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1 Introduction and Preliminaries

In the course of the study, the symbols N and R, state in order of the
set of all positive natural numbers and the set of all non-negative real
numbers.

Let J,K : L — L be self-mappings, where £ is a non-void set. In
this case, the following sets stand for the set of fixed points of J and
the set of common fixed points of the mappings J and K, respectively:

Fiz (J)={(€Q: J¢=¢},
Criz (T,K)={£€Q: JE=KE =&}

Metric fixed point theory is a favorite research field for the time
being. The central constituent in this theory is the Banach contraction
principle (BCP), asserted by Banach in 1922 [10]. Many studies on
BCP are being done to evolve this theory. In order to find convenient
circumstances on mappings that assure the existence and uniqueness of
fixed points, researchers have made a great number of studies based on
BCP, either by modifying the contraction conditions with some auxiliary
functions, generalizing existing spaces, or using both.

Since the metric function, and hence the metric space structure,
forms the basis of the metric fixed point theory, many researchers have
extensively studied this function. A plethora of novel distance functions
has begun to appear in the literature. The b-metric function, which
first appeared in Bakhtin’s study [l 1] and then in Czerwik’s [17, 18],
is one of them and can even be contemplated as one of the principal
generalizations.

Definition 1.1. [17] Let £ be a non-void set, and ¢ > 1 be a real-valued
constant. For all &, £4,t € L, if the axioms

(0-1) 0(676):()@5:6’
(02) 0—(576) :U(&‘S)?
(03) 0 (&,4) <clo(§,t) +o(t0)]

are provided, then the function o : £ x £ — R, is entitled as a b—metric
on L. Moreover, the pair (£,0) represents a b—metric space which is
abbreviated with b — ING.
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Observe that b—metric and ordinary metric coincide, provided that
¢ = 1. Furthermore, except for the continuity, nearly all of the topo-
logical specifications of b — MG overlap the metric ones. Thereby, the
following lemma can be verified in a b—metric.

Lemma 1.2. [1] Let (£,0,¢>1) be a b —IMS and {&§} and {{;} be
convergent to & and ¢, respectively. Then

1
—0 (£,0) < liminfo (&, 4) < limsupo (&, 4) < o (£,0).
¢ 300 3—00

Especially, if £ = £, then li}m o (&,¢;) = 0. Also, for t € L, we attain
3—00

1a (&,t) <liminfo (&,t) <limsupo (§,t) < co (§,1).
o §—00 3—00

To more figure out b — MG, see ([2], [3], [24]-[28]).

In 2010, Chistyakov put forward a novel metric function titled modu-
lar metric. In addition, various authors have introduced plenty of gener-
alized metric structures to the literature by handling the metric modular
concept.

Primarily, rest of the work, we will prefer the represent wry, (§,¥)
instead of w (A, £, ¢) forall h > 0 and £, ¢ € L, where w : (0,00)xLXL —
[0, 00] is a function, and £ is a non-void set.

Definition 1.3. [13, 1] Let @ : (0,00) X £ x L — [0, c0] be a function
on non-void set £. Thereupon if the circumstances

(w1) wp(€,0) =0forallh >0 =14,
(w2) Wh (ga 6) = Wh (67 f) for all A > 0,
(w3) Wh+p (g’f) <y (gvt) + Wy (ta E) for all hvu > 07

are provided for all £, ¢,t € L, then, w and (£,w) are termed as a
modular metric and modular metric space (briefly 9MIMGS), respectively.
Furthermore, if @ has the property (w;’) given below instead of (1),
then w is entitled a pseudomodular (metric) on L:

(w1') @p(€,€) =0 for all b > 0.
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Also, to investigate more detail about modular metric structure, see

([, [6], [r2], 3], 14, f10], {19, [22], 23] [31])-

By combining modular metric and b—metric structures, Ege and
Alaca [20] have lately brought the concept of modular b-metric to the
literature.

Definition 1.4. [20] Let ¢ > 1 be a real-valued constant and £ be a
non-empty set. If, for all £,/,t € L, the conditions

(k1) k(& 0)=0forallh>0< &=,
("4‘2) Kh (575) = Kn (E,{) for all 1 > 0,
(k3) Khgp (&,0) < clrp (1) + Ky (4, 0)] for all A, > 0,

are fulfilled, the map & : (0,00) x £ x L — [0, o] is labeled as a modular
b—metric, and the pair (£,x) is a modular b—metric space which is
abbreviated with 91,MS.

In the illustration of M,INES, it is an inherent consequence of attain-
ing the modular metric provided that ¢ = 1. In what follows, there are
some examples of MMGS.

Example 1.5. [20] Taking into account the set

l, = (ﬁj)CR:Z|§3\p<oo ; 0<p<l,
3=1

with /i € (0,00) and ry (€,0) = ™&8 such that

1
p

m(E0 =>4 | . (=& t=¢4¢€l,
3=1

Thereby, (£, k) is an M,MNS.

Example 1.6. [32] Let (£, ) be an MMS. Take ky, (€, 4) = (wop (€, 4))7,
where s > 1. For t > 0, J (t) = t° is a convex function, and considering
Jensen’s inequality, we attain

(r+3)" <271 (° +5%)
for all r,3 > 0. Thus, (£, k) is an M, MS with ¢ = 2571,



GENERALIZED ALMOST SIMULATIVE Z9 ~CONTRACTION... 5

The set L,, = {€ eL: 0’3{} is mentioned as a modular set on £

such that  is a modular b—metric and ~ is a binary relation that is
identified with £ ~ { < hlim kr(€,£) =0, where £, € L.
—00

Also, the sets
Lr={¢&e€ L:3h="h(§) > 0such that ky (§,&) < oo} (& € L)

are an NM,IMS (around &p).
As follows, some topological features of an 9IS are put forward.

Definition 1.7. [20] Let (£, ) be an M,MES and (&), be a sequence
in C;.

(1) the sequence (&), is k—convergent to £ € L < 5 (§,£) — 0,
as 3 — oo for all i > 0.

(i) the sequence (&;),cy in £} is a k—Cauchy sequence provided that
lim kg (&,&m) = 0 for all A > 0.
3,mM—00

(7i1) if any k—Cauchy sequence in L k—convergence to a point of L,
then £ is termed as a k—complete space.

Let ¥ : [0,00) — [0,00) be a function that fulfills the subsequent
features, and the set ¥ be the family of all such functions.

e ¢ is continuous and strictly increasing,
e J(a)=0 < a=0.

We will present the concept of simulation functions, which we denote
as Sf.

Definition 1.8. Let Q : [0,00) x [0,00) — R be a mapping fulfilling the
succeeding circumstances.

(€1) €(0,0) =0,
(Q2) Q2(a,t) <t—aforallat>0,

(Q2)) Q(a,t) < (t) — I (a) for all a,t > 0 and for some 9 € ¥,
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(") Q(a,t) <V (t) — 9 (*a) for all a,t > 0, for some ¥ € ¥ and for a
coefficient A > 1.

(23) if {a;}, {t;} are sequences in the interval (0, c0) such that li)m a; =
3—00

lim t; > 0, then

3—00
limsup Q (a5,t;) <O. (1)

3—0o0

(") if {a;}, {t;} are sequences belong to (0,00) such that lim a; =

3—>00
lim ¢ > 0 and a; < t;; thereby, the statement (1) is fulfilled.

3—00

Taking into account the function €2;, we say that

e i =1,2,3 = Sf with respect to Khojasteh et al., [29],

e i =23= Sf wr.t. Argoubi et al., [7],

e i =1,23 = Sf wr.t. Roldan Lopez de Hierro et al., [33],
e i =2/ 3 = U-&f w.r.t. Joonaghany et al., [21],

o i =2"3 = U.—Sf w.r.t. of Zoto et al., [35].

We furnish some instances of Sf.

Example 1.9. Let Q; : [0,00) x [0,00) = R, i=1,2,3,4,5 be func-
tions.

(i) Q (a,t) =9 (t) — ¢ (a) for all a,t € [0,00), where 9, ¢ : [0,00) —
[0,00) are two continuous functions such that 9 (a) = ¢ (a) = 0 if
and only if a =0 and ¥ (a) < a < ¢ (a) for all a > 0.

(i7) Q2 (a,t) =t — ggzg for all a,t € [0,00), where o, 8 : [0,00)* —
(0,00) are two continuous functions with respect to each variable
such that « (a,t) > 3 (a,t) for all a,t > 0.

(7i1) Q3 (a,t) = ¢ ()Y (t) =0 (a), where ¢ : [0,00) — [0, 00) is a function
such that limsup ¢ (a) < 1 for each t > 0.

a—t

(iv) Q(a,t) = 9 (t) — ¢ (t) — I (a), where ¢ : [0,00) — [0,00) is a
function such that lim _in ¢ (a) > 0 for each t > 0.
a
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(v) Q5 (a,t) = ¢ () =V (c*a) for all a, t € (0, 00), where ¢, 9 : [0, 00) —
[0, 00) are continuous functions and ¥ is an increasing function such
that ¢ (t) < 9 (t) for each t > 0 and a coefficient A > 1.

Then Q; for i = 1,2 are Sf given in [29]. Also, for i = 3,4, Q; are Sf
given in [21]. Lastly, 25 is an Sf presented in [35].

In the sequel, the family = represents the set of all Sf in the sense
of Khojasteh et al. [29]. Moreover, by considering the axiom (€2), we
have © (a,a) < 0 for all a > 0.

Definition 1.10. [29] Let J : £ — £ be a map on a metric space (£, m)
and Q € =. If

Qm(JE T ,m(E,0) >0 forallé,le L,
is fulfilled, then J is termed as a Z-contraction with respect to €.

Further, contemplating 2 € = as Q (a,t) = gt —a for all a, t € [0, 0),
we achieve the Banach contraction.

Remark 1.11. Let J be a Z-contraction. Then, we have Q (a,t) < 0
forall a > t > 0 wrt. Q € Z and accordingly, m (J&, J¥) < m(&,4).
We acquire that every Z-contraction is a contractive mapping and, even-
tually, continuous.

In 2018, Cho [16] revised the specification of simulation functions
and termed the Z simulation function (briefly Z — Sf ), as indicated
below.

Definition 1.12. [16] Let ¢ : [1,00) x[1,00) — R be a mapping fulfilling
the below statements.

(€1) ¢(L,1) =1
(C2) ¢(a,t) <t/a, Vat>1;
(¢3) for all sequences {a;},{t;} C (1,00) witha; <t,, V3=1,2,3, ..

lima; = lim ;, >1 = limsup((a;,&) < 1.
§—00 300 3—00
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Thereby, ( is entitled as Z — Sf, and the set Z denotes the family of all
such mappings.
Also, note that ( (a,a) <1, Va>1.

Example 1.13. [16] The functions (1, (2,(3 : [1,00) x [1,00) — R that
identified below, are belong to Z.

(1) G (a, ) =t"/a, Va,t>1, where X € (0,1);

(2) (2(a,t) =t/ap(t) , VY a,t>1, where ¢ is a non-decreasing and
lower semi-continuous self-mapping on [1, c0) such that ¢! ({1}) =
L

3)

1, if (a,t) = (1,1),
Gat)=4 52 ift<a
%, otherwise,
Va,t>1, where X € (0,1).
In [26], Jleli and Samet introduced the class T = {y : (0,00) —

(1,00)}, in which the functions in this class satisfy the following features:
(71) 7y is non-decreasing;

. _ . _ +.
(72) for each sequence {a;} C (0,00), 313207 () =1<¢ 3lg]cr)lo a; =07,

(73) there exist r € (0,1) and s € (0, 00] such that lim Véf) =s.

a—0t

Additionally, they proved the following theorem in the framework of
generalized metric spaces. Some researchers call this space Branciari
metric space, while others call it rectangular metric space.

Theorem 1.14. Let J : L — L be a given map on a complete general-
ized metric space (L,m). Presume that a function v € T and a constant
k € (0,1) exist such that

m(JETO#0 = y(m(TETO) < [y(m (& 0)"

for all §,0 € L. Thereupon, the set Fix (J) has a unique element.
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Next, Liu realized that the condition (v3) could be relieved to
) Y
(v3') which is identified as follows:

(y3") 7 is continuous.
Let © = {y:(0,00) = (1,00) : v holds (71), (y2) and (y3)}.

Example 1.15. For all x > 0; the following functions

belong to the class ©.

2 Main Results

As can be understood from the definition, it is clear that the metric
modular does not have to be finite. Considering this fact, it is needful
to converse about the ensuing supplementary situations to ensure the
existence and uniqueness of fixed points of contraction mappings on

MMGSs and DM, MGSs.
(S1) kR (&, TE) <ooforall h>0and € € L,
(S2) K (§,0) < oo forall h>0and ¢, 0 e L.

We serve up some auxiliary functions to be employed in the following
discussion.

The symbol Ag is used to indicate the set of all functions G :
[0,00)* = [0,00) that own the continuity such that

(G1) G is non-decreasing with respect to each variable;
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(G2) G(a,a,a,a) <aforall a € [0,00).

Example 2.1. The followings are some instances of the function G,
which are included in the set Ag.

(G1) G (a1,0a2,03,a4) = max {ay, a2, a3, a4} ;

(G2) G (a1,a2,a3,0a4) = max{a; + ag,a2 + as,a; +as,as +ag};

NM—A

(G3) G (a1,0a2,0a3,a4) = [max {aiaz, a2a3, a1a3, a3a4}]2;

(Ga) G (a1, a2, a3, 04) = [max {a1%, a9, az?, a49}]7, ¢ > 0;

(Gs) G (ar,a2,a3,a4) =

(Gg) G (ar,az,0a3,04) = 22593,

(G7) G (a1,a2,a3,04) = a3 + az + as + ag;

(Gg) G (a1, az,0a3,04) = p101 + pady + p3ag + pads, with 0 < py + po +
p3+ps < 1.

Let ¥* be denoted as the set of all ¢ self-mappings on [1, +00) such
that p(a) = 1 < a = 1, which possesses strictly increasing and
continuity properties.

We present a new class of functions that serve the family of Sf.

Definition 2.2. Let Z be the class of all mappings 7 : [1,00)2 — R.
Let a function ¢ € ¥* and a coefficient A > 1 exist such that

(m) n(1,1) =1;

(m) n(a,t) < £, Vat>1;

(n2') n(at) < %Pu) Vat>1:

(n3) for all sequences {a;},{t;} C (1,00) witha; <t;, V3=1,2,3,..

lim a; = lim , >1 = limsupn(a;,t) < 1.

3—ro0 3—00 300
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If the function 7 satisfies (12)-(n3), 1 is termed generalized U* — S¥.
Also, if n provides only the conditions (n5)-(n3), then 7 is called a
generalized U*c — Sf.
If we choose ¢ (a) = a for all a ¢ > 1 and the features (n1)-(n2)-(n3)
are satisfied, then 7 is a generalized Z—simulation function in the sense
of Cho [16].

Example 2.3. Let 1q, 0, 7c, g : [1,00)> — R be functions defined as
indicated below:

(e1) ma(0,8) =229 Va,t> L€ (0,1);

_ e > i >
(e2) mp(a,t) PEOEOR V a,t > 1 and a coefficient A > 1, where
¢ is a non-decreasing and lower semi-continuous self-mapping on
[1,00) such that ¢! ({1}) = 1;
(e3) ne(a,t) = w?c(;)a , Vat>1and a coefficient A > 1, where ¢ :

[1,00) — [1,00) is a continuous function such that ¢ (t) < ¢ (t) for
all t > 0.

(eq)

~—

1, if (a,4) = (1,1),
t .
nd (a,t) = &ﬁ%; Ht<a,
%’ otherwise,

Va,t>1, where k > 1 and p € (0,1).

Then, g, Ny, Ne, Na are generalized ¥*c — Sf. For ¢ = 1, the above exam-
ples are generalized ¥* — Sf.

We now prepare to submit our principal theorem in this section. The
definition required for this is as follows.

Definition 2.4. Let x be a modular b—metric on a set £ and J,K :
Ly — Ly be two self-mappings. J and K are called generalized almost
simulative ZS —contraction mappings if a generalized U*c — Sf and a
constant p > 0 as well as, a v € © and G € Ag exist such that

2% min {r7, (€, 7€), r (6K} < iy (€,0)
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implies
n (7 (¢ (TEK0) B (G ED+pN EO)F) 21, ()

where

G@w:(@@@wﬂ@ﬁm@wxmf%

(&, KL) + kan (£, J&))
2¢

and

N(§> e) = min {’%ﬁ (ga jg) y K (ga ICE) y Bh (57 K"E) y KR (£7 jg)} )
for all distinct &, ¢ € L%, k € (0,1) and for all & > 0.

Theorem 2.5. Let L}, be a k—complete M,INS with constant ¢ > 1
and let J and IC be generalized almost simulative ZS* — contraction map-
pings. If the condition (S1) is fulfilled, then uw € LY exists such that
u € Crip (J,K). If, in addition, the condition (S2) is fulfilled, then
Criz (J,K) = {u}.

Proof. Let & € L], be an initial element, and we can construct a
sequence {&} by:

§25+1 = J&2; and &gy10 = K&o;+1, forallj € N

If there is some 39 € N such that §;, = &;,+1, then 39 becomes a common
fixed point of J and K. Herewith, we presume that &, # £x41 for all
k € N, and we have s, ({k, {g+1) > 0 for all A > 0.

Now, we will divide the proof into four steps to make sense more
straightforward.

Step (1): We claim that klingo kh (&, k1) = 0 for all A > 0.

Thus, at first, we must show that

Kh (Ek15 Ekt2) < Bn (EksEpg1), forall k € N. (3)

We presume that k = 23 for some 3 € N. So, we obtain
5 min {kp, (S23, T E23) » kn (Sa341, Kéoz11)}

= & min {rs (&5, E2541) » kn (E2541, Ea542) }

< Kk (§25,&23541) -
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By using (2) and (73), we get
1< (’Y (¢*hn (T €2, Kéa311)) 5 (7 [G (€25 E2511) + PN (€23 523+1)])k>

o((V[G(E2;.62511) +pN (E25.62;41))")

< P(AM(ctin(os1.€2;42)))

)

that is,

o (7 (¢ (€1 €2542)) ) < 0 (VG (€230 E2311) + PN (250 2y11)])F)

Due to features of the function ¢ and contemplating k& € (0, 1), the
above inequality yields

My (cAn (Eaz41, Ea542)) < (V[G (€2, Ea511) + PN (€25, E541)))"

<G (L250 E23+1) + PN (§25, §2541)]-
As v € O, we derive that
M (o341, Eoy42) < G (Ea5, Eap1) + PN (€3 E511) (4)
where
wn (230 §2541) o (€230 T €2;) » o (€241, Ko341) 5 )

kon(§2;,KC82;41)Fran(§2;41,TE2;)
2c

( rkn (€23, 82541) > bn (&35 §23541) » kn (§25415 §2342) )

ron(€2;,62542)
2¢

G (&23,62541) = (

From (r3), note that ran (§2;, §2542) < ¢ [kn (S23, E2541) + Kn (E341, E2342)]-
So, we gain

kn (€25, 625+1) » ki (&30 E2541) 5 o (E2341, E2342)
G (&5, 62541) = )

wn(€25,625+1)Hhn(€25+1,62;42)
2
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If we assume kj, (§2;,&2;54+1) < Kn ({2341, §2542), we deduce that

kn (€o541, §2542) 5 Kn (€341, E2342)
G (5257 523-&-1) =
Kn (§25415 §2342) s kn (§25415 E2342) (5)

IN

Kn (€o541,62542), (by G € Ag).

Nevertheless, we have

rn (230 TE23) » ki (§2541, KE2341)
N (&2;,62;41) = min
rn (23, Ko311) 5 kn (2341, T &23)

Kh (€255 2541) > Bn (§234+15 E2542)
= min =0.

K (€23, 62542) , 0
Consequently, by using (5) and (6), inequality (4) becomes

C4+/\I€h (

E2541,&2342) < K (&2341, &2342) -

This is a contradiction since ¢, A > 1. Then, our assumption is false, i.e.,
the expression (3) is verified while & is an even number. Similarly, it can
be shown that (3) is held while k£ is an odd number. So, the sequence
{rn (& &+1)},>, is non-decreasing and bounded below with 0. Hence
there is a real number a > 0 such that ;,lggo kh (&,&41) = aforall b > 0.

Now we confirm that a = 0. On the contrary, we claim a > 0. To see
this, it is enough to mention the below two cases:

Case (1): Assume that ¢ > 1.

As the expression (3) holds, we conclude that

G (€230 €254+1)
= (kn (§250 E2541) » ki (€25, §25+1) 5 m (§235 E2541) » Ko (€25 §25+1))

<k (2;,8241), (by G € Ag).
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So, by keeping in mind (4) and (6), we obtain

C4+)\f€h (

§254+1, E2542) < ki (€230 2341) -

If the limit is taken for 3 — oo in the above inequality, a contradiction
in the form of ¢*™a < a is encountered.
Case (2): Presume that ¢ = 1. Using the expression (2), we achieve

1< (7 (kn (T €255 K&2541)) » (1[G (€25, €2541) + pN (523752;,+1)])k> :
Similar to (5) and (6), we get
1< (7 (5 (o, Ea2)) s (7 [ (€250 23" ) (7)
and so, from both (1;’) and ¢ is strictly increasing, we have
7 (n (€, &542)) < [ (o (6 )] ®)

Let ay = v (kn (§541,&5+2)) and t; = [y (ks (§5a§3+1))]k for all 3 € N.
Now, since lim kh (&,&+41) = a > 0, then it follows from (7y2) that
3—00

Jim oy (in (6, &+1)) # 1 and so Tim o (s (&, &5+1)) > 1.
Accordingly, from (8), we obtain

0y = (kn (§11,&42)) < [v (ki (&, &))" =t

< [’Y (kn (faa 53—&-1))] .

Hence, considering as 3 — oo in the above, we attain v (r) < lgn t; <
oo
7 (r). This implies that lim a; = lim ¢, = v (r) > 1. Hence, from (n3),
3—00 3—00
we deduce that limsupn(a;,t;) < 1. Nevertheless, it is a contradiction
3—00

due to (7).
Consequently, in both cases, we have a contradiction. For this reason
we procure that a = 0, that is, for all A > 0,

Tim (& §01) = 0. ©
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Step (2): We assert that {;} is a k—Cauchy sequence. It is enough
to verify {&;} is a k—Cauchy sequence. As opposed to our assertion,
presume that {o;} is not a k—Cauchy sequence. An e > 0 exists such
that two sequences {fgmq} and {{23 q} of positive integers fulfilling 3, >
m, > ¢ can be formed. In this instance, 3, exists as the smallest index
for which

K (£2mq,§2;,q) >e¢ and &Ky (§2mq,£25q—2) <eg, forallh>0. (10)

Now, without the loss of the generality from (10) and the modular in-
equality, we get

e < kon (Somgr €25,) < chn (Somgs E2504+1) + Chn (E25,415 E23,) -

Letting ¢ — oo and using (9) in the above, we obtain

a M

. (11)

lim sup kp, (523q+17 fzmq) >
q—o0

Similarly, we have

ki (Somg—1,E23,) < Chn (éomg—1, Eo2m,) + 52%% (€2my» 23,—2)

+C3f<ﬂg (€23,-2,E034-1) + Cgffg (€231 623,) -
If the limit superior for ¢ — oo in the above inequality is taken, then

lim sup i (Eom,—1,&2;,) < €. (12)

q—o0

Moreover, like in the above, we achieve
ki (€2, 82,) < Chin (&2,,82,-2) + CQK% (2,-2:&2,-1)
+C2/i% (52117175211) .
So, by using (9), letting ¢ — oo, we procure

lim sup &5, (§omy—1, E25,4+1) < €. (13)
(I*)OO
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In conclusion, similar to the above calculations, it can be shown that

lim sup &5, (§omg+1, E25,4+1) < €. (14)
q—00

Besides, we suggest that for sufficiently large ¢ € N, if 3, > m, > ¢, then

%cmin {kn (2300 T€24) + Bt (E2mg—1, Komy—1) } < n (€23, Eomg—1) -
(15)
In fact, owing to 3, > m, and {xj (&, §3+1)}3>1 is non-decreasing, we
acquire

ki (230> T€23,) = b (€230 E23504+1) < K (E2mg+15 E2m,)

< K (Somys Eomyg—1) = K (E2mg—1, KEom,—1) -
Thereupon, the left-hand side of inequality (15) is

1

1
?cﬂh (523qa j£23q) = ?cﬁh (525qaf25q+1) .

For sufficiently large ¢ € N, it is necessary to indicate that if 3, > m, > ¢,
then

ki (€25, E23,41) < B (€25, Eomg—1) -
In accordance with (9), a natural number ¢; exists such that for any

q > q1,
g

Rp (523q7£23.q+1) < ch

There exists g2 € N such that for any g > g9,

K (Eomy—1,Eom,) < 2%

Therefore, for any ¢ > max{qi,¢2} and 3, > m; > ¢, we have
€ < Ry, (623(17 §2mq) < ¢k, (625(17 §2mq—l) + cRp (§2mq—la €2mq)

< ek (€300 E2mg—1) + €5

So, one concludes that

£
3¢ < fn (€255 E2my—1) -
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Hence, we deduce that for any ¢ > max {q1, g2} and 3, > my > ¢,

ki (€230 E23041) < 2% < K (€23, Eomg—1)

that is, expression (15) is proved. So, from (2), it implies that
v (¢*kn (T €2, Ké2,—1)) L) s
(7 [G (&2, &2,-1) + PN (&2,,62,-1)]) B

By using (72') and taking into account the properties of ¢ and v with
k € (0,1), we obtain

A (TEos, Komg—1) < G (€23, Eomg—1) + PN (€23, E2my—1) »  (16)
where
G (523@52"‘(1_1)
ki (§25, Eamg—1) + B (230, T€254) » B (E2mg—1, Komy—1)

kon (€254 K6amy—1)+r2n(€2mg—1,TE2;4)
2¢

ki (25> Camg—1) + B (€23, E23041) > Bn (E2my—15E2m,) 5

Ko (€239 62mg ) Hhon(Eamg 16254 4+1)
2c

By taking the limit superior as ¢ — oo in above and using (9), (12),(13),
and (14), we derive the following;:

IN

2
limsup G (€23, Som,—1) < <c2€,0,0, W) c2e. (17)

q—00 2¢
Also,

Kp (523,;7 jfqu) y KR (€2mq—11 ’C§2mq—1) 5
N (523q7§2mq—1) = min
K (€25, Kéomg—1) Kn (Somg—1, T E23,)

ki (§25> €25041) > Bn (E2my—15 Eomy)
= min
K (€23, Eomy) > B (E2mg—1, E23041)
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thus we have
limsup N (€25, fom,—1) = 0. (18)

q—)OO
Consequently, if we take the limit as ¢ — oo, and considering (11), (17),
and (18), inequality (16) becomes ¢***£ < ¢%¢ 4 p0. This is a contra-
diction; {&;} is a k—Cauchy sequence. Thereby, {{;} is a k—Cauchy
sequence in L. Because L} is a k—complete MMS, u € L} exists
such that
lim & = u. (19)

3—00

Step (3): In this step, we will prove that u € Cpi; (T, K).

First, we shall demonstrate that v € Fixz (K). Conversely, this state-
ment is not true. We assert that for all 3 > 0, at least one of the following
inequalities is true:

1
27’% (€250 &2541) < K (€250 1), (20)
or

2%'% (§2341, &2542) < ki (€23, 1) - (21)

Unlike, let for some 39 > 0, both of them are not provided. Hence, we
say that

K (€230, §230+1) < hn (§230, ) + ek (U, §25041)
< %K}h (523075230+1) + %/{h (5250+1’ 5230+2)
< %Hh (5230a£230+1) + %’ih (525(” 5230+1)

= Kn (£250, 250+1) 5

such that it is a contradiction. Whence the assertion is true. From this
point, the following two subcases can be considered.

Subcase (3.1): The inequality (20) is valid for infinitely many 3 > 0.
In this instance, for infinitely many 3 > 0, we attain

5 min {rp (€25, T€2;) s i (u, Ku)} = 5 min {rp (25, Ea541) , ki (u, Ku)}

< Rp (5257 u)
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which yields that

n (7 (cthn (T€az, Ku)) 5 (V[G (€25, 1) + pN (525,u)})k) > 1.

By using (72’) and keep in mind that ¢ € ¥* and v € © with k € (0,1),
then we conclude that

Mk (Eg01, Ku) < G (Eg5,u) + pN (Eg5,0) (22)
where
Kh (5237 u) s KR (5237 \7523) » KR (u7 ICU) 5
G (5237 U) =G
kon(€2;,Ku)+ron(u, T §2;)
2¢
kn (&oz5 1) 5 K (§25, E2541) » ki (u, Ku)
<G
c[“ﬁ(£231523+)+“h(§252+17Ku)]+ﬁ2h(uu§23+1)
C
and
limsup G (u, €2;41) = G <0, 0, & (u, Ju) , M)
< Ky (u, Ku) .
Also,
N(€237u)
= min {Hﬁ (5227 j§23) s Kh (ua K:u) y KR (5231 K:u) y KR (u> \7‘523)}
= min {Kp (225, T2341) , Kn (u, Ku) , kp (§25, Ku) , kg (u, E2541) }
and so

limsup NV (&5, u) = min {0, kp, (u, Ju) , £y (u, Ju),0,0} =0.  (24)

3—00

Next, by (23) and (24), if we take the limit superior as 3 — oo in
(22), then it gives a contradiction since ¢***ky (u, Ju) < rp (u, Ju).
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Eventually, we have u € Fix (). Pursuing the similar method above,
u € Fix (J) is obvious.

Subcase (3.2): The expression (20) exclusively fulfills for finitely many
3> 0.

Thereupon, one can find 39 > 0 such that (21) holds for any n > 3.
In the same way, as in Subcase (3.1), it follows that (21) also causes a
contradiction unless u € Fiz (J) or u € Fiz (K).

So, in both subcases, we achieve that u € Cpy, (T, K).

Step (4): We claim that the set of C';, (7, K) has a unique element.
Suppose, on the contrary. Then, there is a point r belongs to £}, by r # u
such that r € Cpiy (J,K). Since

0= %Cmin {kn (u, Ju) , kp (r, Kr)} < &p (u,r),
it implies that
1 (3 (¢ (T0. ) . (/G (1) + pN r))) 21, (25)

where

G (u,r) =G (/15 (u,r), kp (u, Ju) , kg (1, Kr) HQh(“’KT);”%(T’j“)>

< Kp (U, T)
(26)
and also,

N (u,r) = min {ky (u, Ju) , ks (r, Kr) , kp (u, Kr) , 5y (r, Tu)}

(27)
= min{0,0, k (u,r), Ky (u, )} = 0.

Now, by using (n2’) and the properties of ¢ and v with & € (0,1),
inequality (25) turns into

A (u,r) < G (uyr) + pN (u, 7).

Finally, from (26) and (27), we deduce that ¢***kj (u,r) < ks (u,r),
which causes a contradiction, that is, our assertion is false. Hence, u = r

and Cpiz (J,K) ={u}. O
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3 Consequences

This section illustrates the applicability and validity of our main theorem
and supports it with several conclusions, which permits us to cover some
obtained findings in the literature.

Initially, if we remove the restriction

1 .

27C min {Kh (57 \75) y KR (£> ’CE)} < Kp (57 E) )

then the subsequent consequence can be acquired immediately from The-
orem 2.5.

Corollary 3.1. Let L}, be a k—complete M,INS with constant ¢ > 1
and J,K : L}, — L% be two self-mappings. Let a generalized U*¢ — Sf
and a constant p > 0 as well as, ay € ©, a G € Ag and k € (0,1) ezist
such that for all distinct £,4 € L, and for all h > 0

K

1 (7 (R (TEKD) B (G ED+pNEON) 21, (28)

where G (&,£) and N (&,¢) are defined as in Theorem 2.5. If condi-
tion (S1) is satisfied, then the set Cpi, (J,K) has at least one element.
Also, together with the condition (S2), the set Criy (J,K) has a unique
element.

If 7 = K in Theorem 2.5, the following consequence and its proof
are evident.

Corollary 3.2. Let L}, be a k—complete M, NS with constant ¢ > 1
and J : L. — L. be a self-mapping. Let a generalized U*¢ — Sf and a
constant p > 0 as well as, a vy € 0, a G € Ag and k € (0,1) exist such
that for all distinct £, € L}, and for all h > 0

2%%& (&, TE) < ki (&:0)

implies

n (7 (6 (TETO) (G EO+pN EO)) 21, (29)
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where

Hﬁ(gag)anﬁ(€7j§>7ﬁﬁ(€7~7€)7
G (£, 0) =

Kon (§,T0)+kan(6,TE)
2c

and

N(fag) :min{’%h(&jé)7ﬁﬁ(£7j£)7ﬁh(§7j€)7K'h(€7-7€)}'

Thereby, under condition (S1), the set Fix (J) has at least one element.
If the condition (S2) is met in addition to (S1), the set Fixz (J) consists
of a unique element.

Corollary 3.3. Let L}, be a k—complete M,INS with constant ¢ > 1
and J,K : L}, = L be two self- mappings. Let a generalized ¥*¢ — Sf
and a constant p > 0 as well as, ay € ©, a G € Ag and k € (0,1) exist
such that for all distinct £,4 € L, and for all h > 0,

o min i (€,.7€) i (€.KO} < (6,0
implies
n (7 (' (TEKO) (G (D + N EON) 21, (30)
where

Kh (f,g),:‘ﬁh (57\-7‘9 y Kh (f,Kﬁ), }

Hgﬁ,(&,K@)"‘HQh(f,}Cf)
2¢

G (,0) = max{

and N (&,0) is defined as in Theorem 2.5. Under condition (Sy), the
set Cpiz (T, K) admits at least one element, and together with (Sz2), the
element of Cpiy (J,K) is unique.

Proof. If we prefer GecAg as G (Cll, a9, as, Cl4) = max {CL1, ag, as, CL4},
then it follows from Theorem 2.5. O

As in Corollary 3.3, if we choose G € Ag as G (a1,a2,0a3,a4) =
aj, then the subsequent consequence can be attained as an immediate
outcome of Theorem 2.5.
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Corollary 3.4. Let L}, be a k—complete M, NS with constant ¢ > 1
and J,K : L), — L}, be two self-mappings. Let a generalized U*¢ — Sf,
a constant p >0, a vy € © and k € (0,1) exist such that for all distinct
& e Ly, and for all h > 0,

%cmin{/ir,, (&, TE) k(6,0 } < Ky (€,0)

implies
n (7 ('n (TEKO) [y (mn (6,0 + pN (€ ONF) 21, (31)

where N (&,0) is defined as in Theorem 2.5. With conditions (S1) and
(S2), the set Crip (J,K) admits a unique element.

Next, we give some new corollaries dependent on the choice of gen-
eralized U*c — Sf¥.

Before continuing with the conclusions in this section, first, we ac-
quaint a novel notion that we called Suzuki type (p, ) —contraction in
the setting of an M,IMGS, as indicated below.

Definition 3.5. Let J and K be two self-mappings on £}. The map-
pings J and K are called Suzuki type (g, ) —contraction mappings if
e V* v O and k € (0,1) exist such that for all A € (0,1)

;cmin{/fﬁ (€, 7€) ki (L,KO} < ki (€,0)

implies
o (e (c'n (76,K0)) < Xp (I Gsn (6,0)]F) (32)

for all distinct &, ¢ € L, and for all & > 0.

Corollary 3.6. Let J and K be Suzuki type (p,7y) —contraction map-

pings on L., which is a k—complete M,INS with the constant ¢ > 1.
If condition (Sy) is satisfied, there is at least one element in the set

Criz (J,K). Besides, together with (S2), Criz (J,K) consists of only

one element.
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Proof. If we choose 7 (t,v) = z‘;‘zgf)), for all t,v > 1; XA € (0,1) as well
as G € Ag with G (a1,a9,a3,a4) = a; and p = 0, then it follows from
Theorem 2.5. 0

The subsequent corollary is a generalization of the Suzuki type (¢,~)-

contraction mapping, which is also a consequence of Theorem 2.5.

Corollary 3.7. Let J and K be two self-mappings on L, which is
a k—complete MMS with constant ¢ > 1. Presume that there exist
p eV GeAg,v€0O and k € (0,1) such that

%mmﬁmj&mwxms@@w

implies
o (e (tn (T6,K0)) < Ap (10 (G (€, 0)"). (33)

where
kn (&, 0)  kn (&, TE) , kn (L,KL),

Kon(&,K0)+kan(£,KCE)
2¢

and X € (0,1), for all distinct £,£ € L}, and for all i > 0.
If conditions (S1) and (S2) are satisfied, the set Crip (T, K) exactly
has a unique element.

G (¢,¢) = max

Proof. As with the proof of Corollary 3.6, the proof is comprehensible
if G (a1,a2,a3,a4) = max {ay, as, as, a4} is settled on specifically. O

We also signify the Suzuki type (¢, ¢, v) —contraction mapping, which
is a finding of Theorem 2.5, as noted below.

Definition 3.8. Let k be a modular b—metric on (£, k), and J,K :
Ly — L& be two self-mappings. J and K are called Suzuki type
(¢, ¢,7) —contraction mappings if ¢ € ¥*, v € © and k € (0,1) ex-
ist such that for all distinct £, ¢ € L}, and for all 2 > 0,

%mﬂ%@J&M@ﬁMSM@@

implies

@ (M ('rn (T€.K0) ) < 6 [y (mn (. 0))F) (34)
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where ¢ : [1,00) — [1,00) is a continuous mapping satisfying ¢ (t) <
@ (t) for all t > 0.

Corollary 3.9. Let J and K be Suzuki type (p, ¢,7) — contraction map-
pings on L}, which is a k—complete M,MES with constant ¢ > 1. If (S1)

K’

and (S2) are met, Cpiy (T, K) definitely admits a unique element.

Proof. If we choose 7 (t,v) = :()Ez)t), for all t,v > 1 as well as G € Ag
with

G (ah ag, as, Cl4) =0

and p = 0, then it follows from Theorem 2.5. U

Corollary 3.10. Let J and K be two self-mappings on L., which is
a Kk—complete MMS with coefficient ¢ > 1. Presume that p € ¥*,
G e Ag,7y€ 0O and k € (0,1) exist such that for all distinct §,0 € L,
and for all h > 0,

S min {m (6, 7€) mn (£, KO} < (6,0
implies
e (M (thn (76,60) ) <6 (1 (G (& O)"). (35)
where

Kp (57 E) y KR (57 \-7§> y Kh (67 K"E) )

KQfL(£7}C£)+K2h(£7}C£)
2c

G (§,¢) = max

and ¢ : [1,00) = [1,00) is a continuous mapping, which has the property
o (t) < @ (t) for all t > 0. Thereupon, by considering conditions (Sy)
and (S2), the set Cpiy (J,K) holds exactly a unique element.

Proof. Using the analog method of the proof of Corollary 3.9, it is
adequate to choose G € Ag as G (a1, a2,0a3,a4) = max {a,az, a3, a4}.
Thus the proof is evident. O

The following theorem indicates that Corollary 3.4 can be satisfied
as an outcome of Theorem 2.5 without the constant k.
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Theorem 3.11. Let L be a k—complete IM,IMNES with coefficient ¢ > 1
and J,K : L}, — L. be two self-mappings. Presume thatn € ¥*, v € ©
and a constant p > 0 exist such that for all distinct &,¢ € L. and for all
h>0

%min{/@h (&, TE)  kn (L,K0)} < Ky (€,0)

implies
0 (v (on (TEKO) v [50 (€, 0) + N (£,0)]) 2 1, (36)

where N (&, 1) is defined as in Theorem 2.5.
Thereby, the set Cpi, (T,K) precisely admits only one element to-
gether with conditions (S1) and (S2).

Proof. We shall show that Theorem 3.11 can be achieved from Corollary
3.4. Owing to the fact that ¢ € U* in expression (31), we get

@ (v (c'n (T7€,K0)) < o (17 (n (&, 0) + oV (&, 0)]F)
which yields

@ (v (*kn (TEK0)) < o (v (kr (§,0) + pN (£,0)))

because k € (0,1).

Under the same conditions, the above inequality can also be acquired
from the expression (36). Therefore, Theorem 3.11 is demonstrated by
applying a method similar to the proof of Corollary 3.4. g

Now, we put forward an example that fulfills the statement of The-
orem 3.11 under specific states.

Example 3.12. Let £ = [0, 1] and regard the modular b—metric by

—¢?
(e =B

for all distinct &,¢ € L}, and for all & > 0. Observe that (£}, k) is a

K

rk—complete NS with the constant ¢ = 2. Also, let the mappings
J,K: Ly, — L be defined by

‘7523 and K/l =2/,
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Now, we propose to prove the contractivity conditions

oo min {1 (6,7), mn (KO} < i (6,0) (37)

implies
n (v (*en (TEKO) v [kn (€0 + pN (£,0)]) > 1, (38)

where

N(f,g) :min{nh(fng)7ﬁh(€7j£)’ﬁh(§vj£)7’ih(£’j€)}7

via 7 (a,t) = % ¥ a,t> 1) € (0,1) and ¢ € U* with ¢ (a) = £,
holds for all distinct &, ¢ € L}, and for all & > 0.

Notice that 1 belongs to the class of generalized ¥* — Sf (also ¥*¢ —
S¥).

Also, we define the function v : (0,00) — (1,00) by 7 (a) = €.

Hence, we will first attest that expression (37) is satisfied. Then, we

have
R
e T8 = T = T T g
and ) ) ,
=Ky =20 2
kn (€, K0) = - = .
Subsequently, expression (37) yields
1 [9e 2 o2 2 _ et
- DR G S o2 Lt M
g { 167" 7 } i { 64h 4k [ = h (39)

Without ignoring the general case, we esteem that £ > ¢ > 0.

Case (1): Let min {%, %} = ﬁ—;. So, from (39), we obtain that

e _E-0
4h — h

2
o L<le-ll=t—t o (<ic<E

which is true as £ < &.
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Case (2): Let min {%, %} 64h Then, by (39), we conclude that

2 2
9¢ <(§—f) N %5§|§_g|:§—£ =4 €§g£<§7

64h — A
which holds because ¢ < &.

Consequently, in any case, expression (37) is valid for all distinct
&, 0 e Ly and for all > 0.

Next, we will prove that expression (38) is satisfied. Using the above
choices for the mappings J, K and modular b—metric, we attain

T€ — Ko ‘5‘2‘" _(£-80)°

ki (TEKL) = . ; =04
and
N (&,€) = min {ry (§, TE) , kn (6, T) k1 (§, T) s ki (6, TE) }
= min { - §1° \6—54\2’ ‘5_302’ \e_hg 2}
(40)
= min {%, %’ |E—§£|2’ |4g1g§2}

e =g
= mm{fv ‘ 16h| } :
Case (3): We assume that £ < 44, and so, we get |4 — &| = 4¢ —&. Using
(40), we conclude that

2 2
mm{ﬁ |40 — ¢] }:<4€—5> |

R’ 16h 167

Thereby, the expression (38) provides
1 (v (rn (TEKO) 7 (50 (6,€) + pN (£, 0)))

[(64)2+ (-2 |
_ P(v(kr(€0D+pN (0 — ol- ,\e[”h(f O+pNEDN _ ol-Xe
P (v (ctrn(TE,KD))) e tr (T€,K0) 4(5168;»2
e g

(6-0)?2 (4@—5)2} (e-80)2
+p A=
=217l " o ">

- )
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where p > 2% and \ = % € (0,1). Thus, the desired state is achieved.

Case (4): We presume that 4¢ < &, i.e., |40 — &| = £ — 4L. In this case, if
we choose £ = 8/, then we get

2 ae-¢f
h 16k

Therefore, we discuss the following subcases.

Subcase (4.1): If £ > 8¢, by (40), we have

min 67‘46_6‘2 —ﬁ
h’ 16k b

Then, similar to the above, we get

(v (e (TEKO)) 7y (kn (€,0) + pN (£,0)))

N2
p( A [k (€, 4PN (£,0] [%“%}*
_ p((spE0+pN(E0))" _ gl-Aeln PN (€, _ gl-Ae

P(v(ctrp(TE,KL))) e trn(TEK0) 04 (5;(?5)2
e

(€-0% 42 (£-80)2
{ R 'H’?})‘_ R

=2l=2¢ > 1.

Subcase (4.2): If £ < 8¢, by (40), we have

2 2
mm{e? |40 — ¢] }:m—g)_

L’ 16k 16h

This case has been proved to be satisfied in Case (3).
Consequently, the mappings J and K satisfy the hypotheses of The-

A
orem 3.11 associated with the function 7 (a,t) = w((ti) , Vat>1Me

(0,1) and ¢ € U* with ¢ (a) = 4.

4 An Application to Integral Equations

Initially, a novel consequence has been put forward that can be enforced
to the nonlinear integral equations.



GENERALIZED ALMOST SIMULATIVE 2 ~CONTRACTION... 31

Corollary 4.1. Let L}, be a k—complete IM,INGS with constant ¢ > 1 and
J  LL — L} be a self-mapping. Suppose that the ensuing circumstances
be provided:

i. A generalized V* — Sf, a constant p > 0, and v € © exist such that
for all distinct £, € L, k € (0,1) and for all h > 0

n (7 (¢ (T€ TO) by (sn (6, 0))F) = 1 (41)

it. (S1) and (S2) are provided.
In this case, the set Fix (J) enjoys a unique element in L.

Proof. Without Suzuki restriction, if we choose G € Ag as
G (ab as, as, a4) = aj,

p=0,and J = K in Theorem 2.5, the requested result is acquired. [
We shall verify an existence theorem for the solution of the ensuing
nonlinear integral equation via Corollary 4.1.

swzjémmamﬁ, (42)

where m,7 € R by m < n, & € C[m,n] (the set of all continuous
functions from [m,n] into R) and &€ : [/, 7] x [m,n] x R — R are given
mappings. We endow L = C [, 1] with
(@) -y @
h Y
for all x,y € L} and for all & > 0. Precisely, (L}, ) is a k—complete

modular b—metric space with the constant ¢ = 2P~1,

Additionally, let f : L& — L} be defined by

K (2,y) (p>1),

f@mnz/emmémwu

for all £ € £ and a € [, n]. Accordingly, the existence of a solution to
(42) is equivalent to the existence of a fixed point of the function f.
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Theorem 4.2. Contemplate the nonlinear integral equation (}2). Let
the ensuing circumstances be met:
i. £ :[m,n] x [m,n] x R — R is continuous and non-decreasing in

the third order,

1. there exists p > 1 satisfying the following condition: for each a,t €
[, 7] and &, 0 € LY with £ (w) < £(w) for all w € [, n], we have

€(a, 6 (1) = E(a, t,£())] < A(a, ) [E(t) — £ (Y], (43)
where A : [, 1] X [, 7] — [0,00) is a continuous function defined
by

[ k
s [r@wra] < ke @)

Thereby, the nonlinear integral equation (42) enjoys a solution.

Proof. For all a € [m,n], by (43) and (44), we derive
624p—4nh(f(£(a))’f(g(a)))p _ 624p74p|f(5(u));f(£(a))‘ p

p

24p—4.p%
=e€

fs(a,t,g(t))df—f E(a,4,L(0))dt

p
4p—4 o 1
2 D3

:? [S(a,t,ﬁ(t))—S(a,t,ﬁ(t))]dt
<e "

A P
244 p L (f |$(u,t,§(t))S(a,t,e(t))|dt>
<e 7

A p
24r—4p L (f A(a,t)|§(t)—e(t)|dt>
<e "

24p—4.p.<‘]‘ A(u,t)pdt> I&(t)—hf(i)lp
e "

< by E(@).£a) _ [(enﬁ(ﬁ(a),é(a)))k]p.
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Now, let n be a U*—Sf with n (z,y) = %, (Vz,y > 1), where ¢ € U*

such that ¢ (q) = ¢*, (¢ > 1). We define v € © by v () = €%, (a > 0).
This suggests that

o (v (27 (f (€ (@), F (@) = (v (27 *n (f (€ (@), f (€(a)))))"

— 27 e (f(E(@) = F(E(a))?

< [(e“h(g(a)l(u)))k} P

= (I sn (&, 1)

= (I (s (&, 0)").

With this last equation, we deduce that all circumstances of Corollary
4.1 are met. Herewith, a unique £ € L} exists such that & € Fiz (f),

which conveys that £ is the unique solution for the integral equation
(42). O
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