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Abstract. In this paper, we present cost and revenue efficiency evaluation models and target 

setting in data envelopment analysis (DEA) in the presence of fuzzy inputs and outputs that the 

corresponding prices of inputs and outputs are also fuzzy numbers. We proposed a fuzzy value-

based technology based on fuzzy input and output data at corresponding prices. We provide an 

approach for calculating fuzzy cost and revenue efficiency based on value fuzzy based 

technology according to fuzzy inputs and outputs. The proposed approach develops traditional 

DEA models to calculate revenue and cost efficiency in the presence of fuzzy inputs and outputs. 

The proposed fully fuzzy model is transformed into a three-objective model of non-fuzzy linear 

programming and solved by the weighted sum method. We show that the proposed approach is 

suitable than the previous approaches based on traditional models from a computational point of 

view. The innovation of this research is to present and solve a completely fuzzy efficiency model 

to obtain fuzzy cost and revenue efficiency as a fuzzy number where all its components are in the 

interval [0,1], while in previous approaches the values of fuzzy numerical components may 

correspond to the efficiency scores may be one number greater than one. We also obtain 

benchmark corresponding to the all DMUs. In the following, with two numerical examples, we 

obtain the results of the presented approach and compare it with the results of the previous 

approaches, and at the end, we present the results of the research. 
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1 Introduction 

DEA is a non-parametric method for evaluating the performance of a set of homogeneous DMUs. 

This method was first proposed by Charnes et al. [5]. This technique is based on linear 

programming. DEA, by accepting the underlying assumptions for estimating the production 

possibility set (PPS), including: inclusion of observations axiom, possibility (free-disposal) axiom, 

convexity axiom, the DEA enables the production of a set called the PPS, and considers the frontier 

of this set as the efficient frontier. DMUs that are on this frontier are efficient units, these units are 

the units that produce the most output with the least amount of input. Other units are inefficient 

units. Traditional DEA models in the envelopment form depicts inefficient units on the efficiency 

frontier based on decreasing inputs (input-oriented models) or increasing outputs (output-oriented 

models) and obtaining the corresponding efficiency score for each DMU. These models propose a 

benchmark corresponding to each inefficient DMUs (Zhu [34], Cooper et al. [6]). There are several 

ways to project inefficient DMUs on the efficiency frontier, which can be referred to as the 
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following approaches Radial efficiency approach (Korhonen et al. [22]), the multidirectional 

efficiency approach (Nasseri et al. [24]) or the potential efficiency approach (Hatami-Marbini, et 

al. [15]), etc. 

In the basic models of DEA, the input and output data are exact numbers. But in the real world, 

some input or output data may be often imprecise. One way to deal with this uncertainty is to use 

fuzzy sets. Therefore, imprecise and vague data in DEA can be represented as logical 

expressions with fuzzy numbers (Hatami-Marbini, et al. [15]). The different approaches in DEA 

are presented to deal with fuzzy input and output data (Emrouznejad et al. [8]). In the following, 

we will introduce some of the available approaches for solving fuzzy DEA models. α-level set 

approach is one of the common methods in solving fuzzy DEA (FDEA) models. This method 

presents a pair of parametric programming problems corresponding to each α-level. 

Kao and Liu [20] used the α-level set approach to solve FDEA models. Their method became a 

widely used method in solving FDEA models. Saati and Memariani [30] used the α-level set 

approach to solve the fuzzy SBM model based on the constant returns to scale technology. 

Ghasemi et al. [14] used fuzzy ranking methods to solve FDEA models. Lozano [23] proposed 

fuzzy network DEA (FNDEA) evaluation models. In all the studies presented above, only part of 

the model is fuzzy and not all parts are simultaneously fuzzy. Hosseinzadeh et al. [16] presented 

a fully FDEA model in which all variables and parameters were fuzzy and the numbers are the 

triangular fuzzy numbers. They used multi-objective linear programming (MOLP) to solve their 

model. Also, each fuzzy number was approximated to the nearest symmetric triangular fuzzy 

number. The proposed approach by them also placed into the category of the fuzzy ranking 

approach. Kumar et al. [21] tried to solve the problems with the model presented by 

Hosseinzadeh et al. [16]. The problem with their method was the lack of an accurate solution. 

Hatami-Marbini et al. [15] reviewed two decades of research and advances in FDEA. They 

examined FDEA methods in four different classes. Ezzati et al. [9] examined the problem of 

fully fuzzy linear programming and defined a new order on fuzzy numbers. They tried to turn a 

fully fuzzy linear programming problem into a MOLP problem and calculate the optimal 

solutions using lexicography. Bhardwaj and Kumar [4] showed that in the presence of unequal 

constraints in the model of Ezzati et al. [9], optimal solutions may not be obtained. They 

consider all the parameters and variables as fuzzy, also all the constraints are equal. They apply 

the method proposed by Ezzati et al. [9] in the paper. Hosseinzadeh and Edalatpanah [17] 

proposed a method to solve the problem of fully fuzzy linear programming with fuzzy L-R 

numbers, which used MOLP and lexicography to solve it. Ruiz and Sirvent [29] examined the 

concept of fuzzy cross efficiency and proposed the possibility approach based on benevolent and 

aggressive possibility-level cross efficiency scores. They presented their model in the multiplier 

form and in the input orientation and in constant returns to scale technology and in the form of 

radial. Barak and Heidary Dahooei [3] evaluated the security of 7 different airlines in Iran. In this 

evaluation, each airline is considered as a DMU and FDEA is used to calculate the weight of the 

criteria. Finally, the airlines were ranked and the safest were introduced. Zhu et al. [35] have 

used a method with triangular fuzzy data to evaluate the performance of teaching in colleges, 

which has led to a significant practical improvement in the university. Izadikhah and Khoshroo 

[18] proposed a novel FDEA model in the form of non-radial, non-oriented modified ERGM 

envelopment formulation; in CRS technology in the presence of undesirable outputs Non-radial, 

non-oriented modified ERGM envelopment formulation; in constant returns to scale technology; 

undesirable outputs; possibility level super-efficiency scores. Arana-Jim´enez et al. [1] proposed 

a fully FDEA model to obtain efficiency score and targets in the presence of fuzzy data. They 



3 

 

presented a two-step method for solving their model, the models presented by them in each stage 

was a multi-objective model, and they used the lexicographic gravimetric method to solve their 

models. They obtained fuzzy efficiency scores for each DMUs in the first stage and fuzzy goals 

in the second stage. In the first step, obtain the fuzzy radial efficiency scores and in the second 

step, the maximum values of fuzzy slack corresponding to the inputs and outputs to present the 

fuzzy efficiency goals. The proposed approach by them is in the fuzzy ranking category. 

Arana-Jim´enez et al. [2] presented a fully FDEA model based on the concept of inefficiency 

measure in the additive model. They obtained efficiency scores and fuzzy targets corresponding 

to each of the DMUs. They defined the concept of fuzzy Pareto solutions for FDEA model.  

If some price information about inputs and outputs is available, important results will be 

obtained in evaluating the efficiency of DMUs, and DMUs can be evaluated in terms of price 

and value corresponding to inputs and outputs. The cost efficiency model evaluates the ability of 

a DMU to produce the current outputs at minimal cost, given its input prices. The concept of cost 

efficiency was first introduced by Farrell [12] and later developed by Fare et al. [10]. In the 

following, Tone [33] introduced a cost efficiency model based on the concept of base cost. In 

contrast to previous approaches, which were considered to correspond to fixed input 

components, in the proposed approach by Tone [33], input components could have different 

prices. The revenue efficiency evaluation model is also determined based on the price of outputs. 

The revenue efficiency corresponding to each DMU are defined as the ratio of actual observed 

revenue to the maximum revenue from a DMU based on input and output data values and output 

prices. Some studies on cost efficiency evaluation are listed in the following articles. 

Fukuyama and Weber [13], Fare and Grosskopf [11], Paradi and Zhu [25]. 

Fukuyama and Weber [13] proposed a cost efficiency model based on the value-based 

technology and concept of directional distance function. They obtained a new vector by 

multiplying the cost vector by the input vector, which was then considered as a new input vector 

and the new PPS was introduced based on new input vector. Sahoo et al. [31] considered a 

situation in which all input and output data and their corresponding prices were known for each 

of the DMUs. They propose cost, revenue and profit efficiency measurement in DEA based on 

the directional distance function approach. 

 In many cases in the real world, the values corresponding to the input and output data are often 

inaccurate, and fuzzy set theory is a good strategy for dealing with inaccurate data. For example, 

profitability and activity in hospitals, banks, schools, etc. can be fuzzy data. In this case, fuzzy 

sets are a realistic strategy for incorporating data uncertainty. In recent years, some research has 

been done to evaluate the cost efficiency of the presence of inaccurate data in fuzzy situations. 

Jahanshahloo et al. [19] presented a cost efficiency evaluation model in a situation where the 

input and output data are exact numbers but the prices corresponding to the inputs are triangular 

fuzzy numbers. Paryab et al. [26] presented a fuzzy cost efficiency evaluation model in the 

presence of input and output data and fuzzy prices. They proposed two methods based on convex 

and non-convex approaches, and the variables in their model were also fuzzy. Puri and Yadav 

[28] developed cost and revenue efficiency evaluation models in a fully fuzzy environment 

where input and output data and their corresponding prices were triangular fuzzy numbers. 

Pourmahmoud and Bafekr Sharak [27] presented a model for evaluating cost efficiency in the 

presence of inputs and outputs and fuzzy prices. They considered the data as triangular fuzzy 

numbers and offered a new definition of fuzzy cost efficiency. They used a α-level-based 

approach to convert their model to an into an interval model, and the interval model was a 

parametric model that, by properly selecting the α values, could provide cost efficiency scores 
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corresponding to the α values. Their model provided cost efficiency scores in the form of fuzzy 

numbers, but components of fuzzy numbers corresponding to cost efficiency scores could be 

numbers greater than one then we could not be used and looked at as cost efficiency scores, 

because, given that cost efficiency scores resulting in the cost efficiency evaluation traditional 

model were less than or equal to one. They called a DMU under evaluation cost efficient if the 

cost efficiency score minimum obtained of the cost efficiency evaluation model be located in the 

interval where the lower and upper bounds are the lower and upper bounds of the fuzzy number 

corresponding to actual observed fuzzy cost vector. Similarly, the fuzzy cost efficiency scores 

obtained in the approach presented by Puri and Yadav [28] may be greater than or equal to one, 

while the cost efficiency scores are less than or equal to one in the traditional model for 

evaluation cost efficiency. These approaches also do not represent the fuzzy targets 

corresponding to each of the DMUs. It can be said that the contribution of this paper compared to 

previous studies is as follows. In this paper, we estimate the cost efficiency of firms in a non-

competitive market with fuzzy heterogeneous inputs and outputs along with their variable prices, 

which prices are fuzzy numbers. We proposed the factor-based technology set in FDEA, and 

then we proposed a new approach for calculating fuzzy revenue and cost efficiency.  

The remainder of the paper organized as follows. In the preliminary section, we first introduce 

the basic notations and definitions of the fuzzy set theory, and then briefly introduce traditional 

DEA models to calculate cost and revenue efficiency. In the third section, which is the main 

section of the paper, we first present fuzzy cost and revenue efficiency evaluation models based 

on traditional DEA models, then we examine the properties of the proposed models. In the fourth 

section, we present two numerical examples, we use the proposed approach to calculate fuzzy 

cost-effectiveness and revenue, and finally bring the results of the research. 

 

 

2 Preliminary 

In this section, we first introduce the basic concepts required for fuzzy sets and then describe the 

concepts of cost and revenue efficiency based on traditional DEA models. 

 

2.1 Fuzzy Set Theory. 

A fuzzy set can be defined as a mapping 𝜇: 𝑅𝑛 → [0,1]. For each fuzzy set 𝜇 and for each 𝛼 ∈
[0,1], we define the 𝛼 − 𝐿𝑒𝑣𝑒𝑙 set as follows. 
[𝜇]𝛼 = {𝑥 ∈ 𝑅𝑛|𝜇(𝑥) ≥ 𝛼}. 
Suppose we denote the support of 𝜇 by 𝑠𝑢𝑝𝑝(𝜇) where 𝑠𝑢𝑝𝑝(𝜇) = {𝑥 ∈ 𝑅𝑛|𝜇(𝑥) ≥ 0}. 
The closure of 𝑠𝑢𝑝𝑝(𝜇) defines the 0 − 𝐿𝑒𝑣𝑒𝑙 set of 𝜇 that is [𝜇]0 = 𝑐𝑙 (𝑠𝑢𝑝𝑝(𝜇)) that 𝑐𝑙 (𝑀) 
represents the closure of the subset 𝑀 ⊆ 𝑅𝑛. A fuzzy number is a type of fuzzy set and is defined 

as follows (Dubois and Prade [7]). 

Definition 1. A fuzzy set 𝜇 on R is called a fuzzy number if 

1) 𝜇 is normal, meaning that there exists 𝑥𝑜 ∈ R such that 𝜇(𝑥𝑜) = 1. 

2) 𝜇 is an upper semi-continuous function. 

3) min  {𝜇(𝑥), 𝜇(𝑦)} ≤ 𝜇(𝜆𝑥 + 𝑦), 𝑥, 𝑦 ∈ 𝑅,   𝜆 ∈ [0,1]. 
4) [𝜇]0 is compact. 

Definition 2. A fuzzy number 𝜇 = (𝜇1, 𝜇2, 𝜇3, 𝜇4) is called a trapezoidal fuzzy number, if its 

membership function is as follows. 
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 𝜇(𝑥) =

{
 
 

 
 

𝑥−𝜇1

𝜇2−𝜇1
               𝑖𝑓   𝜇1 ≤ 𝑥 ≤ 𝜇2

1                           𝑖𝑓   𝜇2 ≤ 𝑥 ≤ 𝜇3

𝜇4−𝑥

𝜇4−𝜇3
               𝑖𝑓   𝜇3 ≤ 𝑥 ≤ 𝜇4

0                                   𝑒𝑙𝑠𝑒    

 

 

Corresponding to a fuzzy number 𝜇,  𝛼 − 𝐿𝑒𝑣𝑒𝑙 set with it is defined as follows. 

[𝜇]𝛼 = [𝜇1 + 𝛼(𝜇2 − 𝜇1), 𝜇4 − 𝛼(𝜇4 − 𝜇3)]. 
We show the set of all trapezoidal fuzzy numbers as 𝑇𝐹(𝑅). We represent the subset of non-

negative fuzzy numbers 𝑇𝐹(𝑅) as 𝑇𝐹+(𝑅). A trapezoidal fuzzy number 𝜇 is called a triangular 

fuzzy number if and only if 𝜇2 = 𝜇3. 

Definition 3. Let two trapezoidal fuzzy numbers (𝑎1, 𝑎2, 𝑎3, 𝑎4) ∈ 𝑇𝐹(𝑅) and (𝑏1, 𝑏2, 𝑏3, 𝑏4) ∈
𝑇𝐹(𝑅), we define the arithmetical operations as follows. 

i) Addition 

�̃� + �̃� = (𝑎1 + 𝑏1, 𝑎2 + 𝑏2, 𝑎3 + 𝑏3, 𝑎4 + 𝑏4) 
ii) Multiplication by a scalar Γ ∈ 𝑅, 

Γ�̃� = {
(Γ𝑎1, Γ𝑎2, Γ𝑎3, Γ𝑎4)            𝑖𝑓 Γ ≥ 0

(Γ𝑎4, Γ𝑎3, Γ𝑎2, Γ𝑎1)             𝑖𝑓 Γ < 0
 

iii) Multiplication of two �̃� ∈ 𝑇𝐹(𝑅), �̃� ∈ 𝑇𝐹(𝑅). 

�̃��̃� = �̃� = (𝑐1, 𝑐2, 𝑐3, 𝑐4), where  

𝑐1 = min{𝑎1𝑏1, 𝑎1𝑏4, 𝑎4𝑏1, 𝑎4𝑏4},               𝑐2 = min{𝑎2𝑏2, 𝑎2𝑏3, 𝑎3𝑏2, 𝑎3𝑏3} 
𝑐3 = max{𝑎2𝑏2, 𝑎2𝑏3, 𝑎3𝑏2, 𝑎3𝑏3},              𝑐4 = max {𝑎1𝑏1, 𝑎1𝑏4, 𝑎4𝑏1, 𝑎4𝑏4}. 
In the particular that �̃� ∈ 𝑇𝐹+(𝑅), �̃� ∈ 𝑇𝐹+(𝑅) we have 

�̃��̃� = (𝑎1𝑏1, 𝑎2𝑏2, 𝑎3𝑏3, 𝑎4𝑏4) 
In the present paper, we consider the input and output variables and some model variables as 

non-negative fuzzy trapezoidal numbers, which belong to 𝑇𝐹+(𝑅). The arithmetic operations 

between them are those established in Definition 3. Besides, we provide a partial order 

relationship between two trapezoidal fuzzy numbers. In this way, we will use LU-fuzzy partial 

orders, which are well known in the literature (see, e.g., Stefanini and Arana-Jime´nez [32]). 

𝑢 ≦ (≧)𝑣   if  𝑢𝛼 ≤ (≥)𝑣𝛼,  𝑢𝛼 ≤ (≥)𝑣𝛼, for 𝛼 ∈ [0,1]. 

In the special case for two trapezoidal number �̃� = (𝑢1, 𝑢2, 𝑢3, 𝑢4), �̃� = (𝑣1, 𝑣2, 𝑣3, 𝑣4), we 

have �̃� ≦ (≧)�̃�  if only if  𝑢𝑖 ≦ (≧)𝑣𝑖,  𝑖 = 1,2,3,4. 
 
2.2 Cost and revenue efficiency measurement 

In this section, we propose cost and revenue evaluation models. We assume that the prices 

corresponding to the input and output components are exact numbers. Also, we suppose that 

input and output prices are available. Suppose we have 𝑛 DMUs as 𝐷𝑀𝑈𝑗 = (𝑥𝑗 , 𝑦𝑗), 𝑗 =

1, … , 𝑛. The input and output vectors corresponding to 𝐷𝑀𝑈𝑗 , 𝑗 = 1, … , 𝑛 as 𝑥𝑗 = (𝑥1𝑗, … , 𝑥𝑚𝑗) 

and  𝑦𝑗 = (𝑦1𝑗, … , 𝑦𝑠𝑗) respectively. We consider the non-negative price vectors of input and 

output of 𝐷𝑀𝑈𝑗 , 𝑗 = 1,… , 𝑛 are equal to 𝑐𝑗 = (𝑐1𝑗, … , 𝑐𝑚𝑗)
𝑇
∈ 𝑅+

𝑚, 𝑝𝑗 = (𝑝1𝑗, … , 𝑝𝑠𝑗)
𝑇
∈ 𝑅+

𝑠 , 

respectively. The superscript T stands for a vector transpose. Suppose, input-cost (input-

spending) and output-revenue (output-earnings) of 𝐷𝑀𝑈𝑗 = (𝑥𝑗 , 𝑦𝑗), 𝑗 = 1, … , 𝑛, are as �̅�𝑗 =

𝑐𝑗 ∗ 𝑥𝑗, �̅�𝑗 = 𝑝𝑗 ∗ 𝑦𝑗 ,, 𝑗 = 1, … , 𝑛. Where ∗ shows the component-wise multiplication of vectors. 
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We consider o as the index of DMU under evaluation. Now, we define four production 

technologies depending upon data availability (see, Sahoo et al. [31]). 

If physical outputs are observed and are homogeneous but not physical inputs, we show the 

technology by considering all feasible input-spending and physical output vectors as follows. 

𝑇�̅�,𝑦 = {(�̅�, 𝑦)|(�̅�, 𝑦) ∈ 𝑅+
𝑚+𝑠, ∑ 𝜆𝑗

𝑛
𝑗=1 �̅�𝑗 ≤ �̅�, ∑ 𝜆𝑗

𝑛
𝑗=1 𝑦𝑗 ≥ 𝑦, ∑ 𝜆𝑗

𝑛
𝑗=1 = 1, 𝜆𝑗 ≥ 0 }.     (1) 

If physical inputs are observed and are homogeneous but not physical outputs, then we propose 

the technology by considering all feasible physical input and output-earnings vectors as follows. 

  𝑇𝑥,�̅� = {(𝑥, �̅�)|(𝑥, �̅�) ∈ 𝑅+
𝑚+𝑠, ∑ 𝜆𝑗

𝑛
𝑗=1 𝑥𝑗 ≤ 𝑥,∑ 𝜆𝑗

𝑛
𝑗=1 �̅�𝑗 ≥ �̅�, ∑ 𝜆𝑗

𝑛
𝑗=1 = 1, 𝜆𝑗 ≥ 0 }.     (2) 

We consider the assumption of VRS in above DEA technology constructs, because the 

assumption of CRS is not consistent with some directional DEA models based on specific 

direction vectors, which all directly deal with both positive and negative data (Sahoo et al. [31]), 

and the real situations do not always display CRS. 

In order to face a situation that input prices change between firms or to reflect the qualitative 

differences in the resources, the alternative value-based cost efficiency model of Tone [33] that 

is based on 𝑇�̅�,𝑦 should be used. This alternative cost efficiency model can be represented as 

 

𝛿𝑜
𝐶𝐸 = max

∑ �̅�𝑖
𝑚
𝑖=1

∑ �̅�𝑖𝑜
𝑚
𝑖=1

 

𝑠. 𝑡.     ∑ 𝜆𝑗
𝑛
𝑗=1 �̅�𝑖𝑗 ≤ �̅�𝑖,      𝑖 = 1,… ,𝑚,          

          ∑ 𝜆𝑗
𝑛
𝑗=1 𝑦𝑟𝑗 ≥ 𝑦𝑟𝑜,    𝑟 = 1,… , 𝑠,                                   (3)             

          ∑ 𝜆𝑗
𝑛
𝑗=1 = 1,       𝜆𝑗 ≥ 0,   𝑗 = 1,… , 𝑛. 

 

Where ∑ �̅�𝑖𝑜
𝑚
𝑖=1  is the amount of cost observed from the unit under considering. Suppose that 

�̅�𝑖
∗, 𝑖 = 1,… ,𝑚, is an optimal solution of model (3), in this situation, we define the cost 

efficiency corresponding to 𝐷𝑀𝑈𝑜, i.e. the under evaluation unit, as follows. 

𝛿𝑜
𝐶𝐸 =

∑ �̅�𝑖
∗  𝑚

𝑖=1

∑ �̅�𝑖𝑜
𝑚
𝑖=1

 .                            (4) 

It should be noted that ∑ �̅�𝑖
∗ 𝑚

𝑖=1 is the minimum cost of model (3). It is clear that 𝐷𝑀𝑈𝑜 means 

that the under-evaluation unit will be cost-efficient in evaluation with model (3) if 𝛿𝑜
𝐶𝐸 = 1 

otherwise 𝐷𝑀𝑈𝑜 is called cost inefficient. 

If (physical) outputs are heterogeneous, in order to face a situation that output prices change 

between firms to reflect the qualitative differences in their products, the alternative value-based 

revenue efficiency model of Tone [33] that is based on 𝑇𝑥,�̅� should be used. This alternative 

value-based revenue efficiency measure can be represented as 

 
1

𝜏𝑜
𝑅𝐸 = max  

∑ �̅�𝑟
𝑠
𝑟=1

∑ �̅�𝑟𝑜
𝑠
𝑟=1

 

  𝑠. 𝑡.     ∑ 𝜆𝑗
𝑛
𝑗=1 𝑥𝑖𝑗 ≤ 𝑥𝑖𝑜,      𝑖 = 1, … ,𝑚,          

            ∑ 𝜆𝑗
𝑛
𝑗=1 �̅�𝑟𝑗 ≥ �̅�𝑟,    𝑟 = 1,… , 𝑠,                        (5)             

            ∑ 𝜆𝑗
𝑛
𝑗=1 = 1,       𝜆𝑗 ≥ 0,   𝑗 = 1,… , 𝑛. 

 

Where ∑ �̅�𝑟𝑜
𝑠
𝑟=1 is the amount of revenue observed from 𝐷𝑀𝑈𝑜 means the unit under evaluation. 

Suppose that �̅�𝑟
∗, 𝑟 = 1,… , 𝑠, is an optimal solution of model (5), in this case, we define the 

amount of revenue efficiency corresponding to 𝐷𝑀𝑈𝑜, i.e.  the unit under evaluation as follows. 
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𝜏𝑜
𝑅𝐸 =

∑ �̅�𝑟𝑜
𝑠
𝑟=1

∑ �̅�𝑟
∗𝑠

𝑟=1
.                     (6) 

It should be noted that ∑ �̅�𝑟
∗𝑠

𝑟=1  is the maximum revenue obtaining of model (5). 𝐷𝑀𝑈𝑜 means 

that the under-evaluation unit is called revenue efficient in evaluation with model (5) if 𝜏𝑜
𝑅𝐸 =

1 otherwise 𝐷𝑀𝑈𝑜 is called revenue inefficient. 

 
3 Our proposed approach 

In this section, we first present a novel FDEA models for calculating fuzzy cost and revenue 

efficiency. Consider n DMUs 𝐷𝑀𝑈𝑗 = (�̃�𝑗, �̃�𝑗), 𝑗 = 1,… , 𝑛, that consume fuzzy input vector 

�̃�𝑗 = (�̃�1𝑗, … , �̃�𝑚𝑗)
𝑇
 in order to produce fuzzy output vector �̃�𝑗 = (�̃�1𝑗, … , �̃�𝑠𝑗)

𝑇
. 

�̃�𝑖𝑗 , 𝑖 = 1,… .𝑚,  �̃�𝑟𝑗, 𝑟 = 1,… , 𝑠, represent the i-th and r-th components of the fuzzy input and 

output vector corresponding to 𝐷𝑀𝑈𝑗 , respectively. Suppose we denote the unit under 

evaluation with 𝐷𝑀𝑈𝑜 = (�̃�𝑜, �̃�𝑜). Also assume that we show the fuzzy price vector corresponds 

to the inputs and outputs of 𝐷𝑀𝑈𝑗 = (�̃�𝑗, �̃�𝑗), 𝑗 = 1,… , 𝑛, with �̃�𝑗 = (�̃�1𝑗, … , �̃�𝑚𝑗)
𝑇
, 

𝑝𝑗 = (𝑝1𝑗, … , 𝑝𝑠𝑗)
𝑇
respectively.  

Each of the components of the vectors are fuzzy numbers. In this paper, we assume that all of 

fuzzy numbers are non-negative trapezoidal fuzzy numbers as follows. 

�̃�𝑖𝑗 = (𝑥𝑖𝑗
(1), 𝑥𝑖𝑗

(2), 𝑥𝑖𝑗
(3), 𝑥𝑖𝑗

(4))
𝑇

∈ 𝑇𝐹+
𝑚 (𝐹),  �̃�𝑖𝑗 = (𝑐𝑖𝑗

(1), 𝑐𝑖𝑗
(2), 𝑐𝑖𝑗

(3), 𝑐𝑖𝑗
(4))

𝑇

∈ 𝑇𝐹+
𝑚 (𝐹) 

�̃�𝑟𝑗 = (𝑦𝑟𝑗
(1)
, 𝑦𝑟𝑗

(2)
, 𝑦𝑟𝑗

(3)
, 𝑦𝑟𝑗

(4)
)
𝑇

∈ 𝑇𝐹+
𝑚 (𝐹),  𝑝𝑟𝑗 = (𝑝𝑟𝑗

(1)
, 𝑝𝑟𝑗
(2)
, 𝑝𝑟𝑗
(3)
, 𝑝𝑟𝑗
(4)
)
𝑇

∈ 𝑇𝐹+
𝑚 (𝐹)     (7) 

i = 1, … ,m, 𝑟 = 1,… , 𝑠,  𝑗 = 1,… , 𝑛. 

We put 

�̃̅�𝑖𝑗 = �̃�𝑖𝑗
𝑇 × �̃�𝑖𝑗 = (𝑐𝑖𝑗

(1)
, 𝑐𝑖𝑗
(2)
, 𝑐𝑖𝑗
(3)
, 𝑐𝑖𝑗
(4)
)
𝑇

× (𝑥𝑖𝑗
(1)
, 𝑥𝑖𝑗
(2)
, 𝑥𝑖𝑗
(3)
, 𝑥𝑖𝑗
(4)
)

= (𝑐𝑖𝑗
(1)
𝑥𝑖𝑗
(1)
, 𝑐𝑖𝑗
(2)
𝑥𝑖𝑗
(2)
, 𝑐𝑖𝑗
(3)
𝑥𝑖𝑗
(3)
, 𝑐𝑖𝑗
(4)
𝑥𝑖𝑗
(4)
) = (�̅�𝑖𝑗

(1)
, �̅�𝑖𝑗
(2)
, �̅�𝑖𝑗
(3)
, �̅�𝑖𝑗
(4)
), 

 �̃̅�𝑟𝑗 = 𝑝𝑟𝑗
𝑇 × �̃�𝑟𝑗 = (𝑝𝑟𝑗

(1), 𝑝𝑟𝑗
(2), 𝑝𝑟𝑗

(3), 𝑝𝑟𝑗
(4))

𝑇

× (𝑦𝑟𝑗
(1), 𝑦𝑟𝑗

(2), 𝑦𝑟𝑗
(3), 𝑦𝑟𝑗

(4)) =

(𝑝𝑟𝑗
(1)𝑦𝑟𝑗

(1), 𝑝𝑟𝑗
(2)𝑦𝑟𝑗

(2), 𝑝𝑟𝑗
(3)𝑦𝑟𝑗

(3), 𝑝𝑟𝑗
(4)𝑦𝑟𝑗

(4)) = (�̅�𝑟𝑗
(1), �̅�𝑟𝑗

(2), �̅�𝑟𝑗
(3), �̅�𝑟𝑗

(4)),        

i = 1, … ,m, 𝑟 = 1,… , 𝑠,  𝑗 = 1,… , 𝑛.                         (8) 
We also define the vectors of fuzzy input-cost variable and fuzzy output-revenue variable as 

follows. 

�̃̅� = �̃�𝑇 × �̃� = (𝑐(1)𝑥(1), 𝑐(2)𝑥(2), 𝑐(3)𝑥(3), 𝑐(4)𝑥(4)) = (�̅�(1), �̅�(2), �̅�(3), �̅�(4)) ∈ 𝑇𝐹+
𝑚 (𝐹) 

�̃̅� = 𝑝𝑇 × �̃� = (𝑝(1)𝑦(1), 𝑝(2)𝑦(2), 𝑝(3)𝑦(3), 𝑝(4)𝑦(4)) = (�̅�(1), �̅�(2), �̅�(3), �̅�(4)) ∈ 𝑇𝐹+
𝑠 (𝐹).      (9) 

 

We now consider the two production technologies dependent to fuzzy data available as follows. 

 

𝑇�̃̅�,𝑦
𝐹𝐷𝐸𝐴 = {(�̃̅�, �̃�)| ∑ 𝜆𝑗

𝑛
𝑗=1 �̃̅�𝑖𝑗 ≤ �̃�, ∑ 𝜆𝑗

𝑛
𝑗=1 �̃�𝑟𝑗 ≥ �̃�, ∑ 𝜆𝑗

𝑛
𝑗=1 = 1, 𝜆𝑗 ≥ 0, (�̃̅�, �̃�) ∈ 𝑇𝐹+

𝑚+𝑠 (𝐹)}.   

(10) 

 

In the set (10), we used the input-cost vector instead of the input vector.  

 

𝑇�̃�,�̃̅�
𝐹𝐷𝐸𝐴 = {(�̃�, �̃̅�)| ∑ 𝜆𝑗

𝑛
𝑗=1 �̃�𝑖𝑗 ≤ �̃�, ∑ 𝜆𝑗

𝑛
𝑗=1 �̃̅�𝑟𝑗 ≥ �̃̅�, ∑ 𝜆𝑗

𝑛
𝑗=1 = 1, 𝜆𝑗 ≥ 0, (�̃�, �̃̅�) ∈ 𝑇𝐹+

𝑚+𝑠 (𝐹)}.   

(11) 



8 

 

 

In the set (11), we used fuzzy revenue-output vector instead of output vector. We now present 

the fuzzy cost efficiency evaluation model based on the 𝑇�̃̅�,𝑦
𝐹𝐷𝐸𝐴 set as follows. 

 

min(
∑ �̅�𝑖

(1)𝑚
𝑖=1

∑ �̅�𝑖𝑜
4𝑚

𝑖=1

+
∑ �̅�𝑖

(2)𝑚
𝑖=1

∑ �̅�𝑖𝑜
3𝑚

𝑖=1

+
∑ �̅�𝑖

(3)𝑚
𝑖=1

∑ �̅�𝑖𝑜
2𝑚

𝑖=1

+
∑ �̅�𝑖

(4)𝑚
𝑖=1

∑ �̅�𝑖𝑜
1𝑚

𝑖=1

) 

 𝑠. 𝑡.       ∑ 𝜆𝑗
𝑛
𝑗=1 �̅�𝑖𝑗

(𝑘) ≤ �̅�𝑖
(𝑘),   𝑘 = 1,2,3,4,       𝑖 = 1, … ,𝑚, 

             ∑ 𝜆𝑗
𝑛
𝑗=1 𝑦𝑟𝑗

(𝑘) ≥ 𝑦𝑟𝑜
(𝑘),   𝑘 = 1,2,3,4,       𝑟 = 1, … ,𝑚,              (12) 

             ∑ 𝜆𝑗
𝑛
𝑗=1 = 1, 𝜆𝑗 ≥ 0, 0 ≤ �̅�𝑖

(1)
, 𝑖 = 1,… ,𝑚, 

                     �̅�𝑖
(𝑘−1) ≤ �̅�𝑖

(𝑘), 𝑘 = 2,3,4, 𝑖 = 1,… ,𝑚. 

 
 

Suppose (�̅�(1)
∗
, �̅�(2)

∗
, �̅�(3)

∗
, �̅�(4)

∗
) where �̅�(𝑘)

∗
= (�̅�1

(𝑘)∗ , … , �̅�𝑚
(𝑘)∗) , 𝑘 = 1,2,3,4, is an optimal 

solution obtained from model (12). In this case, we define the fuzzy cost score corresponding to 

𝐷𝑀𝑈𝑜 = (�̃̅�𝑜, �̃�𝑜) as follows. 

𝛿𝑜
𝐹𝐶𝐸 = (𝛿𝑜

𝐹𝐶𝐸1 , 𝛿𝑜
𝐹𝐶𝐸2 , 𝛿𝑜

𝐹𝐶𝐸3 , 𝛿𝑜
𝐹𝐶𝐸4) = (

∑ �̅�𝑖
(1)∗𝑚

𝑖=1

∑ �̅�
𝑖𝑜
(4)𝑚

𝑖=1

,
∑ �̅�𝑖

(2)∗𝑚
𝑖=1

∑ �̅�
𝑖𝑜
(3)𝑚

𝑖=1

,
∑ �̅�𝑖

(3)∗𝑚
𝑖=1

∑ �̅�
𝑖𝑜
(2)𝑚

𝑖=1

,
∑ �̅�𝑖

(4)∗𝑚
𝑖=1

∑ �̅�
𝑖𝑜
(1)𝑚

𝑖=1

).     (13) 

It should be noted that the actual observed fuzzy cost vector is as follows. 

  (∑ �̅�𝑖𝑜
(1)𝑚

𝑖=1 , ∑ �̅�𝑖𝑜
(2)𝑚

𝑖=1 , ∑ �̅�𝑖𝑜
(3)𝑚

𝑖=1 , ∑ �̅�𝑖𝑜
(4)𝑚

𝑖=1 ).                     (14) 

Also, we suppose that the minimum fuzzy cost vector obtained from model (12) is as follows. 

 (∑ �̅�𝑖
(1)∗𝑚

𝑖=1 , ∑ �̅�𝑖
(2)∗𝑚

𝑖=1 , ∑ �̅�𝑖
(3)∗𝑚

𝑖=1 , ∑ �̅�𝑖
(4)∗𝑚

𝑖=1 ).                  (15) 

Definition 4. 𝐷𝑀𝑈𝑜 = (�̃̅�𝑜, �̃�𝑜) is called fuzzy cost efficient in model (12), if the minimum 

fuzzy cost vector obtained and the actual observed fuzzy cost vector corresponding to 𝐷𝑀𝑈𝑜 =

(�̃̅�𝑜, �̃�𝑜) are equal, or in this case, we will have  

 𝛿𝑜
𝐹𝐶𝐸 = (𝛿𝑜

𝐹𝐶𝐸1 , 𝛿𝑜
𝐹𝐶𝐸2 , 𝛿𝑜

𝐹𝐶𝐸3 , 𝛿𝑜
𝐹𝐶𝐸4) = (1,1,1,1).               (16) 

Otherwise, 𝐷𝑀𝑈𝑜 = (�̃̅�𝑜, �̃�𝑜) is called fuzzy cost inefficient in evaluation to model (12). 

We now propose the fuzzy revenue efficiency evaluation model based on the 𝑇�̃�,�̃̅�
𝐹𝐷𝐸𝐴 set as 

follows. 

 

min(
∑ �̅�𝑟

(1)𝑠
𝑟=1

∑ �̅�𝑟𝑜
(4)𝑠

𝑟=1

+
∑ �̅�𝑟

(2)𝑠
𝑟=1

∑ �̅�𝑟𝑜
(3)𝑠

𝑟=1

+
∑ �̅�𝑟

(3)𝑠
𝑟=1

∑ �̅�𝑟𝑜
(2)𝑠

𝑟=1

+
∑ �̅�𝑟

(4)𝑠
𝑟=1

∑ �̅�𝑟𝑜
(1)𝑠

𝑟=1

) 

 𝑠. 𝑡.       ∑ 𝜆𝑗
𝑛
𝑗=1 𝑥𝑖𝑗

(𝑘) ≤ 𝑥𝑖
(𝑘),   𝑘 = 1,2,3,4,       𝑖 = 1, … ,𝑚, 

             ∑ 𝜆𝑗
𝑛
𝑗=1 �̅�𝑟𝑗

(𝑘)
≥ �̅�𝑟

(𝑘)
,   𝑘 = 1,2,3,4,       𝑟 = 1, … ,𝑚,              (17) 

             ∑ 𝜆𝑗
𝑛
𝑗=1 = 1, 𝜆𝑗 ≥ 0, 0 ≤ �̅�𝑟

(1),    𝑟 = 1,… , 𝑠, 

                     �̅�𝑟
(𝑘−1) ≤ �̅�𝑟

(𝑘), 𝑘 = 2,3,4,   𝑟 = 1, … , 𝑠. 
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Suppose (�̅�(1)
∗
, �̅�(2)

∗
, �̅�(3)

∗
, �̅�(4)

∗
) where �̅�(𝑘)

∗
= (�̅�1

(𝑘)∗ , … , �̅�𝑠
(𝑘)∗) , 𝑘 = 1,2,3,4, is an optimal 

solution obtained from model (17). In this case, we define the fuzzy revenue score corresponding 

to 𝐷𝑀𝑈𝑜 = (�̃�𝑜, �̃̅�𝑜) as follows. 

�̃�𝑜
𝐹𝑅𝐸 = (𝜏𝑜

𝐹𝑅𝐸1 , 𝜏𝑜
𝐹𝑅𝐸2 , 𝜏𝑜

𝐹𝑅𝐸3 , 𝜏𝑜
𝐹𝑅𝐸4) = (

∑ �̅�𝑟𝑜
(1)𝑠

𝑟=1

∑ �̅�𝑟
(4)∗𝑠

𝑟=1

,
∑ �̅�𝑟𝑜

(2)𝑠
𝑟=1

∑ �̅�𝑟
(3)∗𝑠

𝑟=1

,
∑ �̅�𝑟𝑜

(3)𝑠
𝑟=1

∑ �̅�𝑟
(2)∗𝑠

𝑟=1

,
∑ �̅�𝑟𝑜

(4)𝑠
𝑟=1

∑ �̅�𝑟
(1)∗𝑠

𝑟=1

).       (18) 

It should be noted that the actual observed fuzzy revenue vector is as follows. 

(∑ �̅�𝑟𝑜
(1)𝑠

𝑟=1 , ∑ �̅�𝑟𝑜
(2)𝑠

𝑟=1 , ∑ �̅�𝑟𝑜
(3)𝑠

𝑟=1 , ∑ �̅�𝑟𝑜
(4)𝑠

𝑟=1 ).                           (19) 

Also, we suppose that the maximum fuzzy revenue vector obtained from model (17) is as 

follows. 

(∑ �̅�𝑟
(1)∗𝑠

𝑟=1 , ∑ �̅�𝑟
(2)∗𝑠

𝑟=1 , ∑ �̅�𝑟
(3)∗𝑠

𝑟=1 , ∑ �̅�𝑟
(4)∗𝑠

𝑟=1 ).                          (20) 

Definition 5. 𝐷𝑀𝑈𝑜 = (�̃�𝑜, �̃̅�𝑜) is called fuzzy revenue efficient in model (17), if the maximum 

fuzzy revenue vector obtained and the actual observed fuzzy revenue vector corresponding to 

𝐷𝑀𝑈𝑜 = (�̃�𝑜, �̃̅�𝑜) are equal, or in this case, we will have  

�̃�𝑜
𝐹𝑅𝐸 = (𝜏𝑜

𝐹𝑅𝐸1 , 𝜏𝑜
𝐹𝑅𝐸2 , 𝜏𝑜

𝐹𝑅𝐸3 , 𝜏𝑜
𝐹𝑅𝐸4) = (1,1,1,1).                         (21) 

Otherwise, 𝐷𝑀𝑈𝑜 = (�̃�𝑜, �̃̅�𝑜) is called fuzzy revenue inefficient in evaluation to model (17). 

 
4 Numerical examples 

In this section, we use two numerical examples to illustrate the proposed approach. In the first 

numerical example, we obtain the fuzzy cost efficiency scores corresponding to the DMUs based 

on the two approaches presented in this paper to calculate the fuzzy cost efficiency, and then in 

the second numerical example, the fuzzy revenue efficiency scores corresponding to the DMUs. 

The proposed approach in this paper is used to calculate fuzzy cost-efficient targets and fuzzy 

revenue efficient targets. 

4.1 Numerical example 1  

In this section, we use a numerical example provided by Puri and Yadav [28] to illustrate the 

approaches presented in this paper to calculate fuzzy cost efficiency. They considered 10 DMUs 

with two fuzzy inputs and outputs. In their observations, they used triangular fuzzy numbers as 

�̃� = (𝑎1, 𝑎2, 𝑎3), which 𝑎1, 𝑎2, 𝑎3 are the lower bound and the center and upper bound of the 

fuzzy number �̃�, respectively. Input and output data and the corresponding price of inputs are 

fuzzy triangular numbers. Table (1) shows the fuzzy input and output data sets and the price of 

fuzzy inputs for each of the 10 DMUs. 

 

Table 1. Fuzzy input–output data and fuzzy input prices for DMUs. 
DMU Fuzzy inputs Fuzzy outputs Fuzzy input prices 

Input1 Input2 Output1 Output2 Input price1 Input price2 

1 (49.4,53,56.6) (40.5,45,49.5) (70,77.5,85) (28.8,35.4,42) (4.7,5,5.3) (4.5,5,5.5) 

2 (20,25,30) (41.6,46.5,51.4) (41.5,49.6,57.7) (28.9,34.7,40.5) (3.55,6.5) (4.5,6,7.5) 

3 (11.5,18,24.5) (11.9,15.7,19.5) (21.6,26.5,31.4) (29.4,37.6,45.8) (7.28,8.8) (6.3,7,7.7) 

4 (12.1,18,23.9) (20.1,25.5,30.9) (34.2,37.5,40.8) (40.9,47.5,54.1) (7.2,9,10.8) (5,5.5,6) 

5 (29.1,32,34.9) (20.3,25,29.7) (59.2,64,68.8) (72.9,76.4,79.9) (2.8,3,3.2) (1.75,2,2.25) 

6 (50.8,56,61.2) (41.6,45.1,48.6) (32.6,35.3,38) (3742.5,48) (5.4,6,6.6) (3.25,4,4.75) 

7 (17.6,24,30.4) (13.6,17.5,21.4) (75.6,82.9,90.2) (33.2,38.5,43.8) (1.6,2,2.4) (1.5,2,2.5) 

8 (71.2,78,84.8) (18.5,23.9,29.3) (60,66,72) (38.2,47.4,56.6) (1.8,3,4.2) (3,3.9,4.8) 

9 (45.5,52,58.5) (13.7,19.8,25.9) (51.1,56.5,61.9) (51.3,56,60.7) (4.8,5,5.2) (89.8,11.6) 

10 (44.6,49,53.4) (16.3,20.6,24.9) (38,46.5,55) (32.1,38,43.9) (2,2.9,3.8) (2,2.6,3.2) 
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Table (2) shows the results of model (12) for calculating fuzzy cost efficiency. 

 

Table 2. Minimum cost values of Model (12) 
DMU Fuzzy cost efficiency The minimum cost Fuzzy observed cost 

1 (0.0849, 0.1694, 0.3051) (48.5600, 83.0000 ,126.4600) (414.4300 ,490.0000 ,572.2300) 

2 (0.0837, 0.2054, 0.4917) (48.5600, 83.0000 ,126.4600) (257.2000 ,404.0000 ,580.5000) 

3 (0.1431, 0.3406, 0.8198) (52.3520, 86.4903 ,129.3434) (157.7700 ,253.9000 ,365.7500) 

4 (0.1535, 0.3341, 0.7532) (68.0886 ,100.9751 ,141.3094) (187.6200 ,302.2500 ,443.5200) 

5 (0.6555, 1.0000, 1.5256) (117.0050 ,146.0000 ,178.5050) (117.0050 ,146.0000 ,178.5050) 

6 (0.0890, 0.1749, 0.3236) (56.5231, 90.3296 ,132.5151) (409.5200 ,516.4000 ,634.7700) 

7 (0.3840, 1.0000, 2.6042) (48.5600, 83.0000 ,126.4600) (48.5600, 83.0000 ,126.4600) 

8 (0.1466, 0.3219, 0.7890) (72.8286 ,105.3380 ,144.9136) (183.6600 ,327.2100 ,496.8000) 

9 (0.1333, 0.2478, 0.4598) (80.6021 ,112.4931 ,150.8246) (328.0000 ,454.0400 ,604.6400) 

10 (0.1725, 0.4251, 1.0394) (48.7496, 83.1745 ,126.6042) (121.8000 ,195.6600 ,282.6000) 

 

The second, third and fourth columns of Table (2) show the fuzzy cost efficiency scores 

corresponding to each of the DMUs and the minimum fuzzy cost obtained from model (12) and 

the actual observed fuzzy cost corresponding to each of the DMUs, respectively. As can be seen, 

units 5 and 7 are the only efficient fuzzy cost units based on model (12). Because according to 

the third and fourth columns of Table (2), the scores of the minimum fuzzy cost obtained from 

model (12) and the actual observed fuzzy cost corresponding to these units are equal, and this is 

not the case for other units. For units 5 and 7, the fuzzy number center corresponding to the 

fuzzy cost efficiency vector is equal to one. According to the definition (4), as can be seen, the 

lower and upper bounds values of fuzzy cost efficiency vector corresponding to units 5 and 7 are 

larger than the lower and upper bound values of fuzzy cost vector corresponding to other units, 

in other words the fuzzy cost vector corresponding to units 5 and 7 dominate the fuzzy cost 

vector corresponding to other units. Also, the fuzzy cost vector corresponding to unit 7 dominate 

the fuzzy cost vector corresponding to unit 3, which means that unit 7 is more efficient than unit 

5.  We now compare the results of the approach presented in this paper with the results of 

previous approches including Paryab et al. [26], Puri and Yadav [28], Pourmahmoud and Bafekr 

Sharak [27]. At first, we compare the results of model (12) and the approach presented by 

Pourmahmoud and Bafekr Sharak [27]. The approach results provided by 

Pourmahmoud and Bafekr Sharak [27] are listed in Table (3). 

 

Table 3. The results of proposed approach by Pourmahmoud and Bafekr Sharak [27]. 
DMU Fuzzy observed cost The minimum cost 

𝛼 = 0 𝛼 = 0.25 𝛼 = 0.5 𝛼 = 0.75 𝛼 = 1 

1 (414.43,490,572.23) 47.1957 56.9116 67.3748 78.6338 90.741 

2 (257.2,404,580.5) 40.3121 49.7968 60.455 71.2224 81.5065 

3 (157.77,253.9,365.75) 40.8664 51.2774 63.1726 74.2971 83.3777 

4 (187.62,302.25,443.52) 53.6162 66.2176 80.2769 92.7912 102.2966 

5 (117.005,146,178.505) 89.0938 108.2455 128.9526 146.0742 157.5243 

6 (409.52,516.4,634.77) 49.2923 60.5982 73.1634 84.3073 92.7416 

7 (48.56,83,126.46) 50.2105 60.5019 71.5549 83.419 96.1475 

8 (183.66,327.21,496.8) 50.6227 63.4584 78.039 92.8902 106.8484 

9 (328,454.04,604.64) 65.1464 79.5764 95.3832 109.3622 120.174 

10 (121.8,195.66,282.6) 43.8598 54.1376 65.6503 76.7667 86.7213 
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As can be seen in the paper of Pourmahmoud and Bafekr Sharak [27], they called a unit under 

evaluation cost efficient if the minimum cost efficiency score obtained of the cost efficiency 

evaluation model be located in the interval where the lower and upper bounds are the lower and 

upper bounds of the fuzzy number corresponding to observed cost for each given value of 𝛼 in 

the a-level-based proposed approach by them, i.e. ∑ �̅�𝑖𝑜
𝑙𝑚

𝑖=1 ≤ ∑ �̅�𝑖
∗𝑚

𝑖=1 ≤ ∑ �̅�𝑖𝑜
𝑢𝑚

𝑖=1 . 

The only unit that has in this situation is unit 7, and they introduced unit 7 as the only fuzzy cost-

efficient unit. DMU5 is cost efficient unit for values of parameter α ≥ 0.5. 

Table (3) shows the fuzzy cost efficiency scores for different values of parameter α. 

As can be seen the main problem in the approach provided by Pourmahmoud and Bafekr Sharak 

[27] is that they do not obtain a unique value for cost efficiency corresponding to each DMU, 

and for different values of parameter α, the fuzzy cost efficiency scores are different and the 

fuzzy cost efficiency scores not uniquely specified. The condition for that a unit to be fuzzy cost 

efficient is that the proposed model introduce this unit fuzzy cost efficient for all values of 

parameter α.  

On the other hand, to determine whether a DMU is fuzzy cost efficient, the minimum fuzzy cost 

vector obtained from the proposed model must be compare with the actual observed fuzzy cost 

vector, which is not suitable from a computational point of view. However, model (12) presented 

in this paper uniquely determines the fuzzy cost efficiency scores corresponding to each DMU 

and easily according to the definition (4) if the actual observed fuzzy cost vector and the 

minimum fuzzy cost vector is obtained of model (12) to be equal then the unit under evaluation 

is fuzzy cost efficient. 

Also the cost efficiency scores obtained from the approach provided by Pourmahmoud and 

Bafekr Sharak [27] is a crisp number corresponding for all values of parameter α, but if the 

values of the inputs and outputs and the price corresponding to them are fuzzy numbers, we 

expect the cost efficiency score to be presented as a fuzzy number. The approach presented in 

this paper presents the fuzzy cost efficiency score as a fuzzy number.  

Now compare the approach presented in Paryab et al. [26] to calculate the fuzzy cost efficiency 

and the approach presented in this paper in the form of model (12). 

Paryab et al. [26] used the α-level-based approach to obtain cost efficiency scores. Similar to the 

approach presented in Pourmahmoud and Bafekr Sharak [27], in the approach presented in 

Paryab et al. [26], the cost efficiency scores obtained corresponding to each of parameter α are a 

crisp number, and the efficiency scores obtained are not unique and by changing the α values the 

cost efficiency scores change.  

The approach presented by Paryab, Tavana and Shiraz (2015) introduces units 4, 5 and 7 as cost 

efficient units according to Table (4), while unit 4 in evaluation with other approaches means 

Puri and Yadav [28], Pourmahmoud and Bafekr Sharak [27] and the approach presented in this 

paper (model 12) is a fuzzy cost inefficient unit. 

Also the approach presented by Paryab et al. [26] provides cost efficiency score as a crisp 

number while the values of inputs and outputs and their corresponding prices are fuzzy numbers, 

we expect the cost efficiency scores to be a fuzzy number, but the cost efficiency scores in the 

article Paryab et al. [26] are presented as a crisp number, but in this paper, the amount of cost 

efficiency is presented as a fuzzy number corresponding to each of the DMUs. 
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   Table 4. Results of cost efficiency by previous approaches. 
DMU Paryab et al. [26] approach Puri and Yadav [28] 

approach 

𝛼 = 0 𝛼 = 0.25 𝛼 = 0.5 𝛼 = 0.75 𝛼 = 1 Fuzzy cost efficiency 

1 0.7091 0.6259 0.5498 0.4799 0.4191 (0.0786,0.1584,0.2909) 

2 1.2639 1.0738 0.9118 0.773 0.6439 (0.0766,0.1736,0.4002) 

3 1.8936 1.5354 1.2607 1.0446 0.8111 (0.1290,0.2830,0.6486) 

4 2.0817 1.7417 1.4719 1.2536 1 (0.1478,0.3010,0.6473) 

5 1.4009 1.2836 1.1787 1.0846 1 (0.6555,1,1.5256) 

6 0.4538 0.4153 0.3799 0.3473 0.3064 (0.0932,0.1582,0.2655) 

7 2.0946 1.7371 1.4443 1.2021 1 (0.3840,1,2.6042) 

8 0.5709 0.4943 0.431 0.3767 0.329 (0.1177,0.2944,0.7813) 

9 0.7499 0.6733 0.6055 0.5452 0.4749 (0.1347,0.2397,0.4304) 

10 0.6849 0.5941 0.5179 0.4526 0.3962 (0.1775,0.3851,0.8822) 

 

The results of the approach presented by Puri and Yadav [28] and the model (12) presented in 

this paper introduce units 5 and 7 as a fuzzy cost-efficient unit, but the fuzzy cost vector 

corresponds to each of the DMUs are different. Because the form of the objective function and 

constraints in model (12) and the model presented by Puri and Yadav [28] to calculate the fuzzy 

cost efficiency are different. In the case of the approach proposed by Puri and Yadav [28], the 

multiples 𝜆𝑗 as intensity vector in the constraints of the model presented by Puri and Yadav [28] 

are also fuzzy numbers. But in the present paper, the multiples 𝜆𝑗 in the constraints of the 

proposed model in this paper for calculating the fuzzy cost efficiency, i.e. model (12), are 

variables with exact values. 

According to the form of the objective function and constraints in the model presented by Puri 

and Yadav [28] and model (12) in the present paper, the model (12) presented in this paper is 

more appropriate compared to the model presented by Puri and Yadav [28] from a computational 

point of view. 

 

Tables (5) and (6) show the models for the fuzzy cost efficiency model related to the proposed 

approach in this paper. 

 

Table 5. Targets obtained of model (12). 
DMU Input1 Input2 

DMU01 (78.1792,101.2015,128.6181) (60.0805, 81.5820,107.1305) 

DMU02 (28.1600, 48.0000, 72.9600) (20.4000, 35.0000, 53.5000) 

DMU03 (31.1140, 50.6593, 75.1052) (21.2380, 35.8310, 54.2382) 

DMU04 (43.3732, 61.6953, 84.0075) (24.7154, 39.2798, 57.3019) 

DMU05 (81.4800, 96.0000,111.6800) (35.5250, 50.0000, 66.8250) 

DMU06 (34.3634, 53.5845, 77.4648) (22.1597, 36.7452, 55.0503) 

DMU07 (28.1600, 48.0000, 72.9600) (20.4000, 35.0000, 53.5000) 

DMU08 (47.0657, 65.0194, 86.6890) (25.7629, 40.3186, 58.2247) 

DMU09 (53.1214, 70.4709, 91.0865) (27.4807, 42.0222, 59.7380) 

DMU10 (28.3077, 48.1330, 73.0673) (20.4419, 35.0416, 53.5369) 
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Table 6. Targets obtained of model (12). 
DMU Output1 Output2 

DMU01 (74.2271, 81.5761, 88.9251) (32.1213, 37.7400, 43.3587) 

DMU02 (75.6000, 82.9000, 90.2000) (33.2000, 38.5000, 43.8000) 

DMU03 (74.6914, 81.8529, 89.0144) (35.3994, 40.5997, 45.8000) 

DMU04 (70.9208, 77.5075, 84.0942) (44.5271, 49.3136, 54.1000) 

DMU05 (59.2000, 64.0000, 68.8000) (72.9000, 76.4000, 79.9000) 

DMU06 (73.6920, 80.7011, 87.7102) (37.8188, 42.9094, 48.0000) 

DMU07 (75.6000, 82.9000, 90.2000) (33.2000, 38.5000, 43.8000) 

DMU08 (69.7850, 76.1986, 82.6122) (47.2765, 51.9382, 56.6000) 

DMU09 (67.9224, 74.0521, 80.1817) (51.7853, 56.2427, 60.7000) 

DMU10 (75.5546, 82.8476, 90.1407) (33.3100, 38.6050, 43.9000) 

 

 

4.2 Numerical example 2 

In this section, we use a numerical example to illustrate the approaches presented in this paper to 

calculate fuzzy revenue efficiency. In this example we consider 8 DMUs with one fuzzy input 

and one output. The price corresponding to the outputs is also a fuzzy number. We considered 

the data to be triangular fuzzy numbers, which are a special form of trapezoidal fuzzy numbers. 

We used triangular fuzzy numbers as �̃� = (𝑎1, 𝑎2, 𝑎3), which 𝑎1, 𝑎2, 𝑎3 are the lower bound and 

the center and upper bound of the fuzzy number �̃�, respectively. Input and output data and the 

corresponding price of outputs are fuzzy triangular numbers. Table (7) shows the fuzzy input and 

output data and the fuzzy output price corresponding to each of 8 DMUs. 

 

Table 7: Fuzzy input–output data and fuzzy output prices for DMUs. 
DMU Fuzzy input Fuzzy output Fuzzy output price 

1 (1, 3, 4) (2, 3, 4) (3,4.5,6) 

2 (3.5, 4, 4.5) (1.5, 2.5, 3.5) (2,4.5,7) 

3 (3, 4.5, 6) (5, 6,7) (7,7.5,8) 

4 (6, 6.5, 7) (2.75, 4, 5.25) (0.5,1.5,2.5) 

5 (5, 7, 9) (4.5, 5, 5.5) (8,8.5,9) 

6 (7.5, 8, 8.5) (3, 3.5, 4) (1,3,5) 

7 (9, 10, 11) (5.5,6, 6.5) (6,6.5,7) 

8 (5.5, 6, 6.5) (0.5, 2, 3.5) (4,5,6) 

 
First, we evaluate the revenue efficiency of DMUs based on model (17) and obtain the fuzzy 

revenue efficiency scores. The results are given in the second column of Table (8). 

 

Table 8. Maximum revenue values of model (17) 
DMU Fuzzy revenue efficiency Fuzzy observed revenue Maximum revenue values 

1 (0.2500, 1.0000, 4.0000) (6.0000, 13.5000, 24.0000) (6.0000, 13.5000, 24.0000) 

2 (0.0938, 0.5263, 1.8491) (3.0000, 11.2500, 24.5000) (13.2500, 21.3750, 32.0000) 

3 (0.6250, 1.0000, 1.6000) (35.0000, 45.0000, 56.0000) (35.0000, 45.0000, 56.0000) 

4 (0.0246, 0.1333, 0.3750) (1.3750, 6.0000, 13.1250) (35.0000, 45.0000, 56.0000) 

5 (0.6429, 0.9444, 1.4143) (36.0000, 42.5000, 49.5000) (35.0000, 45.0000, 56.0000) 

6 (0.0536, 0.2333, 0.5714) (3.0000, 10.5000, 20.0000) (35.0000, 45.0000, 56.0000) 

7 (0.5893, 0.8667, 1.3000) (33.0000, 39.0000, 45.5000) (35.0000, 45.0000, 56.0000) 

8 (0.0357, 0.2222, 0.6000) (2.0000, 10.0000, 21.0000) (35.0000, 45.0000, 56.0000) 
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The third and fourth columns of Table (6) show the actual observed fuzzy revenue efficiency 

scores and the maximum revenue from model (17). According to definition (5), due to the fuzzy 

revenue efficiency scores obtained from model (17), units 1 and 3 are fuzzy revenue efficiency 

units in evaluation with model (17). Because according to the definition (5) the actual observed 

fuzzy revenue efficiency vectors from these units are equal to the maximum revenue vector 

derived from model (17). 

Table (9) shows the models related to the fuzzy revenue efficiency model related to the proposed 

approach. 

 

Table 9. Targets obtained of model (17). 
DMU Input1 Output1 

DMU01 (2.0000, 3.0000, 4.0000) (6.0000, 13.5000, 24.0000) 

DMU02 (2.2500, 3.3750, 4.5000) (13.2500, 21.3750, 32.0000) 

DMU03 (3.0000, 4.5000, 6.0000) (35.0000, 45.0000, 56.0000) 

DMU04 (3.0000, 4.5000, 6.0000) (35.0000, 45.0000, 56.0000) 

DMU05 (5.0000, 7.0000, 9.0000) (36.0000, 42.5000, 49.5000) 

DMU06 (3.0000, 4.5000, 6.0000) (35.0000, 45.0000, 56.0000) 

DMU07 (3.0000, 4.5000, 6.0000) (35.0000, 45.0000, 56.0000) 

DMU08 (3.0000, 4.5000, 6.0000) (35.0000, 45.0000, 56.0000) 

 

6 Conclusion 

One of the important issues in DEA is evaluating the cost and revenue efficiency of DMUs in the 

presence of variable prices of inputs and outputs and provides very important information about 

the performance of DMUs to the decision-maker. Cost efficiency shows the ability of a DMU to 

generate its current output with the least cost. Also, revenue efficiency shows the ability of a 

DMU to generate current input with maximum revenue. The present paper obtains cost and 

revenue efficiency models in the presence of fuzzy inputs and outputs along with the price 

corresponding to those which are fuzzy numbers, and as seen in the numerical example section,  

the results of the models presented in this paper with the result of the previous approaches 

presented to calculate the cost and revenue efficiency is consistent. Fuzzy cost and revenue 

efficiency scores for each DMU are presented as a fuzzy number whose components are in the 

interval [0,1], which are consistent with the definition of cost efficiency in traditional DEA 

models. Using the proposed approach in this paper, we can easily determine whether the unit 

under evaluation is a fuzzy cost-efficient unit or not, and the need for additional calculations in 

previous approaches no longer needed. In the previous approaches, we must compare vectors 

observed fuzzy cost and the minimum fuzzy cost vector in the efficiency evaluation model which 

were not computationally appropriate. Also, in revenue efficiency evaluation models, we no 

longer need to compare the observed fuzzy revenue vector with the maximum fuzzy revenue 

vector derived from the fuzzy revenue efficiency model to identify the fuzzy revenue efficient 

unit. The new models presented to calculate cost efficiency and fuzzy revenue can be easily used 

because these models have a linear structure and we can easily solve them using optimization 

software. The proposed new models present the fuzzy cost and revenue efficiency targets 

corresponding to the inefficient fuzzy cost and revenue DMUs and can be suggested to managers 

as a suitable fuzzy benchmark. As future work, we can solve the models presented in this paper 

with other methods of solving fuzzy models such as α-level set approach and compare the results 

presented in this paper with the results of those methods. We can also develop the above models 
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to calculate fuzzy profit efficiency based on the concepts of cost efficiency and fuzzy revenue 

presented in this paper, and also develop the models presented in the paper for other fuzzy data 

structures in DEA such as fuzzy network structures.  
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