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Abstract. In this paper, we prove that a three-step iterative algorithm
converges strongly to the solution of a functional Volterra integral equa-
tion of the second kind. We also show the solution presented in the con-
vergence theorem can obtain by removing a strong restriction imposed
on the control sequence. Finally, we analyse the data-dependence result
by using this iterative algorithm, and to support obtained result we give
an example.
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1 Introduction

Most of the problems encountered in real life can be expressed with non-
linear equations. It is not always possible to find exact solutions to these
non-linear equations. In this context, a lot of studies are devoted to ob-
taining an approximate solution of these equations (see [1], [5], [23], [29]).
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Fixed point theory, which is founded to show the existence and unique-
ness of the solution of differential equations and integral equations, is a
very important mathematical tool used in a wide range of science such as
optimization [3], computing algorithms [2], economics [0], variational in-
equalities [27], complementary problems [12], and equilibrium problems
[26]. Volterra integral equations are used in modelling some problems
encountered in many disciplines, especially in mathematical physics, en-
gineering, and biology. Fixed point iteration methods are used as an
effective tool to reach the solution of these equations. The iterative ap-
proximation is one of the important topics in fixed point theory (see [10],
[18], [30]) and references therein. Hence, fixed point iterative algorithms
have been studied by many researchers to solve integral equations (see
81141, [9], [11], [16], [19]).

Many classical results are usually obtained using the Bielecki’s norm
based on the Banach Contraction Principle in demonstrating the ex-
istence and uniqueness of the solution of the second kind of Volterra

functional integral equations (see [7],[17]).
In this paper, we study the following functional Volterra integral
equation of the second kind which has been considered in [21] with

Chebyshev’s norm instead of Bielecki’s norm:
t

a:(t):A/K(t,s,m(s))ds+f(t),t€[—I,I], (1)
“t
for some I > 0 and A € R, where K € C ([-1,I] x [-I,I] xR) and f €
C'[—I,1]. Define the integral operator T : C'[-1,I] — C [-1,I] by
¢
Tx(t) = )\/K (t,s,z(s))ds+ f(t). (2)
Zt

In order to solve the integral equation (1) one can characterize this
matter as a fixed point problem for 7" as under:

x="Tx.
Let X = C[-1,I] equipped with Chebyshev norm

= t cX
[l nax lz(t)], =
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and B = {zx € C[-1,1I] : |z — f|| < R}, for some R > 0. Then (X, ||.))
is a Banach space and Br C X is closed in X.

The author in [21], obtained the existence and uniqueness of the so-
lution (1) by using the contraction principle under following conditions:

Theorem 1.1 ([21]). Let K € C ([-1,I] x [-1,I] xR) and f €, C'[-1,1].
Assume that:

i. there exist a function m : [—I,I] — Ry such that
|K(t,s,u) — K(t,s,v)] <m(s)|u—0v]|,

forallt,s € [—1,I] and all u,v € [R; — R, Ry + R]
where Ry = minye_y 1) f(t) and Rey = maxyc_j 1) f(t)-

I
0= |l /m(s)ds < 1.
—1
2\ Mgl < R.
where My = max |K(t,s,u)| over all t,s € [—1I,1]
and allw € [R; — R, Ry + R).
Then

(a) Equation (1) has a unique solution x, € BR;
(b) the sequence of successive approrimations
Tpt1 =Ty, n=0,1,2,...
converges to the solution x, for any initial point xo € BR.

Now, we have the following question:

Can another fized point iterative algorithm be chosen for faster con-
vergence to the solution of the functional integral equation (1)?
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We give an affirmative answer for this question by using the following
iterative algorithm which is defined by Karakaya et al [14]:

xo € X,
Tnt1 = TYn, (3)
Yn = (1 - Un) Zn + vpT 2y,
zZn = Tz,
in which X is a Banach space, T is a self-map of X and {v,},~, € [0,1].
The reason why we chose the iterative algorithm (3) in this study
is that it is completely independent of classical fixed point algorithms
such as Picard [24], Mann [20], Ishikawa [13], Noor [22], S [25], and
Picard-Mann [15] as well as being superior to these algorithms in terms
of convergence speed for contraction mappings. Together with the con-
vergence results we obtained in this study, the result of data dependency
is proved for the first time for equation (1).

Lemma 1.2. [28] Let {5, },~, be a sequence that satisfies the following
iequality for all n > ny:

Brt1 < (1 - :Un) Bn + tnYn,

in which p, € (0,1), for alln € N, > p, = 0o and v, > 0, Vn € N.

Then the following inequality holds:

0 <lim sup B, <lim sup ;.
n—oo n—oo
2 Convergence Theorems and Data Dependence
Analysis
In the following theorems, we show that the convergence result can be

obtained for equation (1) under suitable conditions, and we also examine
the data dependence result through the iterative algorithm (3).

Theorem 2.1. Suppose that all the conditions given by Theorem 1.1
are fulfilled. Consider the control sequence {vn},-, € [0,1] with the

o0
condition Y vy, = oo in (3). Then
n=0
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1. integral equation (1) has a unique solution in Br, say .,
1. iterative sequence (3) converges to x..

Proof. Let {z,},-, be iterative sequence generated by iterative algo-
rithm (3) for the operator T : B — Bp defined by (2). We will show
that z,, — z. as n — oo.

From (2), (3), and assumptions i — iii given in the Theorem 1.1, we
have

(o1 () =2 ()] = [T (yn (1)) = T (2 (2))]

_ )\/K(t,s,yn (s)) ds + (1)

t

- A/K(t,s,x* (s))ds + £(t)

t

< I / K (1, 5,y (3)) — K (1,5, 2. (5))] ds
[t]
< W[ ) (5) = 2 (5) s (4)
—t|
[t]
< A flyn — . / m(s)ds
—|¢|
< Oy -,

and

(1= wn) 20 (t) = 2« ()] + 05 [Tz () — T (1))

(1= wn) [2n () = 2 (2)]

+vp |A| / |K (t,s,2n (s)) — K (t, 5,24 (5))| ds

|yn (t) — Lx (t)|

IAIN
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IN

(1= wn) [2n (1) — 2 (1)]

Fom A / m(s) |20 () — 7 (5)| ds
i

(1 —vn) llzn — 4|

IN

4
+ A v (120 — 4] /m(s)ds.
e
Then,
lyn (1) =2 (B)] < [L=vn (1= 0)] [lzn — ],
and

2n () =2 (O)] = [T (zn (1)) = T (2« (1))]

[)\/K(t,s,xn (s))ds+ f(t)]

A / K (t, 5,2, () ds + f(t)]

t

IA

A / K (15,20 () — K (£, 5,22 ()| ds

||
N / m(5) |z (5) — a ()] ds

—

IN

It

Al |7 — 2. / m(s)ds

— 1l

IN

IN

O f|lwn — @ -
Substituting (6) in (5) and (5) in (4), respectively, we obtain

st — ] < 82 [1 = v (1= 8)] e — ..
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By repeating this process n-times, we obtain

[ — 2| 0% [1 = vn—1 (1= 0)] [lwn—1 — ]

<
len—1 =@l < 621 = vn—z (1= 8)][|zn—2 — 2|

0% [1 —vo (1= )] [lwo — .-

IN

[Ea

Then

|1 — 2] < DY T =0 (1= 8)][lzg — ] (8)
=0

From the classical analysis, we have 1 —x < e™®

fact with (8), we obtain

. Hence by using this

~(1-8) 3 v
| Zngr — || < |lzo — @] 62 e ="

which yields lim, o0 ||z, — 24| =0. O
The following theorem indicates that the convergence result can be ob-

o0
tained without the condition ) v, = oo for the sequence of {v,},~, €

n=0
[0, 1]:

Theorem 2.2. Assume that all the conditions given by Theorem 1.1 are
fulfilled. Then

i. integral equation (1) has a unique solution in Br, say .,
1. iterative sequence (3) converges to x..

Proof. Since {v,},~, € [0,1] and § < 1, we have [1 — v, (1 —9)] < 1.
By using this fact with the inequality (7), we obtain

201 = 2| < 62 [l — 2]

From the above inequality, we get

n+1

|1 = 2| < 82O g — ]
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which implies that lim, o ||Zn, — 24| =0. O
In order to examine the data dependence result of integral equation (1),
we consider the following equation:

t

S (u(t)) = )\/Kl (t, 5, u(s)) ds + g (), ()

—t

in which Ky € C([-I,I] x [-I,I] xR) and g € C'[-1,I].
Define the following algorithm by using the operators T' given by (2)
and S given by (9), respectively:

(

Tl = A j K (t,s,yn(s))ds + f (t),

—t

Yn = (1 —vp) 2n + v )\_ftt K (t,s,zn(s))ds+ f ()|, (10)
Zn = )\_fZK(t,s,xn(s))ds+f(t),
and
Upy1 = )\jt Ky (t,s,vp(s))ds+ g (1),
Yn = (1 —vp) wy, + vy Aftt K (t,s,wn(s))ds+g(t)], (11)

Wy = A ft K (t,s,un(s))ds+g(t),

—t

in which {v,}°%, € [0,1], K,K; € C([—1,1] x [-I,I] xR) and f,g €
Cl-11].

Theorem 2.3. Let {xy},,_, and {u,},—, be iterative sequences gener-
ated by (10) and (11). Asssume that the control sequence {vn},—, in
[0,1] satisfies % < wy for alln € N. Suppose

Al. z, and u, are solutions of equations (2) and (9) respectively, and
all the conditions of Theorem 2.1 hold;
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A2. there existe; > 0 andeg > 0 so as to |K (t,s,u) — Ki (t,s,u)] < e
and |f (t) — g (t)| < Rseq, for allt,s € [—1,1], where Rg = ML;{.

If {un},” g = us asm — oo, then

5 [61 =+ 52] R3

=% (12)

[ = wa]| <

Proof. Using (2), (3), (9), (11) and assumptions (i) — (¢i7) and (A2),
we obtain

[Zn41 (1) = unta (O] = [T (yn) (2) = 5 (vn) (1)

)\/K(t,s,yn(s))ds+f(t)]
Zt

t

)\/Kl (t,s,vn(8))ds + g (t)

—t

< )\/K(t,s,yn(s)) ds] - [)\/K(t,s,vn(s))ds]
¢ ¢
+ )\/K(t,s,vn(s))ds] - )\/Kl (t,s,vn(9)) ds]
HE®-g ). (13)
So, we get
[Trg1 (1) —uny1 (B)] <

A / K (1,5, (3)) — K (£,5, 00 (5))] s
t

A / K (1, 5,0 (5)) — K1 (5,0 (5))]| ds

+1f () =g @)



10 Y. ATALAN AND S. MALDAR

IN

<
<
<
Similarly,
Yyn (t) —vn (H)] <
<
+vn
+vp,

[t]
N / m(5) g (5) — vn (5)] ds
“Je
[t]
+Ar/slds+rf<t>—g<t>|
—[t]
[t]
A 19 — vl / m(s)ds + 2 | [t e1 + 1 () — g (1)
—|t|
5 llym — vll + 2N [Tler + 17 () —g (O] (4 <T)
o Hyn - vnH + R3e1 + Raes.

(1 —vp) |20 (t) — wp, (B)] + v [Tz (t) — Swy, ()]
(1— Un) |20 (t) — wy, (t)‘

t

_)\/K(t,s,zn(s))ds] _ !A]K(t,s,wn(s))ds]

L —t
t

AjK(t,s,wn(s))ds] -

)\/Kl (t,s,wn(s))ds

—t

Conlf (1) — g (8)

IN

(1-

Un) |2n (t) — wp (1)]

+up, [\ / |K (t,s,2n (s)) — K (t,s,wy (s))|ds

+vn

+vn

So, we get

])\|/|K(t,s,wn (5)) = Ky (1, 5, wn ()] ds

[f () =g @)

yn () —vn ()] < (1= wn) |20 (8) — wn (1)
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Similarly,

[2n () — wn (2)]

IN

IN

sun ) [ euds +onlf 0 -9 0)
— |t
1= va(1 = 8)] 2 — wal
120, N T 21 + v £ (1) — g ()
[1 = vn(1 = 0)]||lzn — wal|
+v, R3e1 + vy R3e0. (14)

IN

IN

T () () = S (un) (t)]
)\/K (t,s,xn(s))ds + f (t)]

— [A/tKl (t, s, un(s ))ds—i—g()]
)\/ths:vn ds] /\/ (t, s,un(s))d8]

+ )\/K(t,s,un(s)) ds] - |:)\/K1 (t,s,un(s))d5:|
+|f(t) g9 @)
|)\\/\Ktswn K (t,s,u, (s))|ds

+|)\|/\K (5,1 (5)) — K1 (£, 5, un (5))| ds

+1f () =g @)
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It

A / m(5) [z () — un (5)]| ds
—t|
||

I /alds+|f<t>—g<t>\.

=l

IN

So, we get

L]

2 (1) —wn ()] < [Al[J2n — un| / m(s)ds + 2 |A|[t|er + | f () — g (2)]
=t

< Ollon —uall F2A[[T]er +[f () —g ()] (] <T)

< ¢ ||:Cn — unH + Rseq1 + Rses. (15)

Substituting (15) in (14) and (14) in (13), respectively, and using § < 1,
we obtain

[Zn1 = tngall < [1—on(l=0)][[zn — unll
+ (2R3 + v R3) &1
+ (2R3 + v, R3) 3.

By using % < vy, in the above inequality, we get

[#n41 = tna| < [ —on(1=08)][lzn — unl|
+5v, R3e1 + bvu, R3eo

= [1—vp(l = )] ||z — unl

5(e1 +e2)R3

+u, (1 =9) s

(16)
Choose

/Bn = Hxn_un”a
Hn = Un(1_5)6(0a1)7

5(€1+€2)R3
= —— =2 " >(.
n -5 -
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o0
Since % < v, for all n € N we have ) v, = 0o. So, all the conditions
n=0

of Lemma 1.2 are hold. Hence

o R
0 < lim sup ||xn - UnH < lim sup M

From Theorem 2.1, we have lim,,_, x, = z.. By using this and the
assumption wu, — u, as n — oo, we get

5(61 + 82)R3

* — Wx <
e —w < 25

Example of Data Dependence

Example 3.1. Let’s consider the following equation

t

1 —9
x(t):/st+(—2t2+3t+2), tel-1,1],

where A = 1i5, K(t,s,u) = 252% and f(t) = —2t? 4+ 3t +2. Let R = 1.
Then

1807 1

Ry = f(-1)=-3,
Ry = f(1)=3.

We have My = (Ry + R)? = 16 and hence 2 |A\| MgT = % <1=Rand
R3 = %. Also we have

1
’K(t787u) —K(t,S,'U)‘ = g]u—vl

1

By choosing m(s) = £, we obtain

-5

1

1 (1 1
§=— [ Zds=— <1.
180/58 150
-1
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Let T : C'[—4,4] — C[—4,4] be as follows:

¢

1 5s — 2

T (z (1) = /‘910st+ (=262 + 3t +2). (17)
¢

It can be seen from the following operations that T is a contraction

mapping:

[Tz (t) = Ty (t)]
1

_ 1/ {55—2x(s)d8_ 55— 2y(s)]

180 10 10
-1

1

o [ 1966) — x(o)] ds.

-1

IA

From the property of Chebyshev norm, we get

1
Tx—-T < — d
7o~ Tyl < o lle ol [ ds
]

Now, consider the following integral equation:

t
53—2:1: 1 3 9 3
/[ 10} d5+<—2t + 3t + 2> te[-1,1].
—t

Let S : C'[—4,4] — C[—4,4] be as follows:

S(u(t))zléo/[&glzx(s)—s 110} ds + (—;t2+3t+;>. (18)

It can easily be seen that S is the approximation operator of T'.
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As a result all the conditions of Theorem 2.1 are hold by the equa-
tions (17) and (18). Hence, the convergence of the algorithm (3) to x.
and u., is obtained in C[—4,4].

Then,
1 11
|K(t,s,u) — K(t,s,v)| = 510 gﬁzgl,
1, 1] 1, 5 1
- = |-+ Z|=z1-8|<Z=¢e
1O -901=| 52 +3| =5 -# <5 ==

From the above processes, all the conditions of Theorem 2.3 are hold.
Hence

|z — us]| < 0.502.

4 Conclusion

Theorem 2.1 shows that a three-step iterative algorithm can be used
effectively for the functional Volterra integral equation of second type
(1) in which the existence and uniqueness of its solution are guaranteed.
Also, Theorem 2.2 shows that the convergence result of this equation can
be obtained without the condition given for the control sequence {vy, }o-
belonging to the iterative algorithm (3). In addition, with Theorem
2.3, the concept of data dependency was obtained for the first time for
equation (1), and this result was supported by the numerical example
(3.1).

References

[1] A. Amara, S. Etemad, and S. Rezapour, Approximate solutions for
a fractional hybrid initial value problem via the Caputo conformable
derivative, Adv. Difference Equ., 2020(1) (2020) 1-19.

[2] LK. Argyros and S. Hilout, Computational Methods in Nonlinear
Analysis: Efficient Algorithms, Fixed Point Theory and Applica-
tions, World Scientific Publishing Company Incorporated, (2013)



16

3]

[10]

[11]

Y. ATALAN AND S. MALDAR

Y. Atalan, V. Karakaya, Iterative solution of functional Volterra-

Fredholm integral equation with deviating argument, J. Nonlinear
Convexr Anal, 18(4) (2017), 675-684.

Y. Atalan, Iteratif Yaklagim Altinda Bir Fonksiyonel—integral Den-
klem Smifinin Coziimiiniin Incelenmesi, J. Inst. Sci. Techn, 9(3)
(2019), 1622-1632.

D. Baleanu, S. Etemad, H. Mohammadi, and S. Rezapour, A novel
modeling of boundary value problems on the glucose graph, Com-
mun. Nonlinear Sci. Numer. Simul., 100(2021) , 105844.

K. C. Border, Fized point theorems with applications to economics
and game theory, Cambridge University Press, (1989)

L. P. Castro, and A. M. Simoes, Hyers-Ulam-Rassias stability of
nonlinear integral equations through the Bielecki metric, Math.
Methods Appl. Sci., 41(17) (2018), 7367-7383.

L. C. Ceng, Q. Ansari and J. C. Yao, Some iterative methods for
finding fixed points and for solving constrained convex minimization
problem, Nonlinear Anal., 74(16) (2011), 5286-5302.

F. Gursoy, Applications of normal S-iterative method to a nonlinear
integral equation, The Sci. World J., (2014), 1-5.

F. Gursoy, M. Ertiirk, A. R. Khan and V. Karakaya, Analytical and
numerical aspect of coincidence point problem of quasi-contractive
operators, Publ. Inst. Math., 105(119) (2019), 101-121.

E. Hacioglu, F. Gursoy, S. Maldar, Y. Atalan, and G. V. Milo-
vanovic, Iterative approximation of fixed points and applications to

two-point second-order boundary value problems and to machine
learning, Appl. Numer. Math. 167 (2021), 143-172.

G. Isac, Complementarity problems, Springer-Verlag, (1992)

S. Ishikawa, Fixed points by a new iteration method, Proc. Amer.
Math. Soc., 44(1) (1974), 147-150.



DATA DEPENDENCE FOR VOLTERRA INTEGRAL EQUATION 17

[14] V. Karakaya, Y. Atalan, K. Dogan and NEH. Bouzara, Some Fixed
Point Results for a new three steps iteration process in Banach
spaces, Fized Point Theory, 18(2) (2017), 625-640.

[15] S. H. Khan, A Picard-Mann hybrid iterative process, Fized Point
Theory Appl., 1 (2013), 1-10.

[16] J. Khazaeian, N. Parandin, F. Yaghobi and N. Karamikabir, De-
veloping an iterative method to solve two-and three-dimensional
mixed Volterra-Fredholm integral equations, J. Math. Ext., 16(2)
(2022), 1-18.

[17] N.Lungu and I. A. Rus, On a functional Volterra-Fredholm integral
equation via Picard operators, J. Math. Inequal., 3(4) (2009), 519-
527.

[18] S. Maldar, Yeni Bir Iterasyon Yontemi Icin Yakinsaklik Hizi, J.
Inst. Sci. Tech., 10(2) (2020), 1263-1272.

[19] S. Maldar, On Iteration Method to The Solution of More General
Volterra Integral Equation in Two Variables and a Data Depen-
dence Result, Celal Bayar Univ. J. Sci., 17(3) (2021), 313-318.

[20] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math.
Soc., 4(3) (1953), 506-510.

[21] S. Micula, On some iterative numerical methods for a Volterra func-
tional integral equation of the second kind, J. Fized Point Theory
Appl., 19(3) (2017), 1815-1824.

[22] M. A. Noor, New Approximation Schemes for General Variational
Inequalities, J. Math. Anal. Appl., 251(1) (2000), 217-229.

[23] N. D. Phuong, F. M. Sakar, S. Etemad, and S. Rezapour, A
novel fractional structure of a multi-order quantum multi-integro-
differential problem, Adv. Difference Equ., 2020(1) (2020), 1-23.

[24] E. Picard, Mémoire sur la théorie des é quations aux dérivées par-
tielles et la méthode des approximations successives, J. Math. Pure.
Appl., 6 (1890), 145-210.



18

[25]

[30]

Y. ATALAN AND S. MALDAR

D. R. Sahu, Applications of S iteration process to constrained mini-
mization problems and split feasibility problems, Fized Point The-
ory, 12(1) (2011), 187-204.

Y. Shehu, Iterative Methods for Family of Strictly Pseudocon-
tractive Mappings and System of Generalized Mixed Equilibrium

Problems and Variational Inequality Problems, Fized Point Theory
Appl., (2011), 1-22.

A. Siddiqi and Q. Ansari, An iterative method for generalized vari-
ational inequalities, Math. Japonica, 34(3) (1989), 475-481.

S. M. Soltuz and T. Grosan, Data dependence for Ishikawa iteration
when dealing with contractive like operators, Fized Point Theory
Appl., (2008), 1-7.

C. Thaiprayoon, W. Sudsutad, J. Alzabut, S. Etemad, and S. Reza-
pour, On the qualitative analysis of the fractional boundary value
problem describing thermostat control model via -Hilfer fractional
operator., Adv. Difference Equ., 2021(1) (2021), 1-28.

K.A. Zakeri, M.A.F. Araghi and S. Ziari, Iterative approach for a
class of fuzzy Volterra integral equations using block pulse func-
tions, J. Math. Ezt., 16(7) 1-17.

Yunus Atalan

Department of Mathematics
Associate Professor of Mathematics
Aksaray University

Aksaray, Turkey

E-mail: yunusatalan@aksaray.edu.tr

Samet Maldar

Department of Mathematics
Assistant Professor of Mathematics
Aksaray University

Aksaray, Turkey

E-mail: mmaldar@aksaray.edu.tr



	1 Introduction
	2 Convergence Theorems and Data Dependence Analysis
	3  Example of Data Dependence
	4 Conclusion
	References

