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Abstract. Although spectral methods such as Galerkin and Tau meth-
ods do not work well for solving ordinary differential equations in which,
at least, one of the coefficient functions or solution function is not ana-
lytic [1], but it is shown that the Legendre wavelet Galerkin method is
suitable for solving some kind of these problems [4]. In this study we use
the extended Legendre wavelet basis and Tau method for solving a wide
range of singular boundary value problems. The convergence properties
and error analysis of the proposed method are investigated. A compar-
ison between the standard Legendre wavelets and extended Legendre
wavelets methods shows the capability of the proposed method.
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1. Introduction

In recent years, different basis functions such as orthogonal functions and
wavelets have been used to approximate solutions of functional equations. De-
pending on the structure, the orthogonal functions may be widely classified
in three families. The first family includes of sets of piecewise constant basis
functions (such as the Walsh functions, block pulse functions, etc.). The second
consists of sets of orthogonal polynomials (such as Legendre polynomials and
Chebyshev polynomials, etc.). The third is the widely used sets of sine-cosine
functions in Fourier series. It is worth noting that approximating a continu-
ous function with piecewise constant basis functions results in an approximant
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that is not continuous. On the other hand if a discontinuous function is approx-
imated with continuous basis functions, the resulting approximant is continu-
ous and can not properly model the discontinuities. Moreover, there are some
functional equations in which the solution vary continuously in some regions
and discontinuously in others. Neither continuous basis functions nor piecewise
constant basis functions taken alone can efficiently or accurately model these
spatially varying properties. So, in order to properly approximate these spa-
tially varying properties it is absolutely necessary to use approximating basis
functions that can accurately model both continuous and discontinuous phe-
nomena. For these situations, wavelet functions will be more effective. Wavelets
possess several useful properties, such as orthogonality, compact support, exact
representation of polynomials to a certain degree, and the ability to represent
functions at different levels of resolutions. It is also worth noting that the
wavelets method allows the creation of very fast algorithms when compared to
the algorithms ordinarily used. This is due to specific attributes when they are
used as basis functions.

In this paper, we consider the boundary value problem (BVP) [1, 4]:

Y () + fOy' (1) + 9(®)y(t) = h(t), a<t<b

yla)=A, y(b) =B,

where the solution y(t) or coefficients f(t), g(¢) and h(t) have some finite singu-
larities in the interval [0, 1]. It can be shown that for a given ordinary differential
equation defined on the interval [a, b], if solution and coefficients are analytic,
spectral methods using orthonormal polynomials will be suitable and also they
lead to spectral accuracy [1-3]. But when at least, one of the coefficient or so-
lution is not analytic on [a, b], these basis functions will not be appropriate, so
that the Gibbs phenomenon will happen around the singular points [2, 3].
Wavelets method are very interesting to obtain approximate solutions for dif-
ferential equations. It has been shown that in case that the solution of problem
has some singular points of the form 27%, for some positive integer k, the stan-
dard Legendre wavelets method will be a very suitable and efficient way for
solving such problems with initial or boundary conditions. In [4] authors have
used the Legendre wavelets Galerkin method for solving singular boundary or-
dinary differential equations and spectral accuracy was obtained in the cases
that singular points were of the form 2~% for some positive integer k. However,
in cases that at least one of the coefficient functions or solution function of the
equation under consideration has a singular point which is not in the form 2%,
the Legendre wavelets Galerkin method is not an efficient method for solution
and also the approximate solution has not the spectral accuracy.

In this paper, extended Legendre wavelets basis functions are introduced and

(1)
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their properties are described. Then, the operational matrix of derivatives for
these basis functions is obtained and a general procedure for deriving this op-
erational matrix is described. By using the extended Legendre wavelets, asso-
ciated operational matrix of derivatives and Galerkin method a computational
method for solving ordinary differential equations with boundary conditions
is proposed. A comparison between the typical Legendre Galerkin wavelets
method and the extended Legendre wavelets method for solving some numer-
ical examples is performed. Also the convergence of the proposed method is
investigated.

This paper is organized as follows: In Section 2, the extended Legendre wavelets
and their properties are presented. In Section 3, the operational matrix of
derivative for the extended Legendre wavelets is obtained. In Section 4, the
proposed method is described. In Section 5, some numerical examples are pre-
sented. Finally a conclusion is drawn in Section 6.

2. Extended Legendre Wavelets

In this section, the extended Legendre wavelets are presented and some of their
useful prpoperties are discussed.

2.1 A brief review of constructing the extended Legendre
wavelets

The extended Legendre wavelets is the framework of the recursive wavelets
construction given in [7, 9] for piecewise polynomial spaces on [0, 1]. For this
purpose, we first introduce some notations. Throughout this work, N denotes
the set of all natural numbers, Ngo = NU {0} and Z,, = {0,1,..., ¢ — 1}, for a
positive integer p.

For an integer p > 1, we consider the following contractive mappings on the
interval I = [0, 1]:

b (t) = tze, te[0,1], €2, (2)

Tt is obvious that the mappings {9} satisfy the following properties:
Ye(I)C 1, Ve € Zy,

U v =1 3)

€ELy,

It is well known that Legendre polynomials P, (x) are orthogonal with respect
to the weight function w(z) = 1 on the interval [-1, 1] and satisfy the following
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formulae [2]:
PO(I) = 1a
Py(z) =, (4)
}1n+1(x):::%Z:Tf x}%n(x)<_’nlfznfl(m)a m €N

Now, let Fy denotes the finite dimensional linear space on [0, 1] that is spanned
by the Legendre polynomials Py(2z — 1), P1(2x — 1),..., Pp—1(22 — 1), where
M € N and P, is the Legendre polynomial of degree m, namely,

Fy = span{ P, (2z — 1)|z € [0,1],m € Zps }. (5)

In order to construct an orthonormal basis for L?[0,1], for each € € Z, we
define an isometry T, on L?[0, 1]:

.5 (@) = { 6/ﬁf(1/)€1(x)) : ; %g (6)

Starting from the space Fy, we define a sequence of spaces {Fj|k € Ny} using
the recurrence formula:

Frp = P T.F,  keN, (7)
€ELy,

where @ denotes the direct sum, e.g., if A and B are two subspaces of L?[0, 1]
with AN B = {0}, then:

AeoB={f+g:f€Age B}
It is worth noting that the sequence of spaces {Fj|k € Ny} is nested, i.e. [14]
FhCcFhC...CF,CFy1C..., (8)

and
dimFy, = Mu*, ke Ny. (9)

Moreover, similar to Theorem 2.4 in [6], it can be proved that

fj F, = L*[0,1]. (10)
k=0

Next we construct an orthonormal basis for each of the spaces Fj. We first
notice that

Go = {V2m + 1Py (22 — 1)z € [0,1], m € Zy}
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is an orthonormal basis for Fy, and moreover for any f(z) € L?[0,1], with
compact support and we have

€ # ¢ = supp{T.f} Nsupp{T..f} =0,

where supp(f) denotes the support of the function f. It can be simply seen
that [6]:

G = {Tfﬂf). e e BT (Vz?n—l— 1P,,,_(2:L‘ - 1)) |'."?E € Ly, €0 € Z_“, le ZL} ,

is an orthonormal basis for F},, where "0" denotes composition of functions. In
other words, if for n = 1,2,...,u", k € N, we set:

v2m +1 ,u-’ Pn(2ufzr—2n+1) ze€ [—1-—, ;r)
0 otherwise,

(11)
then {nm(z)ln = 1,2, ... i, m € Zy;} forms an orthonormal basis for Fj
with respect to the weight function w(.;) = 1. For any integer number M > 1
the functions {1, (x)|n =1,2,..., ¥, m € Zy} are called Legendre wavelets.

Yum(x) = Y(k,m,n,x) = {

2.2 Function approximation

A function f(z) defined over [0, 1) can be expanded in terms of the extended
Legendre wavelets as

Cnm® mn( ) CF'I’(-?) (12)

[M¢
M8

flx) ==

Il
—

(

mn

where ¢m = (f(t), ¥nm(t)) and (.,.) denotes the inner product on L2[0,1]. If
the infinite series in (12) is truncated, then it can be written as:

m

& [—

]
=

CnmWnm L) = erj( ) (13)
1 m=0

I 2

1

where C and ¥(z) are 7 = p* M column vectors given by
T
C = [e10,- -+ erm—1)l€20s - - s Caa—1)|s - -+ s [€uk0s - - - s Ci(ar—1)] (14)
. T
U(x) = [r0(2), ... Yrar—1)(@)|20(2), - - Y01 ()]s - [Bpro (@), - s Bk (ar—1) ()]
By changmg indices in the vectors lI'( ;) and C the series (13) can be rewritten
as

T

f@) =~ api(z) = CTY(a), (15)

i=1
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where

C=ler,coom], ¥(x) = [Y1(2),2(2), . Y ()], (16)
and

Ci = Cnm, Vi(T) =Ypm(z), i=Mm—-1)M+m-+1. (17)
2.3 Error analysis and convergence

In the next theorems the convergence properties and error bound for the ex-
tended Legendre wavelets series are investigated.

Theorem 2.3.1. Any function f(z) defined on [0,1) with bounded first and
second derivatives | f'(x)] < My and |f"(z)| < Mz, can be expanded as an infi-
nite sum of the extended Legendre wavelets, and the series converges uniformly

to f(x), that is:
Z Z Crm W ( (18)

Proof. Let f(x) be a function defined on [0, 1) with bounded first and second
derivatives M7 and Ms, respectively, and:

Cnm = /1 f(@)nm(x)dz = /ﬁ F@)V2m + 1% Py (2pF 2 — 20+ 1)dz. (19)
0 oot

Let 7 = 2n — 1, then by the change of variable ¢t = 2u*x — 7, we have dz =

and so: )
o = 2 T / f ("“) Po(t)dt
2,u2 - 2k

2#1‘:3

1 Lo+t
wmm/ / (M)WmH(t)—Pml(t», (20)

where the following property of the Legendre polynomials is used:

(2m + 1) P (t) = Pppy (t) — Py (t). (21)

Integrating by parts in (20) yields:

- m (ot () (Poia(®) = Paca ) 1y

_Q;k/_ll £ (’;:}f) (Posr (£) — Pm_l(t))dt}. (22)
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From equation (22), we have:

L (55)
Chm = 3k, 1 I\ 55 | (Pmya1(t) — Pn-1(t)) dt. 23
4pz (2m+ 1)z J ik (Pm41(t) 1(t)) (23)
Now, by considering (21), we have:
; . 1 /1 f; n +t d Pm+2(t) = Ru(t) . Pm(t) = Rn—Q(t)
G 4;;3:& (2m + 1)% 1 2uk 2m+3 2m —1 '
(24)
Solving this equation in a similar manner to the previous step, vields:
P . 1 /] f” i+t P,,..}.g(f-} = Rm_(i) — Pm(f) 5 Pm—'?-(t) dt
o 8‘!1%‘: (21}1 + 1)% 1 Z,U.k 2m + 3 2m—1 N
(25)

Now, putting 7, (t) = (2m — 1) P2 — 2(2m + 1) Py (t) + (2m + 3) P—2(t), we
have:

1 1 Vo (A+t
‘nm = k 1 g - m t)dt. 26
¢ 8u (2m + 1) (2m —1)(2m + 3) _/;1 f ( 2pk ) 7m(?) (%)

and so ;
g+t
|enm| < Q(u, k,'.rn.)/ ¥ ik ( ok )

-1

[ (1) |dt, (27)

where

1 1
8#% (2m + l)% (2m —1)(2m +3)

Qu, k,m) =

Moreover, it is shown [8] that

1
/ frn(8)|dt < VRI—22t S (28)
o, 2m — 3

Therefor, since n < u*, for m > 1 we get

|Cnm| < 3.\/67)1‘/{2 (29)
2n3(2m — 3)?
Also, for m =1, from (23), we have

lena| < e (30)

\/gﬂ. 3
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oo oo
Hence, the series E E €nm is absolutely convergent. Moreover, it is obvi-

n=1m=0

ous that, for m = 0, the sequence {¢o(x)};>, forms an orthogonal sys-
20

tem constructed by Haar scaling function and thus Z Cnotno(x) is conver-
n=1

gcnt (fm more details see appendix). Consequently, it follows that the series

Z Z CpmUnm () converges to the function f(z) uniformly. O

n=1m=0

Theorem 2.3.2. Suppose f(x) be a continuous function defined on [0,1), with
n* M-1

bounded first and second derivatives My and My respectively, and Z Z ErmBnm (i)
n=1 m=0

be the approzimate solution using the extended Legendre wavelets. Then for the

error bound we have:

b=

‘ t M-1
Mz sn F = f -
T < Z Z A + Z Z Apm +— Z bﬂ
n=1m=M n=puk-+1 m=2 n=pk+1
(31)
where
1 b 1
[£2 B TR T = —a
T n5(2m — 3)4 " nd
and .
. 2 3
1 Ho M-1
T = / f(.’l") - Z Z (‘,'-,-”.,.,_T,'fl:"”m_(.’._'?) dx
0 n=1m=0
Proof. We have:
2
,u. M-1
2 _ .
Tie = / Z Z Cam ¥ nm dx
J0 n=1 m=0
2
1 o0 oo _u M—1
= / Z Z Crm Tr’mn Z Z Cnm Vﬂm dx
0 n=1m=0 n=1 m=0
o0 M-1

o o0
3 S [ Gt SN [ alalis
n=1m=M

n=pk+1 m=0
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oo 00 oo M-1
= Z E : ('nm - § : E : Cnm
n=1m=M n=pk+1 m=0
oo oo 00 M-1
E , Z Cam T+ § : Z Cpm t+ Z n[l + ':nl . (32)
1=1m=M n=pk+41 m=2 n=pk+1

Now by considering (29), (30). (32) and remark 6. in appendix, the desired
result is achieved. [

3. Operational Matrix of Derivative for Extended
Legendre Wavelets

In this section, we derive a new operational matrix of derivative for the extended
Legendre wavelets. First some properties of the shifted Legendre polynomials
are discused. For practical use of Legendre polynomials on the interval of
interest [0, 1] the shifted Legendre polynomials P, (z) on [0,1] are obtained as:

Po(z) = Pa(2x-1).

The orthogonality condition for these shifted polynomials is given by

1
‘/U P”,_(;.I?) P“(;]'f)d.'l',' = m(}-,ﬂ”.
In the next theorem, we derive a relation between the shifted Legendre polyno-
mials and their derivatives that is very important in deriving the operational
matrix of derivatives for the extended Legendre wavelets.

Theorem 3.1. ([3]) Let P,,(x) be the shifted Legendre polynomials on [0, 1],
then we have

m— 1

Po(z)=2 > (2k+1)Pi(a). (33)
::i?n add

Lemma 3.2. ([2]) Every square integrable function f(x) on [0,1], may be ex-
pressed in terms of shifted Legendre polynomials as

oo

flz)= Z (:kﬁk(.'l-'), (34)

k=0
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where

1
e = (2k+1) /0 f(x)Py(z)dz.

Lemma 3.3. By using the shifted Legendre polynomials, any extended Legendre
wavelets function W,.(z) of th form (11) can be written as

U (z) = v2m + lu,% f’m(;;.k:r —n),

wherer =nM +m+1, m=0,...,(M—1), n=0,...,u4% -1 and X[z, 241

is the characteristic function defined by

{ 1, ze[a,n4],

0, otherwise.
Theorem 3.4. Let U(x) be the extended Legendre wavelets vector defined in
(13). Then the derivative of the vector V(x) can be defined as

AU (x)
dx

= D¥(), (35)

where D is the operational matriz of derivative defined as

F 0 - 0
0 F -+ 0

B=il o v . s | (36)
00 0 F

in which F is an M x M matriz whose (r,s)-th element is given by

2uF\/(2r —1)(2s 1) r=2,..M, s=1,..r—1, and (r + s)odd,
Fi =
0, otherwise.

(37)

Proof. By using the shifted Legendre polynomials, the r-th element of the
vector U(x) can written as

V. (z) = Yum(z) = p% V2m +1 )E’,,,(;tk:r:—-n) r=1,2,..,1, (38)

X5, 2% 0
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where r=nM +m+1, m=0,1,..M—landn=01,.. .5 —1.
By differentiation with respect to = we have

d k k
PrT) WA VERT T B (i — ) X, i1, (39)

dx

o ndll hence its Legendre wavelets

This function is zero outside the interval
expansion only has those elements of basis extended Legendre wavelets in ¥(z)
that are nonzero on the interval [-,;, H-"ii] ie. Uy(z), i=nM+1,nM+
.nM + M.
So its extended Legendre wavelets expansion is of the form
(n+1)M
92 _ TS (o). (10)

dx
i=nM+1

So it follows that the operational matrix D is a block matrix as defined in (36).
Moreover we have

%Pq(:v) =0, (41)

this implies that 2% = 0 for r = 1, M +1, 2M +1, 3M + 1, ..., (u* —
1)M + 1. Consequently, the first row of the matrix defined in (37) is zero. Now
by substituting P! (u*z — n) from Eq. (33) into (39) we have

m—1
d‘I’di =uf V2m+1 p* Z 2(2j + 1)Pj(p*t — n) X[, md], (42)
J—l] m m

j+m odd

Rewriting this equation in the term of extended Legendre wavelets basis we
have

d\IJ' m=—1
d %\/2m+ 1" Z 2v/25 + 125 + 1P (e t—n [_15,"_1]

j={J i 4
J+modd

o |
=2uf Y V(2r—1)(2s — 1) Ynaris(t). (43)

5=1
s+r odd

So if we choose
{ 2uf\/(2r—-1)(2s—-1) r=2,..M, s=1,..,.7r—1, and (r + s)odd,
F‘r‘ 5 =

0 otherwise.
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then equation (35) holds and this leads to desired result. O

The following property of the product of two Legendre wavelets vector functions
U(t) will be used, )
ETyyt =T E, (44)

where F is a given vector and F is a 1M matrix which dependeds on vector
E, and is called the product operation matrix of Legendre wavelets vector
functions.

4. Description of the Proposed Method

In this section, the extended Legendre Galerkin method is applied for solving
boundary problem for ordinary differential equations with finite singular points
in the interval [0, 1]. For this purpose consider the boundary value problem

y' () + fO)y (1) + 9()y(t) = h(t), (45)
with the boundary conditions:
y(0)=A4, y(1)=5B, (46)
in which the solution function y(t) or some of the coefficient functions f(t), g(¢)
and h(t) has finite singular point in the interval [0, 1] as

1= —,ta=—,.... by, = —, ki, n; € N and (k“nl)zl (47)

For solving the singular BVP (45) and deriving an spectral accuracy, first we
choose a suitable p according to these singular points ;. For this purpose let
n; has the prime factorization

ni=py?...pr, p; =2, a; =0 (48)

Now we choose a p in the form

p=pl .l (49)

in which 8; = max{«;, | 1 <7 < m}. By using the extended Legendre wavelet
basis for this p, we can get an approximate solution for the BVP (45) with the
spectral accuracy. For this purpose, we approximate the functions f(t), g(¢), h(¢)
and y(t) in the form

y(t) =CTU(t), f(t)=FTU(t), g(t)=G"¥(t), ht)=H"¥(), (50)
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where ¥(¢) is the extended Legendre wavelets basis vector defined in (13) and
C, F, G and H are the cofficient vectors of the extended Legendre wavelet
basis for the functions y(¢), f(t), g(t) and h(t) respectively. Moreover, by using
the operational matrix of derivatives for the extended Legendre wavelet W(t),
we have:

y'(t) = CTDU(t), 4'(t)=CTD*W(t). (51)
Employing Eqgs. (50) and (51), the residual for Eq. (45) can be written as

R(t) = U(t)" (D7)’ C+ FTU()¥” (1) DTC + G (1) U7 (t)C — U (1) H, (52)
By using the operational matrix of product defined in (44) we have
R(t) =¥(t)” (DT)’ C+w)"FDTC+ W) "GC - W) H,  (53)

As in a typical Tau method [2], we generate m — 2 linear equations by applying

/1\I!j(t)R(t)dt_0, j=1,..,0m—2. (54)

Also, by substituting initial conditions in Eq. (46) we have

y(0) =CT¥(0) - A=0,
(55)
y(1) = CTU(1) — B =0.

Eqgs. (54) and (55) generate a set of m linear equations. These linear equations
can be solved for unknown coefficients of the vector C. The solution function
y(t) can be approximate by substituting vector C' in (50).

5. Numerical Examples

In this section, we demonstrate the efficiency of the proposed method with
some illustrative examples. For neither of these examples, spectral methods
by using Legendre polynomials and typical Legendre wavelet method do not
work well and can not give spectral accuracy [1, 4]. It will be shown that the
extended Legendre wavelet method is very efficient for solving these singular
problems and spectral accuracy will be obtained. The algorithms are performed
by Maple 13 with 30 digits precision.

Example 5.1. Consider the boundary value problem

y' |t =3y + |t =3y =nh(z), te[0,1],
, , (56)
y(0)=(3)", »1)=(3)",
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where h(t) is compatible with the exact solution |t — Hs In this problem the
exact solution and coefficient functions have singular points at t; = % and
ty = é By choosing pt = 2 x 3 = 6 we solve the problem for (M, k) = (4, 1) and
the exact solution is derived. Figure 1 shows the absolute error produced the ex-
tended Legendre wavelets method for p = 6 and (M, k) = (4,1) in the interval
[0,1]. By using the typical legendre wavelets method (p = 2) we can not derive
the exact solution and only an approximate solution can be obtaind. The ab-
solute errors produced from the extended Legendre wavelets (with p = 6) and
standard Legendre wavelets (¢ = 2) method are shown in Table 1 for different
values of ¢ and (M,k) = (4,1). As the Table shows the extended Legendre
wavelets are more efficient in solving this boundary value problem.

7.% 1072
6.% 1072
5% m-qu
4.% 107299
3% 1072
2.x% IOAEQ4

-2
1. % 10724

0 0.2 0.4 0.6 0.8 1
t

Figure 1: The absolute error produced by the extended Legendre wavelets

Table 1: The absolute error produced by the extended Legendre wavelets
(M, k) = (4,1).

T t=101 t=03 t=05 t=07 t=09
p=>06 818x107% 122x107% 250 x 1072 2.66 x 1072 6.40 x 10~%*

p=2 616x107% 6.78x107* 330x1073 217x1077 7.04x 1078

Example 5.2. Consider the boundary value problem

y'+t—t|y + |t - $ly=n(), te0,1],

i ] (57)
y(0)=(3)", ¥(1)=(3)".

where h(t) is compatible with the exact solution |t - %ls In this problem the

exact solution and coefficient functions have singular points at ¢, = %, to = %
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and t3 = 3. By choosing p = 22 x 5 = 20 we solve the problem for (M, k) =
(6,2) and the exact solution is derived. Figure 2 shows the absolute error
produced the extended Legendre wavelets method for 1 = 6 and (M, k) = (4.1)
in the interval [0,1]. However, by using the typical legendre wavelets method
(¢ = 2) we can not derive the exact solution and only an approximate solution
can be obtaind. The absolute errors produced from the extended Legendre
wavelets (with g = 20) method and standard Legendre wavelets (u = 2) method
are shown in Table 2 for different values of ¢ and (M, k) = (6, 2).

2.5% 1

2% 1072

1.5 % 1072

1% 103 o

5% 10730
T T T v
0.2 04 0.6 08 1

i

Figure 2: The absolute error produced by the extended Legendre wavelets

Table 2: The absolute error produced by the extended Legendre wavelets.

I t=01 t=03 t=0.5 t=0.7 t=0.9
p=20 299x1073 491x107% 225x 107 470x107% 2.71x10~%

p=2 160x1077 1.36x10™% 1.90x10® 549x 107 1.73x107°

Example 5.3. In this example we consider a boundary value problem in which
the coefficient functions are non analytical but its solution function is infinitely
differentiable on [0, 1]. So, we consider the boundary value problem

{ y' +g(t)y' + |t — 3|y = h(t), te(0,1]
(58)

in which

—dt+% 0<i<t
o) = { (59)

1 1
t—3% zst<l
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and h(t) is compatible with the exact solution y(t) = Fr'l'—'_;'ttrr” Here the exact

solution is infinitely differentiable but the coefficient functions have singular
points at t; = % and to = % As the Taylor series of the exact solution has infi-
nite terms, the exact solution can not be obtained by either standard Legendre
wavelet method or extended Legendre wavelet method. However a comparison
between these methods shows the efficiency of the extended Legendre wavelet
method. Table 3 shows the absolute error of these methods for different val-
ues of M and k. As this table shows the extended Legendre wavelet method
with g = 6 is more efficient for approximating the solution of this problem and
increasing M and k give a good approximation of the exact solution.

Table 3: The maximum absolute error for the standard Legendre wavelets
(1 =2) and extended Legendre wavelets (with u = 6).

AL (6.1) (6.2 8.1) 3.2) (10.1) (10.2)
p=2 550x107"  343x107%  312x 107 451 x107*  132x107%  450x 107

p=6 137x107% 1.24x107* 250x 10~ 359x 1077 473x1077 7.15x10°10

6. Conclusion

Wavelets method have been successful for solving singular boundary value prob-
lems with non analytic solutions. However, difficulties arise in dealing with
ordinary differential equations in which singular points are not of the form 2—*
for some positive integer k [4]. To overcome these difficulties, in this paper an
extended Legendre wavelet method is proposed and is applied for solving ordi-
nary differential equations in which, at least, one of the coefficient functions or
solution function is not analytic. The comparison shows the high efficiency of
the proposed method.

7. Appendix
In this appendix we will obtain an upper bound for ¢,,,, in the extended Leg-

endre wavelets expansions in case m = 0. For m = 0, the extended Legendre
wavelets form an orthonormal system on [0,1) as:

0, otherwise,

5 n—=1 n
Yno(z) = { pi, xe| Lk .,,-)‘ (60)
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forn=1,2,...,u".
By expanding any square integrable function f(z) in terms of these basis func-
tions on [0, 1) we have:

flx) = Z cno¥no(), (61)
n=1

where

E [ nF
Cno = 42 ) f(z)dx. (62)

n—

e

If the infinite series in (61) is truncated, then it can be written as:
Hk
Fur (@) =Y enothno(@). (63)
n=1

Theorem 6.1. Suppose f,x(x) be the truncated expansion of f(x) in the above
basis functions and e, (x) = f,x(x) — f(x) be the corresponding error, then the
expansion will converge in the sense that e, (z) approaches zero as uk tends
to infinity. Moreover the convergence order is one, that is:

o) =0 (). (64)

Proof. By defining the error between f(x) and its expansion over any subin-
terval as:

n—1 n

en(x) = CnO'(/)nO(x) - f(I), U |: Nk ’,uk) y = 1727"'7Mk? (65)

we obtain

lew@? = [ entede = [ (conta(e) - f(2)? do

k 21 n—1 n
= cnOME - f(nn)) S Mn S |:a ) ) (66)
( 1k gk Tk
where we have used the weighted mean value theorem for integrals.

From (62) and the weighted mean value theorem, we also have:

o= [ e =22 fG0) = H@) G ) o
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By substituting (67) into (66), we obtain:

len(@)2 = (o) — Fn))? % (68)

Now, since |f'(z)] < M, then f(z) satisfies a Lipschitz condition on each
subinterval, i.e.:

16 = )] < M6 = ml, Vw8 5] 00

Then, from (68) and (69), we have:

M2
llen(@)]I” < 73}“ (70)
which leads to:
1 1w ?
Heuk(x)n?:/o euk(a:)Qda::/O S en) | de
n=1

1 [ wF 1
- [ Eew?| a2 Y [ a@en@an @

0 n=1 nn/

Now, due to disjointness of the supports of these basis functions we have:

ey ()2 = / S en@)? | do = Y flea(@)]. (72)

n=1

Substituting (70) into (72), we obtain:

M2
lews ()] < /7}“’ (73)
. 1
or, in other words, [le,«(z)|| = O (k)
L

This completes the proof. [

Corollary 6.2. Let f,«(x) be the expansion of f(x) by the above basis functions
and e, () be the corresponding error, then we have:

M,

ey ()] < (74)
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Proof. This is an immediate consequence of the Theorem 6.1. [

Remark 6.3. We notice that according to the above information we have:

1]

8]

[9]

o o M2
> o =Ilfur @) = cnothno@)l® = e @) < =5 (75)
n=pk+1 n=1 K

References

E. Babolian and M. M. Hosseini, A modified spectral method for numerical
solution of ordinary differential equations with non-analytic solution, Appl
Math Comput., 132 (2002), 341-351.

C. Canuto, M. Hussaini, A. Quarteroni, and T. Zang, Spectral Methods in
Fluid Dynamics, Springer, Berlin, 1988.

B. Fornberg, A Practical Guide to Pseudospectral Methods, Cambridge
University Press, Cambridge, 1996.

F. Mohammadi and M. M. Hosseini, Syed Tauseef Mohyud-Din, Legendre
wavelet Galerkin method for solving ordinary differential equations with
non analytic solution, International Journal of Systems Science, 42 (4)
(2011), 579-585.

F. Mohammadi and M. M. Hosseini, A new operational matrix for Leg-
endre wavelets and its applications for solving fractional order boundary
values problems, International Journal of the Physical Sciences, 6 (32)
(2011), 7371-7378.

C. A. Micchelli and Y. Xu, Using the matrix refinement equation for the
construction of wavelets on invariant sets, Appl. Comput. Harmon. Anal.,
1 (1994), 391-401.

C. A. Micchelli and Y. Xu, Reconstruction and decomposition algorithms
for biorthogonal multiwavelets, Multidimens. Systems Signal Process, 8
(1997), 31-69.

L. Nanshan and E. B. Lin, Legendre wavelet method for numerical solu-
tions of partial differential equations, Mumerical methods for partial dif-
ferential equations, (2009), 81-94.

Y. Shen and W. Lin, Collocation method for the natural boundary integral
equation, Appl. Math. Lett., 19 (2006), 1278-1285.



74 F. MOHAMMADI

Fakhrodin Mohammadi
Department of Mathematics

Assistant Professor of Mathematics
Hormozgan University

Bandarabbas, Iran

E-mail: f. mohammadi62@hotmail.com



