended Legendre wavelets are presented and some their useful pr-
poperties are discussed.

2.1 A brief review of constructing the extended Legendre wavelets

The extended Legendre wavelets in the framework of the recursive wavelets construction
given in [6] for piecewise polynomial spaces on [0, 1]. For this purpose, we first introduce
some notations. Throughout this work, N denotes the set of all natural numbers, Ny =
NuU{0} and Z, = {0,1,...,u — 1}, for a positive integer f.

For an integer pu > 1, we consider the following contractive mappings on the interval
I=10,1]:

¢E(t):t:€, te0,1], € €Z,. (3)

It is obvious that the mappings {1} satisfy the following properties:
Ye(I) C I, Ve € Zy,

U 11[}6(‘[):‘[' (4)

€€y

It is well known that Legendre polynomials P,,(x) are orthogonal with respect to the
weight function w(z) =1 on the interval [-1, 1] and satisfy the following formulae [2]:

Po(I) = 1,
Pi(z) =z, ()
Prii(x) = %Zfll xPp(x) — mPp_1(x), meN



Now, let Fj denotes the finite dimensional linear space on [0, 1] that is spanned by the
Legendre polynomials Py(2z — 1), P1(2z — 1),..., Pyy—1(2x — 1), where M € N and U, is
the Legendre polynomial of degree m, namely,

Fy = span{P,,(2z — 1)|z € [0,1],m € Z,}. (6)

In order to construct an orthonormal basis for L?[0,1], for each e € Z, we define an
isometry 7. on L?[0,1]:

(1) @) = { YISOk 2l @

Starting from the space Fy, we define a sequence of spaces { Fj; |k € Ny} using the recurrence
formula:

Fepn= P TR, ke, (8)
€y

where @ denotes the direct sum, e.g., if A and B are two subspaces of L2[0,1] with
AN B = {0}, then:

AeB={f+g:fecAgec B}
The sequence of spaces {Fy|k € Ny} is nested, i.e. [9]

FKFCchC...CF,CFr1C..., (9)
and

dimF), = Mu*, ke N. (10)

Moreover, similar to theorem 2.4 in [10], it can be proved that

o

U B = 2?0, 1]. (11)
k=0

Next we construct an orthonormal basis for each of the spaces Fj. We first notice that
Go={V2m+1P,(2z — 1)|z € [0,1], m € Z,,},

is an orthonormal basis for Fy and moreover for f(z) € L?[0,1], with compact support
and we have

Supp{Tef} N Supp{Te’f} = (bv € 7& Ela



where supp(f) denotes the support of the function f. It can be simplify seen that [7]:
Gr={Two... 0Tg—1 (V2m + 1Py, (22 — 1)) Im € Zp1, € € Zy, L € Ly},

is an orthonormal basis for Fj, where ”0” denotes composition of functions. In other

words, if for n =1,2,..., 4", k € N, we set:

VIR F It Py(ite —2n 4 1), we [2 ). gy

w2
0, otherwise,

Y (2) = 9k, 1,7, ) = {

then {nm(z)n = 1,2,...,u¥,m € Zy} forms an orthonormal basis for F}, with respect
to the weight function w(z) = 1. Moreover, for any integer number M > 1 the functions
{Ynm()|ln=1,2,..., 4 m € Zy} are called Legendre wavelets.

2.2 Function approximation

A function f(x) defined over [0, 1) can be expanded in the terms of the extended Legendre
wavelets as

~ Z Z CnmWUnm () = CT\IJ(:L’), (13)

n=1m=0

where cpm = (f(t),VYnm(t)) and (.,.) denotes the inner product on L?[0,1]. If the infinite
series in (13) is truncated, then it can be written as:

u M-—1
)2 > comthum(z) = CTE(2), (14)
n=1 m=0

where C and ¥(z) are 1 = u*M column vectors as

T
C= [0107"'701(M71)‘0207'"702(M71)‘7"'7|Cuk07"‘7cuk(M—l) 5 (15)

T

U(z) = [wm(w), e a¢1(M—1)($)|¢20(117)7 S ,1/12(M—1)(33)’a cee Wyko(ff), . 77;Z)pk(M—1)($)
By changing indices in the vectors ¥(z) and C the series (14) can be defined as

m

flx) =) ei(a) = CTU(z), (16)
i=1
where
C=ler,caynseml, () = [1(2), ¢2(2), . ()] (17)
and
¢ = Cnm, Vi(T) = VYpm(z), i=Mn—-1)M+m+1. (18)



2.3 Error analysis and convergence

In the next theorems the convergence properties and error bound for the of the extended
Legendre wavelets series are investigated.

Theorem 2.1. Any function f(x) defined on [0,1) with bounded first and second deriva-
tives |f'(z)| < My and |f"(x)] < Ma, can be expanded as an infinite sum of the extended
Legendre wavelets, and the series converges uniformly to f(x), that is:

F@) =33 comtnm(@), (19)

n=1m=0

Proof. Let f(x) be a function defined on [0,1) first and second derivatives M; and Mo,
respectively, and:

1 oF
Cnm = / f(@)Ynm(x)de = /“ f(x)vV2m + lung(Zukx —2n + 1)dx. (20)
0 "T—kl
Let 7 = 2n — 1, then by the change of variable ¢ = 2uFz — 71, we have dz = 2%, and so:
2p
1
2m+1)2 (1 A+t
23 —1°\ 2p
1 Lo+t
— [ () AP - Pt (21)
2#2(2m—|—1)2 —1 1%
where the following property of the legendre polynomials is used:
(2m + 1) P (t) = Py, (t) = Ppy o (8). (22)
Integrating by parts in (21) yields:
1 1, <n + t> .
Cym = —F—————— 4 —— — | (P, t) — Pp—1(t)) |~
" oub(om 4 1)7 {QMkf o ) (8 = Pt () 124
1t (a4t
oz [ 7 (55 (P = Paao) ). (23)
From equation (23), we have:
1 Lo (Rt
Cnm = dkl/ f < = > (Prg1(t) — Pp-1(t)) dt. (24)
dp= (2m+1)2 J1 2p



Now, by considering (22), we have:
_ 1 ! st Pria(t) = Pn(t)  Pu(t) — Pna(t)

dp=z (2m+1)2 /1 H m+ m—

Solving this equation similar to the previous step, yields:
1 ! R+ t\ [ Pnia(t) — Pu(t)  Pn(t) — Pan_a(t
o [ () (Pt Ealt) P Pl

8uz (2m+1)z J-1 u m + m

Now, let 7,,,(t) = (2m — 1) P2 — 2(2m + 1) Py, (t) + (2m + 3) Pp—2(t), then we have:

= ! 1 ! g+t
o 8M57’k(2m+ 1)% (2m —1)(2m + 3) /_1 f ( 2k ) T (t)dt. (27)

Then we have:
1 ~
n—+t
|Cnm| :S Q(Mak7m)/1 f// ( 2Nk >

|7—m(t)’dta (28)

where
1 1
8u% (2m +1)2 (2m — 1)(2m +3)

Moreover, it is shown [11] that:

< Q(p, k,m) =

1
2m+3
t)|dt < V24——, 29
[ it < vai S (29)
Therefor, since n < p¥, for m > 1 we get:
VM.
[cam] < ; (30)

2n3 (2m — 3)2
Also, for m = 1, from (24), we have:

M
|Cn1‘ < 1

(31)

[e.e] [e.e]
Hence, the series Z Z Cnm 18 absolutely convergent. Moreover, it is obvious that, for
n=1m=0
m = 0, the sequence {{no(x)}>2, forms an orthogonal system constructed by Haar scal-
o

ing function and thus Z Cnoyno () is convergent (for more details see appendix). Con-

n=1

[ee] o0
sequently, it follows that the series Z Z CnmWUnm () converges to the function f(x)

n=1m=0
uniformly. 0



Theorem 2.2. Suppose f(x) be a continuous function defined on [0, 1), with bounded first
u" M-—1
and second derivatives My and Moy respectively, and Z Z CnmWUnm () be the approximate

n=1 m=0
solution using the extended Legendre wavelets. Then for the error bound we have:

N[

M2 3M2 o) 00 3M2 o] M-1 M2 00
O < TQ}C‘F 22zzanm+ 22 Z Zanm‘i‘Tl Z by, s (32)
n=lm=M n=pk+4+1 m=2 n=pk+1
where
1 b 1
finm n5(2m —3)4" " 3’
and
1
1 Mk M—-1 2 2
O = / flx) — Z ComUnm/(x) | dx
0 n=1 m=0
Proof. We have:
1 wk M—1 2
0'31 = / f(x) — Z ComUnm(x) | dz
0 n=1 m=0
1 0o 0o Mk M-—1 2
= / Z Z Cnmwnm(x) - Cnmwnm(x> dx
0 n=1m=0 n=1 m=0
co 00 0o M-1
=D ID DAY (T HETEND SR DX M OLE
n=1m=M n=pk+1 m=0
co 00 00 M-1
=D Gmt D D Cm
n=1m=M n:‘u,k+1 m=0
co 00 00 M-1 9]
= Z Z .+ Z o+ Z (Cio + cil) . (33)
n=1m=M n=pk+1 m=2 n=pk+1

Now by considering (30), (31), (33) and remark 1 in appendix, the desired result is
achieved. 0



3 Operational matrix of derivative for extended Legendre
wavelets

In this section, we derive a new operational matrix of derivative for the extended Legendre
wavelets. At first some properties of shifted Legendre polynomials are discused. For
practical use of Legendre polynomials on the interval of interest [0, 1] the shifted Legendre
polynomials P,(z) on [0,1] are obtained as:

P, (z) = P,(2z—1).

The orthogonality condition for these shifted polynomials is:

1
~ ~ 1
/ Py ()P, (z)de = ———— .-
0 2m +1

In the next theorem, we derive a relation between the shifted Legendre polynomials and
their derivatives that is very important for deriving the operational matrix of derivatives
for the extended Legendre wavelets.

Theorem 3.1. [5] Let P, () be the shifted Legendre polynomials into [0, 1], then we have
m—1
P(x)=2 Y (2k+1)Pi(z). (34)
ﬁi?ﬂ odd

Lemma 3.2. [2] The function f(zx), square integrable in [0, 1], may be expressed in terms
of shifted Legendre polynomials as:

fl@) =) cPy(), (35)
where

1
cr = 2k + 1)/0 f(2)Py(z)dz.

Lemma 3.3. [5] By using the shifted Legendre polynomials, any extended Legendre wavelets
function U,.(z) of (12) can be written as:

U, (x) =vV2m + 1,uglsm(uk:c —n),

where r = nM +m+1, m =0,...,(M —=1), n = 0,...,u4* =1 and X[n ni1] is the
wk?

characteristic function defined as:

17 e l? n+1 b
v aan ey = [ b BEE
ko uk 0, therwise.



Theorem 3.4. Let U(z) be the extended Legendre wavelets vector defined in (14). The
derivative of the vector ¥(x) can be defined as

d¥(x)
——= =DV 36
dx (@), (36)
where D is the operational matrixz of derivative defined as:
F 0o --- 0
0O F --- 0
0 0 0 F

in which F is M matriz and its (r,s)-th element is defined as:

2uk\/(2r —1)(2s5 — 1) r=2,..M, s=1,..,7r—1, and (r + s)odd,

0, othewise.

(38)

Proof. By using the shifted Legendre polynomials into [0, 1], the r-th element of vector
U(z) can written as:
Uy(2) = Ym(@) = 12 VI 1 Pp(phe =) X o nor), T =120, (39)
w7 op
where r =nM +m+1,m=0,1,....,M —1and n=0,1,...,u* — 1.
By differentiation with respect to = of vector ¥(z) we have:
v, (z)

k ~
Tar pzN2m + 1" P, (n*z — n) X[z ntl) (40)
LA

:r‘3

This function is zero outside the interval [:—k, n kl} , hence its Legendre wavelets expansion

+

only have those elements of basis extended Legendre wavelets in ¥(z) that are nonzero in
the interval [uﬂk’ %} ie. Vi(x), i=nM+1,nM+2,...,nM+ M.

So its extended Legendre wavelets expansion has the following form:

(n+1)M
W)Y awa) (a1)
o i=nM+1

This results that operational matrix D is a block matrix as defined in (37). Moreover we
have:

%Po(x) =0 s (42)

10



this implies that “@ — 0 for r = 1, M +1, 2M + 1, 3M + 1, ..., (u¥ — )M +
1. Consequently, the first row of matrix defined in (38) is zero. Now by substituting
P! (puF2z —n) from Eq. (34) into (40) we have:

dv, (1)
dt

e )

m—1
k ~
=p22m+1 pf g 2(25 + 1) Pj(p*t — n) X|
S
;+m odd

Expanding this equation in the extended Legendre wavelets basis we have:

AV, (t e
”():,ﬁ om + 1 " § 2v/2j + 11/25 + LP; (it —n) X1 ws
dt = [?77]
Jj+modd

Z V(2r —1) (25 — 1) Upargs(t). (44)

s—i—r odd

So if we choose as

2uF\/(2r —1)(2s — 1) r=2,..M, s=1,...r—1, and (r + s)odd,
Fr,s =

othewise.

)

)

then equation (36) is hold and this leads to desired result. O

The following property of the product of two Legendre wavelets vector functions W(t)
will be used,

ETypy" = ¢"E, (45)
where F is a given vector and Fisa wF M matrix depended on vector E, which is called

the product operation matrix of Legendre wavelets vector functions.

4 Description of the proposed method
In this section, the extended Legendre Galerkin method is applied for solving boundary

ordinary differential equations with finite singular points in the interval [0,1]. For this
purpose consider the boundary value problem:

y' () + F()y'(8) + g(t)y(t) = h(t), (46)

11



with the boundary conditions:
y(0)=4, y(1)=5, (47)

in which the solution function y(t) or coeficient functions f(t),g(t) and h(t) has finite
singular point in the interval [0, 1] as

k k km
tlzfl,h:i,...,tmzf, ki, n; € N and (ki,ni)=1 (48)
ni n9 Nm

For solving the singular BVP (46) and deriving an spectral accuracy, first we choose
a suitable p according these singular points ¢;. For this purpose let n; has the prime
factorization

Now we define the p as follow

p=ppy . pl (50)

in which g; = min{e;, | 1 <7 <m}. By using the extended Legendre wavelet basis for
this p, we can get an approximate solution for the BVP (46) with the spectral accuracy.
For this purpose, we approximate the functions f(t), g(t), h(t) and y(t) as:

y(t) = CTe(t), f(t)=FTU(t), g(t)=CTU(t), h(t)=H"T() (51)

where U(t) is the extended Legendre wavelets basis vector defined in (14) and C, F', G and
H are the cofficient vectors of the extended Legendre wavelet basis for the function y(t),
f(t),g(t) and h(t) respectively. Moreover, by using the operational matrix of derivatives
for the extended Legendre wavelet (), we have:

y'(t)=CTDU(t), o'(t)=CTD?*W(t). (52)
Employing Egs. (51) and (52), the residual for Eq. (46) can be written as

R(t) = w()T (D7) C + FTw(t)¥” (t)DTC + GTw() W7 (1)C — v ()T H, (53)
By using the operational matrix of product defined in (45) we have

R(t) =¥t (DT’ C+w()"FDTC + O (1)"GC — U(t)" H, (54)

As in a typical Tau method [2], we generate m — 2 linear equations by applying



Also, by substituting initial conditions in Eq. (47) we have

y(0) = CTY(0) - A =0,
(56)
y(1) = CTY(1) — B =0.

Egs. (55) and (56) generate a set of 7 linear equations. These linear equations can
be solved for unknown coefficients of the vector C. The solution function y(¢) can be
approximate by substituting vector C' in (51).

5 Numerical examples

In this section, we demonstrate the efficiency of the proposed method with some illustrative
examples. For all examples, spectral methods by using Legendre polynomials and typical
Legendre wavelet method do not work well and can not present spectral accuracy [1,4]. It
will be shown that the extended Legendre wavelet method is very efficient for solving these
singular problems and spectral accuracy will be obtained. The algorithms are performed
by Maple 13 with 30 digits precision.

Example 1. Consider the boundary value problem

Y+l 3y - Yy =hG), e o]
(57)
y(0) = (1), w) = (2)%,

where h(t) is compatible with the exact solution ‘t — %‘3 In this problem the exact
solution and coefficient functions have singular points at t; = % and to = % According
the prposed method in the section 4 by choosing u = 2 x 3 = 6 we solve the problem for
M = 4 and k = 1 and the exact solution is derived. Figure 1 shows the absolute error
produced the extended Legendre wavelets method for 4 = 6, M = 4 and k = 1 in the
interval [0, 1]. Howover by using the typical legendre wavelets method (p = 2) we can not
derive the exact solution and only an approximate solution can be obtaind. The absolute
errors produced from the extended Legendre wavelets (with © = 6) and standard Legendre
wavelets (1 = 2) method are shown in table 1 for different values of M =4 and k = 1. As
the table shows the extended Legendre wavelets are more efficient in solving this boundary
value problem.

Example 2. Consider the boundary value problem

Y+ t— Yy +[t—fy=h1), te(0,1]
(58)

13



7.%x 10727
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Figure 1: The absolute error produced by the extended Legendre wavelets.

Table 1: The absolute error produced by the extended Legendre wavelets (M=4, k=1).
[ t=0.1 t=103 t=05 t=0.7 t=0.9
pw=6 818x1073" 122x10730 250x10"2" 2.66 x 1072 6.40 x 102

p=2 616x10"* 6.78 x107* 3.30x 1073 2.17x 1077 7.04 x 1078

where h(t) is compatible with the exact solution ‘t — % °. In this problem the exact solution
and coeflicient functions have singular points at t; = %, ty = i and t3 = % According the
prposed method in the section 4 by choosing ;1 = 2 x5 = 10 the exact solution of the above
boundary value problem can be derived. Here we solve the problem with p =10, M =6
and k = 2 and we get the exact solution. Howover by using the standard legendre wavelets
method (1 = 2) the exact solution can not be derived. The absolute errors produced from
the extended Legendre wavelets (with p = 10) method and standard Legendre wavelets

(u = 2) method are shown in table 2 for different values of M = 6 and k = 2.

Table 2: The maximum absolute error produced by the extended Legendre wavelets.
I t=0.1 t=0.3 t=0.5 t=0.7 t=0.9
p=10 299 x 10730 491 x1073% 225x1072% 4.70 x 1073° 2.71 x 1072°

p=2 160x10"" 1.36x107% 1.90x10™® 549 x107° 1.73 x 107

14
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Figure 2: The absolute error produced by the extended Legendre wavelets.

Example 3. In this example we consider a boundary value problem in which coefficient
functions are non analytical but its solution function is infinite differentiable on [0, 1]. So,
consider the boundary value problem

y'+gt)y + |t — 3|y =h(t), te[0,1]

(59)
in which
—4t+3 0<t<%
g(t) = t—% %§t<1 (60)
and h(t) is compatible with the exact solution y(t) = & i’fg ). Here the exact solution
is infinitely differentiable but the coefficient functions have singular points at t; = % and

ty = % As the Taylor series of the exact solution has infinite terms, the exact solution

can not be obtained by either standard Legendre wavelet method or extended Legendre
wavelet method. Howover a comparision between these methods shows the efficiency of the
extended Legendre wavelet method. Table 3 shows the absolute error of these methods for
different values of M and k. As this table shows the extended Legendre wavelet method
with p = 6 is more efficient for approximate the solution of this problems and by increasing
the M and k give a good approximation of the exact solution.

15



Table 3: The maximum absolute error for the standard Legendre wavelet (u = 2) and extended
Legendre wavelets (with p = 6).

Mk M=6k=1 M=6k=2 M=8k=1 M=8k=2 M=10k=1 M=10k=2

w=2 550x107! 3.43 x 1072 3.12 x 1071 4.51 x 1074 1.32 x 1073 4.50 x 107°

p=6 137x1072 124x107% 250x107* 3.59x1077 4.73x1077  7.15x 10710

6 Conclusion

Wavelets method have been successful for solving singular boundary value problems with
non analytic solution. However, difficulties arise in dealing with ordinary differential
equations in which singular points are not of the form 27* for some positive integer k [4].
To overcome these difficulties, in this paper an extended Legendre wavelet method is
proposed and is applied for solving ordinary differential equations in which, at least, one
of the coefficient functions or solution function is not analytic. The comparison shows the
high efficiency of the proposed method.

Appendix

In this appendix we will obtain an upper bound for ¢, in the extended Legendre wavelets
expansions in case m = 0. For m = 0, the extended Legendre wavelets form an orthonor-
mal system on [0, 1) as:

k
b n

no(2) :{ e, @€ [E ), (61)

0, otherwise,

forn=1,2,...,u".
By expanding any square integrable function f(z) in terms of these basis functions on
[0,1) we have:

f(l‘) = Z CnownO(x)a (62)
n=1
where
N (63)

16



If the infinite series in (62) is truncated, then it can be written as:

Fur(@) 2= cnothno (). (64)
n=1

Theorem 6.1. Suppose f,r(z) be the truncated expansion of f(x) in the above basis
functions and e x(x) = fyx(x) — f(z) be the corresponding error, then the expansion will
converge in the sense that e, (x) approaches zero as u* tends to infinity. Moreover the
convergence order is one, that is:

e @l =0 () (65)

Proof. By defining the error between f(x) and its expansion over any subinterval as:

en(x) :CnO'(bnO(x)*f(x)a YIS |:nlu_kl,;;k> , = 1727"-a/‘5ka (66)

we obtain

n

len(@)? = [ entaPde = [ (conta(e) - £ ds

- —

k

© H

pk

where we have used the weighted mean value theorem for integrals.
From (63) and the weighted mean value theorem, we also have:

= (cno/ﬁ - f(m))2 Mlk M € |:n_k;1 Z) ; (67)

K [k k1 1 n—1 n
Cno = H2 /ul f(x)dx = MQTf(Cn) = 7f(§n)a Cn € [k> k) . (68)
net 7 15 T
W
By substituting (68) into (67), we obtain:
1
lea@)I* = (£(¢a) = F0m))* 5 (69)
Now, since |f’(x)| < My, then f(x) satisfies a Lipschitz condition on each subinterval, i.e.:
n—1 n
160 = Jm)| < M1l =l oo € |20 1) (70)
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Then, from (69) and (70), we have:

M2
len@)IP < ok (1)
which leads to:
1 1 [ wF 2
e, (@) / e (2)2dr = /0 enlo) | da
n=1

:/0 (Z en(x)Q dr + 2 Z,/O en(x)en’<x)d$~ (72)

Now, due to disjointness of the supports of these basis functions we have:

e

"

@)I* = en()’ dw—ZHen 2. (73)

n=1

e

Substituting (71) into (73), we obtain:
M2
e, (2)]* < MT}“ (74)

1
or, in other words, Heuk(x)H =0 <,uk>
This completes the proof. =

Corollary 6.2. Let f,r(z) be the expansion of f(x) by the above basis functions and
e, (x) be the corresponding error, then we have:

“w
M L
les ()] < —= e (75)
Proof. This is an immediate consequence of the theorem 6.1. O

Remark 1. We notice that according to the above information we have:

Y o= L cho%o W = lles ()] < /ﬁ (76)

n=pk+1
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