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Abstract. In this paper, a direct analytic method is given for the so-
lution of the linear Fredholm integral and integro-differential equations
of the second kind, which is based on the span of the known function,
under the action of the operator defined by the kernel. The necessary
conditions for using this method are so weak that extends its applica-
bility. The solved examples show the strength of this method.
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1. Introduction

There are several methods for approximating the solutions of integral
and integro-differential equations [2, 6-12, 14, 17], but there are few
direct methods for finding the solutions of such equations. The method
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for solution of the integral equations with separable kernels is one of
them [11]. Some other such methods are given by Babolian, Masouri
and Hatamzadeh in 2008 [3] and by Navbpour, Maalek Ghaini, Hosseini
and Mohyud-Din in 2011 [12].
The method presented in this paper is close to the method of unde-
termined coefficients for solving nonhomogeneous linear ODEs. We will
consider linear Fredholm integral equations of the second kind (FIE) of
the form:

u(x) = f(x) + λ

 b

a
k(x, t)u(t)dt, a  x  b (1)

in which k : [a, b] × [a, b] −→ R is square integrable, f : [a, b] −→ R is
a known function and λ is a known parameter. Moreover the equations
are supposed to be unisolvable.

2. The Method

We will begin this section by the following theorem:

Theorem 2.1. Given any FIE in the form (1) and any integrable func-
tion u1(x), there is another FIE with the same kernel, k(x, t) that v(x) =
u1(x)− u(x) is its solution and

f1(x) = u1(x)− λ

 b

a
k(x, t)u1(t)dt− f(x)

is its known part.

Proof. Consider a FIE in the form (1) with the unique solution u(x),
and let u1(x) be a known integrable function and put v(x) = u1(x) −
u(x). Then u(x) = u1(x)− v(x) and we have:

u1(x)− v(x) = f(x) + λ
 b
a k(x, t)(u1(t)− v(t))dt

= f(x) + λ
 b
a k(x, t)u1(t)− λ

 b
a k(x, t)v(t)dt.

So we obtain

−v(x) = f(x)− u1(x) + λ

 b

a
k(x, t)u1(t)dt− λ

 b

a
k(x, t)v(t)dt,
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and so

v(x) = [(u1(x)− λ

∫ b

a
k(x, t)u1(t)dt)− f(x)] + λ

∫ b

a
k(x, t)v(t)dt. (2)

Now u(x) satisfies (1) if and only if v(x) satisfies (2) and u(x) = u1(x)−
v(x). So for any given equation of the form (1) and for any given inte-
grable function u1(x), we have an integral equation with the same kernel
of the form (2). �

Remark 2.2. We can also put v(x) = u1(x) + u(x) as v(x) = u1(x) −
u(x) in theorem below and get the same result (not exactly).

As a consequence of Theorem 2.1 we obtain a method for constructing
the exact solution of (1).

Corollary 2.3. Suppose {uj(x)}n
j=1 is a given finite sequence of inte-

grable functions and u(x) is the solution of (1). Then

u(x) =
n∑

j=1

(−1)j−1uj(x), (3)

if and only if

f(x) =
n∑

j=1

(−1)j−1(uj(x)− λ

∫ b

a
k(x, t)uj(t)dt). (4)

Proof. For a given {uj(x)}n
j=1 we can use Theorem 2.1, n times and

construct a sequence of functions {vj(x)}n
j=1 such that v1(x) = u1(x)−

u(x) and vj(x) = uj(x)− vj−1(x), 2 6 j 6 n. Then we have

u(x) = u1(x)− v1(x) = u1(x)− [u2(x)− v2(x)] = . . . =∑n
j=1(−1)j−1uj(x) + (−1)nvn(x),

and

vn(x) =
∑n−1

j=0 {(−1)j [un−j(x)− λ
∫ b
a k(x, t)un−j(t)dt]}+ (−1)nf(x)+

λ
∫ b
a k(x, t)vn(t)dt.

(5)
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Now it is trivial that (5) has solution vn(x) = 0 if and only if (4) is
satisfied, and then (3) is also true. �

We can also consider linear Fredholm integro-differential equations of
the second kind (FIDE) of the form:

L[u](x) = f(x) + λ
∫ b
a k(x, t)u(t)dt, a 6 x 6 b,

u(j)(a) = bj , 0 6 j 6 n− 1
(6)

such that L =
∑n

i=0 aiD
i, where D is the differentiation operator.

By a similar discussion we have the same result for Fredholm integro-
differential equations of the form (6).

Theorem 2.4. Given any Fredholm integro-differential equation in the
form (6) and any integrable function u1(x). There is another Fredholm
integro-differential equation with the same kernel k(x, t) and initial con-
ditions v(j)(a) = u

(j)
1 (a)−u(j)(a), that v(x) = u1(x)−u(x) is its solution

and

f1(x) = u1(x)− λ

∫ b

a
k(x, t)u1(t)dt− f(x)

is its known part.

Proof. Let u1(x) be a known integrable function and v(x) = u1(x) −
u(x). For integral part of (6) we have:

λ
∫ b
a k(x, t)u1(t)dt = λ

∫ b
a k(x, t)(u(t) + v(t))dt = λ

∫ b
a k(x, t)u(t)dt+

λ
∫ b
a k(x, t)v(t)dt = L[u](x)− f(x) + λ

∫ b
a k(x, t)v(t)dt = L[u1 − v](x)−

f(x) + λ
∫ b
a k(x, t)v(t)dt = L[u1](x)− L[v](x)− f(x) + λ

∫ b
a k(x, t)v(t)dt,

So we obtain

L[v](x) = (L[u1](x)− λ
∫ b
a k(x, t)u1(t)dt)− f(x) + λ

∫ b
a k(x, t)v(t)dt,

v(j)(a) = u
(j)
1 (a)− u(j)(a), 0 6 j 6 n− 1.

(7)
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Now v(x) is the solution of integro-differential equation (7) if and only
if u(x) is the solution of integro-differential equation (6). �

Corollary 2.5. Suppose {uj(x)}m
j=1 is a given sequence of integrable

functions and u(x) is the unique solution of (6). Then

u(x) =
m∑

j=1

(−1)j−1uj(x),

if and only if

f(x) =
m∑

j=1

(−1)j−1[uj(x)− λ

∫ b

a
k(x, t)uj(t)dt],

and

u(i)(a) =
m∑

j=1

(−1)j−1u
(i)
j (a), 0 6 i 6 (n− 1).

Proof. By Theorem 2.4, proof is trivial. �

3. Structure of the Method

Let [Ku](x) =
∫ b
a k(x, t)u(t)dt. To solve integral equations by this method,

first we choose a suitable sequence of functions {ur(x)}r∈J , where J is an
index set, as basis functions and then find the new sequence of functions

wr(x) = [(I − λK)ur](x), r ∈ J.

Then we choose a finite subset w1(x), w2(x), · · · , wm(x) of {wr(x)}r∈J

and corresponding functions u1(x), u2(x), · · · , um(x) for some positive
integer m. Now by Corollary 2.3 we have

f(x) =
m∑

j=1

(−1)j−1cjwj(x), (8)

if and only if

u(x) =
m∑

j=1

(−1)jcjuj(x), (9)
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where cj , j = 1, 2, · · · ,m are constants.
Also for solving the integro-differential equation (6), if we put

zi(x) = [(L− λK)ui](x), i = 1, 2, · · · ,m L =
n∑

j=0

ajD
j ,

for some positive integer m, then by Corollary 2.5 we have

f(x) =
m∑

j=1

(−1)j−1cjzj(x), (10)

if and only if

u(x) =
∑m

j=1(−1)j−1cjuj(x),

bi = u(i)(a) =
∑m

j=1(−1)j−1cju
(k)
j (a), 0 6 i 6 n− 1.

(11)

Note that in some problems, u(x) is the solution of equation (6) and
also u(x) is a solution of L[y](x) = 0. So we have

f(x) = [(L− λK)u](x) = L[u](x)− λK[u](x) = −λK[u](x).

Let {u1, · · · , um} be a set of basis functions and

f(x) = −λ
m∑

j=1

(−1)jcjK[uj ](x).

If v(x) =
∑m

j=1(−1)jcjuj(x) satisfies the initial conditions (11) then
v(x) is the solution of (6). If not, we need to adding some new functions
to the set of basis functions which these functions are the solutions of
equation, L[y](x) = 0 (see examples (4.6) and (4.7)).
We will state more details in examples in the next section.

4. Examples

In this section we demonstrate the strength of our method by using it
to solve some examples. To explain the method we will start with some
simple examples.
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Example 4.1. Consider the equation appearing in [16],

u(x) = cosh(x) + (sinh(1))x+ e−1 − 1−
 1

0
(x− t)u(t)dt, (12)

with the exact solution u(x) = cosh(x).
The sequence of functions ur(x) = erx, r ∈ R−{0} seems to be suitable,
and we have

[(I − λK)ur](x) = ur(x)−
 1

0
(x− t)ur(t)dt = erx −

 1

0
(x− t)ertdt =

erx +
x

r
− er

r
(1− 1

r
)− 1

r2
, r ∈ R− {0}.

Now, we must choose those r’s which are necessary for generating the
function

f(x) = cosh(x)+xsinh(1)+ e−1−1 =
ex

2
+
e−x

2
+
e

2
x− e−1

2
x+ e−1−1.

So r’s must be such that, wr(x)’s expand ex and e−x , and this gives
r = ±1. For r = 1 and r = −1 we have

w1(x) = [(I − λK)u1](x) = (I −K)ex = ex + x(e− 1)− 1,

and

w−1(x) = [(I−λK)u−1](x) = (I−K)e−x = e−x−x(e−1−1)+2e−1−1,

respectively. Rename w−1(x) by w2(x) and u−1(x) by u2(x). So accord-
ing to (8) we choose c1 and c2 such that

f(x) = c1w1(x)− c2w2(x) = c1[(I − λK)u1](x)− c2[(I − λK)u2](x),

i.e.

ex

2
+
e−x

2
+
e

2
x− e−1

2
x+ e−1 − 1 = c1w1(x)− c2w2(x) =

c1[ex + x(e− 1)− 1]− c2[e−x − x(e−1 − 1) + 2e−1 − 1],
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c1[ex + x(e− 1)− 1]− c2[e−x − x(e−1 − 1) + 2e−1 − 1],
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r
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r
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which gives c1 = −c2 = 1
2 and so by (9) we have

u(x) = c1u1(x)− c2u2(x) =
1
2
ex +

1
2
e−x = cosh(x).

The exact solution of (12).

Example 4.2. Consider the integro-differential equation appearing in
[16],

u(x) = xex + ex − x+
 1

0
xu(t)dt, u(0) = 1.

So λ = 1 , and for finding the solution u(x) we apply the operator D−K
on suitable functions to span the known function f(x) = xex + ex − x.
It seems that the functions vr,m(x) = xmerx,m = 0, 1, · · · , r ∈ R are
suitable for generating the other part of the known function, (xex+ ex),
and we have

zr,m(x) = (D−K)(xmerx) = (mxm−1+rxm)erx−x(1
r
tmert−m

r
tm−1ert+· · ·+

(−1)m m!
rm+1

ert)|1t=0 = (mxm−1+xm)erx− 1
rm+1

x(rmer−mrm−1er+· · ·+

(−1)mm!er − (−1)mm!), r = 0.

For r = 0 we have, v0,m = xm,

z0,0(x) = [(D −K)v0,0](x) = −x

and

z0,m(x) = [(D−K)v0,m](x) = mxm−1−
 1

0
xtmdt = mxm−1− x

m+ 1
, m = 0.

For m  3, the degree of z0,m(x) is grater than 2. So to span the
polynomial part of the known function, we only need m = 0, 1, 2, and
moreover,

z0,1(x) = (D −K)x = 1− x

2
andz0,2(x) = (D −K)x2 =

5
3
x.
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But, for expanding (xex + ex) by zr,m(x)’s

(r,m) = (0, 0), (0, 1), (0, 2), (1, 0), (1, 1).

Now, according to (10) we have

xex + ex − x = c1z0,0(x)− c2z0,1(x) + c3z0,2(x)− c4z1,0(x) + c5z1,1(x)

= c1(−x)− c2(1− x
2 ) + c3(53x)− c4(ex − x(e− 1)) + c5(xex + ex − x).

(13)
According to (11) we should have

u(x) = c1v0,0(x)− c2v0,1(x) + c3v0,2(x)− c4v1,0(x) + c5v1,1(x) =

c1 − c2x+ c3x
2 − c4e

x + c5xe
x,

(14)
and

1 = u(0) = c1 − c4. (15)

Now from (13) and (15) we obtain that

c1 = 1, c2 = 0, c3 =
3
5
, c4 = 0, c5 = 1,

and so
u(x) = 1 +

3
5
x2 + xex,

is the exact solution of the integro-differential equation.

Example 4.3. Consider the integral equation appearing in [1],

u(x) = −1
6
(2x3 − 9x+ 2) +

 1

0
|x− t|u(t)dt. (16)

We see that the known function is a polynomial and the kernel is poly-
nomial in parts of interval [0, 1]. So to solve the problem, we use the
polynomial functions as follows.
Putting ur(x) = xr, r ∈ N ∪ {0}, we have

wr(x) = [(I − λK)ur](x) = (I − λK)xr = xr −
 1
0 |x− t|trdt = xr− x

0 (x− t)trdt−
 1
x (t− x)trdt = −2

(r+1)(r+2)x
r+2 + xr + x

r+1 − 1
r+2 .

(17)
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The known function is a polynomial of degree 3. So by (17), r = 0, r = 1
are sufficient, and

w0(x) = −x2 + x− 1
2
, w1(x) = −1

3
x3 +

3
2
x− 1

3
.

So we put
u(x) = c1x

0 − c2x
1,

and

f(x) = −1
6
(2x3−9x+2) = c1w0−c2w1 = c1(−x2+x−1

2
)−c2(−

1
3
x3+

3
2
x−1

3
).

Thus we obtain c1 = 0 and c2 = −1 and so

u(x) = x,

which is the exact solution of (16).
Now we can solve a special integral equation via our new method, which
is not easily solvable by old methods.

Example 4.4. Consider the integral equation:

ϕ(x) = λ

 ∞

0
e−|x−y|ϕ(y)dy. (18)

which is a homogeneous singular integral equation [15, 16].
If we choose the sequence {ur(x)} = {erx}, r ∈ R then we have

λ

 ∞

0
k(x, y)ur(y)dt = λ

 ∞

0
e−|x−y|erydy = λ

 x

0
e−(x−y)erydy+

λ

 ∞

x
e+(x−y)erydy = (

λ

r + 1
− λ

r − 1
)erx − λ

r + 1
e−x, r = −1, r < 1,

and then

[(I−λK)ur](x) = erx− −2λ
r2 − 1

erx+
λ

r + 1
e−x = (

r2 + 2λ− 1
r2 − 1

)erx+
λ

r + 1
e−x.

So according to (8) we must choose those r’s which are necessary for
generating f(x) = 0. So r’s must be such that the coefficients of erx’s
become zero, which gives r2 + 2λ− 1 = 0, with the roots

r1 =
√
1− 2λ, r2 = −

√
1− 2λ.
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Moreover for r1 =
√
1− 2λ and r2 = −

√
1− 2λ we have

u1(x) = ex
√

1−2λ , u2(x) = e−x
√

1−2λ

respectively. Now

u(x) = c1u1(x)− c2u2(x) = c1e
x
√

1−2λ − c2e
−x
√

1−2λ,

and according to (8) we have

0 = f(x) = c1(I − λK)u1(x)− c2(I − λK)u2(x) = c1(I − λK)ex
√

1−2λ

−c2(I − λK)e−x
√

1−2λ = −c1
λ

1 +
√
1− 2λ

e−x + c2
λ

1−
√
1− 2λ

e−x,

which implies that

−c1
λ

1 +
√
1− 2λ

+ c2
λ

1−
√
1− 2λ

= 0.

Thus for any real β we have c1 = β(1 +
√
1− 2λ) and c2 = β(1 −√

1− 2λ). So according to (9),

u(x) = c1u1(x)−c2u2(x) = β[(
√
1− 2λ+1)ex

√
1−2λ+(

√
1− 2λ−1)e−x

√
1−2λ]

is the exact solution of (18).

Example 4.5. Consider the integral equation appearing in [1],

u(x) = (1− 1
π2
)sinπx+ (2− 8

π2
)cos(

π

2
x) +

8(1− x)
π2

+
 1

0
k(x, t)u(t)dt

(19)
where

k(x, t) =

x(1− t), x  t
t(1− x), t < x

.

If we choose the sequences ur(x) = cos(rx) and vs(x) = sin(sx), r, s ∈
R− {0}, then we have

wr(x) = [(I−λK)ur](x) = (I−λK)cos(rx) = cos(rx)−
 1

0
k(x, t)cos(rt)dt =
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which implies that

−c1
λ

1 +
√
1− 2λ

+ c2
λ

1−
√
1− 2λ

= 0.

Thus for any real β we have c1 = β(1 +
√
1− 2λ) and c2 = β(1 −√

1− 2λ). So according to (9),

u(x) = c1u1(x)−c2u2(x) = β[(
√
1− 2λ+1)ex

√
1−2λ+(

√
1− 2λ−1)e−x

√
1−2λ]

is the exact solution of (18).

Example 4.5. Consider the integral equation appearing in [1],

u(x) = (1− 1
π2
)sinπx+ (2− 8

π2
)cos(

π

2
x) +

8(1− x)
π2

+
 1

0
k(x, t)u(t)dt

(19)
where

k(x, t) =

x(1− t), x  t
t(1− x), t < x

.

If we choose the sequences ur(x) = cos(rx) and vs(x) = sin(sx), r, s ∈
R− {0}, then we have

wr(x) = [(I−λK)ur](x) = (I−λK)cos(rx) = cos(rx)−
 1

0
k(x, t)cos(rt)dt =

A DIRECT ANALYTIC METHOD FOR SOLUTION ... 69

Moreover for r1 =
√
1− 2λ and r2 = −

√
1− 2λ we have

u1(x) = ex
√

1−2λ , u2(x) = e−x
√

1−2λ

respectively. Now

u(x) = c1u1(x)− c2u2(x) = c1e
x
√

1−2λ − c2e
−x
√

1−2λ,

and according to (8) we have

0 = f(x) = c1(I − λK)u1(x)− c2(I − λK)u2(x) = c1(I − λK)ex
√

1−2λ

−c2(I − λK)e−x
√

1−2λ = −c1
λ

1 +
√
1− 2λ

e−x + c2
λ

1−
√
1− 2λ

e−x,

which implies that

−c1
λ

1 +
√
1− 2λ

+ c2
λ

1−
√
1− 2λ

= 0.

Thus for any real β we have c1 = β(1 +
√
1− 2λ) and c2 = β(1 −√

1− 2λ). So according to (9),

u(x) = c1u1(x)−c2u2(x) = β[(
√
1− 2λ+1)ex

√
1−2λ+(

√
1− 2λ−1)e−x

√
1−2λ]

is the exact solution of (18).

Example 4.5. Consider the integral equation appearing in [1],

u(x) = (1− 1
π2
)sinπx+ (2− 8

π2
)cos(

π

2
x) +

8(1− x)
π2

+
 1

0
k(x, t)u(t)dt

(19)
where

k(x, t) =

x(1− t), x  t
t(1− x), t < x

.

If we choose the sequences ur(x) = cos(rx) and vs(x) = sin(sx), r, s ∈
R− {0}, then we have

wr(x) = [(I−λK)ur](x) = (I−λK)cos(rx) = cos(rx)−
 1

0
k(x, t)cos(rt)dt =



�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��

�� �� �� ��������� ��� �� �� ������ ������

��������
� �

�
����������������

� �

�
���� ����������� � ��� �

��
�������

�
��
������ � �� ���

�����

����� � ����������� � ������
� �

�
���� ����������� � ��� �

��
�������

�

��
�������

����� �� ���� �� ���������� ������� ����� ��� ����� ����

���� � ��� �
��
������� �

��
����

�

�
�� �

���� ��
��

�

�� ���� ���� � � � ��� � � �
� � ��

���� � ���������� ��������� � ������
�

�
��� ����������

�� ��� ���� ��

���� � ��� �
��
��������� �

��
����

�

�
�� �

���� ��
��

�

������
�
��
�����

�

�
��� �

��
������

�

�
��������������

�
��
���������

�

�
��������

����� ����� �� � �� �� � ��� ����

���� � ������� � �����
�

�
���

�� ��� ����� �������� �� �����
���� ���� � ���� �� ���� �� � ����������� �� �� ������� �� ���� ���
��� �������� ��������� ��� ��� ���� ������� ��� ��������� ������� ���
������� ���� ����������

��� ��������� ������� ����� ���� ����������� �������� �� ������� � � ��
����������

������� ���� �������� ��� ������������������� ��������

��� � � � �� ��
� �
� ������� ���� � �� ����� � ��



A DIRECT ANALYTIC METHOD FOR SOLUTION ... 71

The known function and the kernel of equation are polynomial of degree
zero, so the set of functions un(x) = xn, n = 0, 1, · · · seems to be suitable,
and we have

wn(x) = [(L− λK)un](x) = [D2 − I −K](xn) =

n(n− 1)xn−2 − xn − 1
n+ 1

, n > 2,

w0(x) = [(L− λK)](1) = −2, w1(x) = [(L− λK)](x) = −x− 1
2
.

By comparison between wn(x) and f(x) = 1 − e, only w0(x) can span
f(x), so only u0(x) = 1 must span u(x). But by considering initial
conditions, we find that u0(x) = 1 can not span u(x). Therefore we
consider the linear independent functions {ex, e−x}, the solutions of 0 =
L[u] = u′′ − u as the basis functions and hence

z1(x) = [(L− λK)](ex) = [D2 − I −K](ex) = 1− e,

z2(x) = [(L− λK)](e−x) = [D2 − I −K](ex) = e−1 − 1.

Now we have

1−e = f(x) = c1w0(x)−c2z1(x)+c3z2(x) = c1(−2)−c2(1−e)+c3(e−1−1),

u(x) = c1 − c2e
x + c3e

−x,

1 = u(0) = c1 − c2 + c3,

1 = u′(0) = −c2 − c3.

So obviously c1 = c3 = 0, c2 = −1 and then

u(x) = ex,

is the exact solution of equation.

Example 4.7. Consider the integro-differential equation appearing in
[8] and [17],

u′(x)− u(x) = f(x) +
∫ 1
0 sin(4πx+ 2πt)u(t)dt, u(0) = 1, (20)
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with

f(x) = (6π− 1)cos(2πx)− (2π+3)sin(2πx)− 1
2
[sin(4πx) + 3cos(4πx)].

To solve this equation we choose two sequences of functions

ur(x) = cos(rx), r ∈ R− {0}

vs(x) = sin(sx), s ∈ R− {0},

and obtain

wr(x) = [(D−I−K)ur](x) = (D−I−K)cos(rx) = −rsin(rx)−cos(rx)−
 1

0
sin(4πx+2πt)cos(rt)dt = −rsin(rx)−cos(rx)+ 1

2(2π + r)
cos(4πx+r)−

1
2(2π − r)

cos(4πx− r) + [
1

2(2π − r)
− 1
2(2π + r)

]cos(4πx), r = ±2π.

Also we have

w±2π(x) = (D − I − λK)u±2π(x) = (D − I − λK)cos(2πx)

= −2πsin(2πx)
−cos(2πx)− 1

2sin(4πx),
and

zs(x) = (D−I−λK)vs(x) = (D−I−λK)sin(sx) = scos(sx)−sin(sx)−
 1

0
sin(4πx+2πt)sin(st)dt = scos(sx)−sin(sx)− 1

2(2π − s)
sin(4πx−s)+

1
2(2π + s)

sin(4πx+ s) + [
1

2(2π − s)
− 1
2(2π + s)

]sin(4πx), s = ±2π.

Moreover we have z±2π = ±z2π and
z2π(x) = (D − I −K)v2π(x)

= (D − I −K)sin(2πx) = 2πcos(2πx)
−sin(2πx)− 1

2cos(4πx).
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By equality the coefficients we obtain the linear system of equations:

−2πc1 − c3 = −(2π + 3)
−c1 + 2πc3 = 6π − 1

−1
2c1 + 4πc2 + c4 + 1−e

1+4π2 c5 = −1
2

c2 − 1
2c3 − 4πc4 − 2π(1−e)

1+4π2 c5 = −3
2

c1 − c2 + c5 = 1

which has the unique solution

c1 = 1, c3 = 3, c2 = c4 = c5 = 0.

So the exact solution of integro-differential equation is given by

u(x) = cos(2πx) + 3sin(2πx).

5. Conclusion

In this paper we have proposed a new method for solution of linear FIE’s
and FIDE’s of the second kind. This method is not a general method
for solving these equations. Moreover, this method can simply find the
solutions of the equations with known functions and kernels, which can
be polynomials or exponential functions or sin(rx) or cos(rx), r ∈ R or
products of such functions. We also hope to be able to use this method for
solving other kinds of linear integral and integro-differential equations
(such as Volterra-Fredholm integral and integro-differential equations).
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