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1 Introduction and Preliminaries

Schauder [23] used Compactness in fixed point theory and G. Darbo
in 1955 [18] used non compactness and non compact operators in fixed
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point theory. The foremost aim of study of non compact operators is
to create a new family of operators which transform the bounded set to
compact set.

Definition 1.1.[20] Let M be a metric space and N be its subset then
Kuratowski’s measure of non compactness is defined as

~v(N) =inf {9 >0:N=UL N;
for some N; with diam(N;) < 0,1 <i<n< oo}.
Here diam (N;) = sup{d(a,b) : a,b € Nj,i =1,2,--- ,n} .

Definition 1.2. [13] Let S be a Banach space and N be a non empty
bounded subset of Ng, where Ng denotes the family of non empty subsets
of S. Then the mapping 0 : Ng — [0,00) is called Hausdorff measure of
non compactness of N C Ng and is defined as

§(N) = inf {a >0:N has a finite o — net in S}.

Definition 1.3.[13] Let (M,d) be a complete metric space and N be
a non empty bounded subset of Nps, where Nys denotes the family of
non empty subsets of M. Then the mapping § : Ny — [0,00) is called
Hausdorff measure of non compactness of N C Ny and is defined as

O(N) = inf{a >0:NCUY B(xj,r),x; € M,ry < i =1,2,3, ,n}

Definition 1.4. [13] Let (M,d) be a complete metric space and N be
a non empty bounded subset of Nys then the mapping € : Ny — [0, 00)
1s called Istratescu measure of non compactness of N C Njs s.t

e(N) = inf {ﬁ > 0: N has no infinite § — discrete subsets}.

Theorem 1.5.[13] Let (M,d) be a complete metric space. If {¢n} be

a decreasing sequence of non-empty, closed and bounded subsets of M

s.t im ~y(¢yn) = 0 then the intersection ¢oo = (ey Pn is non empty and
n—oo

compact subset of M.
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Proposition 1.6. Let N, N1 and N2 be non empty and bounded subsets
of a complete metric space (M,d) then

v(N) =0 <= N is compact, N is the closure of N

Y(N) =~v(N)

N1 € Ny = y(N1) < y(N2)

(N1 U N2) = maz{y(N1),v(N2)}
(N1 (1 N2) < min{y(N1),v(N2)}

Grds Lo o =

Proposition 1.7. Let N, N1 and No be non empty and bounded subsets
of a complete metric space (M,d) then

§(N) =0 <= N is compact, N is the closure of N

§(N) = 6(N)

If N1 C Ny — 5(N1) < (5(N2)

5(N1 U NQ) = max{é(Nl), 5(N2)}

5(N1 m NQ) S min{é(Nl), (5(N2)}

Srds fo o =

Proposition 1.8. Let N, N1 and No be non empty and bounded subsets
of a Banach space (S, ||.||) over F then

2. (N+z) =§(N),Vze s

3. 6(A(N) = |\o(N),YA e F

4. 8(N) = 9(Conv(N)), where Conv(N) is the conver hull of N

Note: Similar Properties hold for Istratescu measure of Non Compact-
ness

Theorem 1.9.[13] Schauder’s fixed point theorem: Let S be a
Banach space and X be a non-empty bounded subsets of S then every
continuous mapping P : X — N has atleast one fized point. We use ab-
breviation S. f. t for Schauder’s fixed point theorem throughout the paper.

Definition 1.10.[13] A function mx : us — R4 (where S is the Ba-
nach space and s is the family of all non empty bounded subsets of S)
s said to be measure of non compactness in the space S if it satisfies
the following conditions.
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1. The family Ker mx = {E € ps : m*(E) = 0} is non empty and
Ker m* C v,, where vy is the family of non empty relatively compact
subsets of S.

2. F1 C Ey = m*(El) < ’I?’L*(EQ)

4. m*(E) = m*(conv(E))

5 m*{AEL + (1 — \)(E2)} < Am*(Eq) + (1 — N)m*(E2),V € [0,1]

6. If {E,} is a sequence of closed sets from ps such that E, 1 C E, for

n=1,2,3,.... and lim m*(E,) = 0, then the intersection Ex = N2, E,
n—oo

18 mon empty.

Definition 1.11. Let X be a non empty bounded, closed and convex
subset of a Banach space S. A self mapping P : X — N is said to be
a m* contractive mapping if there exists some constant k € (0,1) s.t
m*(P(E)) < km*(E), for non empty subset E of N.

Theorem 1.12.[5] Darbo’s fixed point theorem: Let S be a Ba-
nach space and N be a non-empty, closed and bounded subsets of S and
let mapping P : X — N be continuous and if P is a mx* contraction then
P has atleast one fixed point.

Definition 1.13.[14] Let T be a non empty set then T is said to be
an algebra if

1. ((T,+,.) is a vector space over F,

2. (T,+,0) is a ring and

3. (ea) ob=a(aob) =ao(ab), Va € Fand a,be T.

Definition 1.14.[11] If T is an algebra and |.|| a norm on T satis-

fying ||ab|| < ||a|l||b]|, Va,b € T then the pair (T, ||.||) is called normed

algebra. A complete norm algebra T is called Banach algebra.

For example, let K be a compact Hausdorff space and T = C(K) then

with respect to point wise multiplication of functions, T is a commu-

tative unital algebra with norm || f|lec = sup |f(t)| is a Banach algebra.
teK

For more details about Banach algebra and measure of non compactness

one may refer to ([1]-[4], [6]-[7], [9)-[12], [15]-[17], [19], [21]-[22], [24]) and

references therein.
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Note: mx is the measure of non-compactness satisfying the conditions
of definition 1.5. Now if the Banach space S has the structure of Ba-
nach algebra T" and for given subsets E1, Es of ur, let E1FEy = {ab:a €
E1,b € Ey} then the following inequality holds

m*(E1Eg) < ([|Evl[)m + (E2) + ([[Ez|[)m * (E1).

The foremost goal of this paper is to prove common fixed point theo-
rem for two and three commuting mapping in Banach algebra by using
measure of non compactness.

2 Common Fixed Point Theorem For Two Con-

tinuous Linear Operators On Banach Algebra
T

Theorem 2.1. Let X be a non empty bounded, closed and convexr sub-
set of the Banach algebra T and operators Pi, Py, Q1, Q2 transforms X
into T' are continuous such that P;(R), Po(R), Q1(R), Q2(R) are bounded.
Suppose P = P1Q1 and Q = P>Q9 be the operators from N into N are
continuous and Q) is linear such that

Q(P(E)) C P(E), ECX

. If the operators Py, Po,Q1, Q2 on set N satisfies the following condi-
tions

where E is the non empty subset of X, m* is an arbitrary measure of non
compactness defined on pr and &1, 82,8, &, are non decreasing functions
from Ry to R4 such that

lim &F(z) =0,

n—o0
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. m _
Jim &%(z) =0,
. m _
gl &2 () =0

and

Tim (1P )+ Q1) 160" () =0,
Tim (12206 + Q20 161" () = 0.

for any x > 0, then P and @ have a common fized point.

Proof. Let E be a non empty subset of X. Then in view of the as-
sumption that m* is a measure of non compactness defined on pr, we
have

m*(P(E)) = m"(PQi(E))
< m (P(E)Qi(E))
< mH(Qi(E)|[P(E)|[+m* (P (E))||Q1(E)]
< mH(QUEN|P )|+ m* (P (E)][Q1(W))]]
< Sa(m(B)|[PL(N)]] + &1 (m™ (E)]|Q1 (W]
= (QIPM)+ E)u®))m (E)  (2.1)

Let
Y1(x) = ((E)[PLN)[] 4+ (E)Q1N)) ().

So from equation 2.1, we have

m*(P(E)) < ¢1(m*(E)).
Similarly,

m*(Q(E)) < o(m*(E)),
where ¢2(z) = ((&2)[[P2(N)[] + (€DIQ2(N)|]) ().

Since &1, &2, &}, &, are non decreasing functions from R to R, so ¢ and
1o are also non decreasing thus because of given condition

lim 7 () =0

n—oo
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and
lim ¢y (x) = 0.

n—oo

Now we can define a sequence of subsets {N,} of T as R = Xy, N,, =
convPX, _1,n > 1.
Then X, C X,,_; and Q(X,) C N, (2.2)
Clearly
N, C N()

and
QRy) € Conv(QP(Np)) C Conv(P(Rg)) = Ny.

Therefore Q(R1) C Ny and so equation 2.2 holds for n=1.
Suppose it is true for n > 1, then

(Np41) = Conv(P(R,,)) € Conv(P(Ry,—1)) = Ny,

as

Nn c Nn_l,
thus

Nn—i—l g Nn
and

QRyy1) = Q(Conv(P(Ry,))) C Conv(QP(R,)) C ConvP(X,) = Npi1.

Hence
QNpy1) TNy

and this implies that
Ng DNy D No..L .

If there exists n > 0 such that m*(X,,) = 0, then ¥, is relatively compact
and since

P(R,) C ConvP(R,) =N,11 TR,
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so by S. f. t P has a fixed point.
Now, we assume that m*(R,,) # 0,n > 0. Then by assumption,

W (epr) = m*(Conv(P(Ry)

m*(P(X,))

1 (m* (X))

1 (m*(ConvP(Ry,—1)))
(

IN

IN
<
N
3*

A
=3
—
3

*
—
z
N

Since 11 : Ry — R, is a non decreasing and

lim {7 (x) = 0.

n—oo

If we consider

r= Tim m*(R) < lim g (m (R)) = lim o (2) = 0.
for x > 0,2 = m*(Xy).
Then, we have

m*(N,) =0 as n — oo.

Since
Nn—i—l - Nn

and
PN,) CX,,n>1.

Thus, by condition 6 in the definition of m*, we have

Noo = My Ny,
is non empty, closed and convex subset in N. Moreover N, is invari-
ant under the operator P and belongs to Kerm™ is relatively compact.
Hence, by S. f. t P has a fixed point in RN.
Now, Suppose
Gp={teX: P(t) =t}
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Then clearly Gp is closed by continuity of P and by assumption @ is
linear, we have

Q(Gr) C Gp.
So Q(t) is a fixed point of P for any t € Gp and

m*(Gp) = m*(P(Gp)) < ¢1(m*(Gp)) < m*(Gp).

Therefore,
m*(Gp) =0

and Gp is compact. Then by S. f. t, Q) has a fixed point and set
Go={teX:Q(t) =t}

is closed by continuity of Q.
Also

Q(Gp) CGp

thus by S. f. t, P(t) is a fixed point of @, for all t € Gg.
Since

GpNGg CGp CNXN
is compact subset and
P,Q:GpNGg—GpNGg

are continuous self maps so by S. f. t, P & @ have a common fixed point
in N, ]

In next theorem we prove common fixed point theorem for two con-
tinuous Commutative operators on Banach Algebra T

Theorem 2.2. Let X be a non empty bounded, closed and convex subset
of the Banach algebra T and operators Py, Ps, Q1, Q2 transforms X into
T are continuous and mutually commutative s.t

Pi(R), P2(R), Q1(R), Q2(R)
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are bounded. Suppose P = P1Q1 and @ = P>Q2 be the commutative
operators from W into X are continuous. If the operators Pi, Pa,Q1, Q2
on set N satisfies the following conditions

m*(PL(E)) < & (m"(E)), m*(Q1(E)) < &(m™(E)),
m*(Py(E)) < &(m*(E)), m"(Q2(E)) < &(m™(E)),

where E is the non empty subset of X and m* is an arbitrary measure

of non compactness defined on pp. Also &1, 82,81, &, are non decreasing
functions from Ry to Ry s.t

and

Jim (P 09162 + Q1 (9] 61)" () = .
Jim (1P09)16 + Q0] €1)"(2) = .

for any x > 0, then P and Q have a common fized point.

Proof. Let E be a non empty subset of N then by definition of m*
on ur, we have

m*(P(E)) = m"(P1Q:1(E))
< m*(P(E)Q1(E))
< m*(Q(E)|[P(E)|] +m*(P1(E))||Q1(E)]
< mH(Q1(E)|[P(R)[| +m*(PL(E)[|Q1(N))]]
< S(m(E))|[PI(R)]| + & (m*(E))[|Q1(N)]]
= (PN + E)INQN)[)(m™(E) ... (2.3)

Let
Y1(x) = ((E)[PL N[ + (E)Q1N)|) ().
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So from equation 2.3, we have

m*(P(E)) < ¢1(m*(E)).

Similarly
m*(Q(E)) < ¢o(m*(E)),
where
Pa(x) = ((E)IP2N)]] + (EDQ2(W)[]) ().
Since

61752751765

are non decreasing functions from Ry into Ri so 1, ¥o are also non
decreasing functions. Now because of given condition, we have

lim ¢7(x) =0

n—oo

and
lim ¢y (x) = 0.

n—oo

Now we can define a sequence of subsets {X,,} of T as

N =Ny, N, =convPR,_1,n > 1.

Then R, C N,,_1 and Q(N,) C N, ..(2.4).
Clearly

Ny C Ny
and

Q(Ry) C Conv(QP(Np)) = Conv(PQ(Rg)) C Conv.(P(Rg)) =Ry(as PQ = QP).

Therefore,
Q(Ry) C Ny

and so 2.4 holds for n = 1. Suppose it is true for n > 1 then

(Npt1) = Conv(P(R,)) € Conv(P(N,—1)) = N,
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as N, C N,_1.
Thus
Nn—i—l C Nn

and
QRpy1) = Q(Conv(P(Ry,))) C Conv(QP(R,)) C ConvP(N,) = Nppyq.

Thus
QNp41) € Npyq
and this implies that
Nog DNy DNy
If there exists n > 0 s.t
m*(N,) =0

then N, is relatively compact. Since P(X,,) C ConvP(R,,) = R, 11 C N,
so by S. f. t, P has a fixed point.

Now, we assume that m*(X,,) # 0,n > 0.

Then by assumption,

m*Rop1) = m*(Conv(P(Ry)))
= m(P(Rn))

1 (m” (X))

= Y1(m*(ConvP(R,_1)))
(

IN

IN
<
=
3*

< Pr(m"(Ro))-
Since ¥ : Ry — R, is a non decreasing and li_>m Y1 (x) = 0.
If we consider

r= lim m(R) < lm w9l (m* (R)) = lim $f(2) =0,

for
x>0,z =m"(Ny),

then,
m*(N,) =0
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as n — o0o.
Since N, 1 C N, and

P(R,) C N, ,n>1,
so by condition 6 in the definition of m*, we have Ny, = N7ZN,, is a non
empty closed and convex subset in X. Moreover N, is invariant under
the operator P and belongs to Kerm® is relatively compact. So, by S.

f. t, P has a fixed point in N.
Now, Suppose

Gp={teX:P(t) =t}
then clearly Gp is closed by continuity of P and we have
Q(Gp) CGp
then Q(t) is a fixed point of P for any ¢t € Gp and
m*(Gp) = m*(P(Gp)) < ¢r(m™(Gp)) <m*(Gp).

Therefore, m*(Gp) = 0 and Gp is compact then by S. f. t, @ has a fixed
point and set

Go={teR:Q(t) =1t}

is closed by continuity of Q.

Also Q(Gp) € Gp then by S. f. t, P(t) is a fixed point of @, for all
t e GQ.

Since

GpnN GQ CGpCN
is compact subset and
P,Q:GpNGg— GpNnGg

are continuous self maps so by S. f. t, P & @ have a common fixed point
in N. ]
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3 Common Fixed Point Theorem For Three Con-

tinuous Commutative Operators On Banach
Algebra T

Theorem 3.1. Let X be a non empty bounded, closed and convex subset
of the Banach algebra T and operators Py, Po, P3, 01, Q2, Q3 transforms
N into T are continuous and mutually commutative such that

Pi(R), B(R), P3(R), Q1(R), Q2(R), @3(R)

are bounded. Suppose P = P1Q1, Q = P>Q2 and R = P3Q3 be three
continuous and commuting mappings from N into X such that Q and R
are linear and

Q(P(E)) € P(E), R(P(E)) C P(E),E CX.

If the operators Pi, Po, P3,Q1, Q2, Q3 on X satisfies the following condi-
tions

and

m*(Qs(E)) < & (m*(E)),
where E is the non empty subset of X and m* is an arbitrary measure of
non compactness defined on pr and &1, &2, &7, &5, &7, &Y are non decreasing
functions from Ry to Ry s.t

lim &} (z) =0,

n—o0

lim &(x) =0,

n—o0

lim & (x) = 0,

n—oo
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: Im

Jim &7 () = 0,
. m

h_)m &"M(x)=0

and

Jim (1P OV]Ig2 +11Qa (9 Jea)"(x) = .
lim (1P20011g5 +11Q2(9)161)" () = 0.
Jim (1P OVIIEE + [[Qa(€)" (@) = 0.

for any x > 0, then we have
1. P, Q and R have a common fixed point in N.

2. If Q(Conv(R)) C Conv(Q(R)) then PQ, Q and R have a fized point
in N.

Proof. Let F be a non empty subset of X and m* be a measure of
non compactness defined on pr, T is a Banach algebra, then we have

m*(P(E)) = m"(P1Q:1(E))
< m(P(E)Q1(E))
< m N (QuE))|[P(E)]| +m* (P (E)||Q1(E)]|
< m N (QuE)|[Pr(RN)|[ +m* (PL(E)[|Q1(N))]|
< LA (EN[PIR)|| + & (m* (E))[|Q1 ()|
= ()P + E)NQ1)[)(m*(E)... .(3.1)

Let
Y1(x) = ((E)[PLN)[] 4+ (E)Q1(N)[) ().

So from equation 3.1, we have

m*(P(E)) < ¢1(m*(E)).
Similarly m*(Q(E)) < ¢2(m*(E)) and m*(R(E)) < hs(m*(E)),
e Pa(z) = ()P + (€1)|Q2(W)[[) ()
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and
P3(x) = (E)NPs(R)|| + (EN1Qs(N)[]) ().

Since &1, &2, &Y, &5, €1, 5 are non decreasing functions from Ry to Ry, so
1, Yo and 13 are also non decreasing because of given conditions, so
we have

lim ¢7(x) =0, ILm Yy (x) =0 and ILm Yy (x) = 0.

n—oo

Now we can define a sequence of subsets {X,} of T"as X = Ny, N, =
convP,_1,n > 1, then 8, C XN, _; and Q(N,,) C N, ........ (3.2)

Clearly NX; C Xg and Q(X1) C Conv(QP(Rg)) = Conv(PQ(Np)) C
Conv(P(Rg)) = N; as PQ = QP.

Therefore, Q(X;) C V; and so 3.2 holds for n = 1. Suppose it is true for
n > 1, then (R,41) = Conv(P(R,)) C Conv(P(R,—1)) = N, because
Nn - Nn—l-

Thus N1 €N, and

QRyy1) = Q(Conv(P(Ry,))) C Conv(QP(R,)) C ConvP(N,,) = Nppi1.
So Q(Ny,+1) € Ny,11 and this implies that
Ng DNy DNy

If there exists n > 0 s.t m*(X,,) = 0 then X,, is relatively compact.
Since

P(R,) C ConvP(X,) =Ny TRy,

so by S. f. t, P has a fixed point.
Now, we assume that m*(X,,) # 0,n > 0. Then by supposition

W (Repr) = m*(Conv(P(Ry)
m*(P(Ry))

1 (m* (X))

= Y1(m*(ConvP(R,_1)))
i (m* (Rn-1))

IN IN

IN
=3
—~

3
*
—~
z

o
N
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Since 1 : Ry — R4 is a non decreasing function and lim 7 (z) = 0.
n—oo
If we consider

r=lim m*(Ryi1) < lim @7 (m"(Ro)) = lim 47 (z) =0,

for x > 0 and =z =m*(Xy), then

m*(R,) =0 as n — oo.

Since V41 € N, and P(X,) € X,,n > 1, so by condition 6 in the
definition of m*, we have Ny, = N;2 N, is a non empty closed and
convex subset of X. Moreover, R, is invariant under the operator P and
belongs to Ker m* is relatively compact. Thus, by S. f. t, P has a fixed
point in N. Similarly, we have

and

R(Rso) C Roo.

Thus, by S. f. t, @, R have fixed point in X. Now consider G = {t € N :
R(t) = t}. Then clearly G is closed, convex and bounded by continuity
of R is a subset of N such that Q(Gr) € Gr and R(GRr) C G, we have

m*(Gr) = m*(R(GRr)) < ¢3(m*(Gr)) < m*(Gr).

Therefore, m*(Gr) = 0 and Gg is compact. Thus by S. f. t @ has a
fixed point in Gr and so () and R have a common fixed point.
Next consider G = {t € X : Q(t) = R(t) =t} is closed and convex subset
of X and P(G) C G, so P have fixed point in G. Hence P, @, R have a
common fixed point in X.
(17) Given Q(Conv(R)) C Conv(Q(R)), Consider the sequence {8, } such
that

N = R, N, = conv(QP(Ny,—1)),n > 1.
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We have clearly
R,11 = (Conv(QP(R,))) € Conv(QP(R,_1)) € ConvPQ(R,_1) = Ry,
and so
N, CN,_1,Vn > 1.
Thus it follows that

R(Ry) € R(Rp_1),¥n > 1.

So {m*(R(X,,))} is a positive non increasing sequence of real numbers
such that
lim m*(R(X,)) = 0.

n—o0

Now choose X/, = R(X,,) such that
m*(R) = m*(R(X,)) = m*(R(R,,)) by definition of m*.
So
lim m*(R]) = 0.

n—oo

Since {¥] } is a nested sequence and X/, ; C X ,Vn > 1, we have R =
N9 N is non empty and m* (N ) < m*(X}), Vn > 1. Thus li_}m m*(N) =
n—oo

0 and W = R/ is compact and convex as R is continuous linear map.
Now

(PQ=QP)(R,) C R,

and
(QP)(Ry) C Conv(QP)R, C Conv(QP)(Rp_1) =Ry, n=1,2,3... .
Thus, (QP)(X,) C Ry, ¥n € N and
(Q)(Rn) S Ry,

(R)(Ry) C Ny,

Hence,
(QP)(R,) SR (Q)(N)) C Ry (R)(Ry,) S R,
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and
(QP)(R) C N, (Q)(RS) € N, (R)(RS,) € N
So, by S. f. t, QP,Q, R have a fixed point in Y. O
Theorem 3.2. Let X be a non empty bounded, closed and convex subset

of the Banach algebra T and operators Py, Po, P3, QQ1, Q2, Q3 transforms
R into T' are continuous such that

P3(R), Q1(R), Q2(R), Q3(R)

are bounded. Suppose P = P1Q1, Q = P>Qs and R = P3Q3 be three
continuous mappings from N into N such that QQ and R are linear with

Q(P(E)) € P(E)

PI(N)a PQ(N)7

and
R(P(E)) C P(E), for ECNX.

If the operators Py, Ps, P3,Q1, Q2, Q3 on X satisfies the following condi-

tions
k

&

—_ — — > ~—
—_ — ~— = ~—

m*

1(m
(E)
E) (
(E)

*

) (
) < &(m(
) < & (m(
) < &(m*(
E)) < &/(m*(
m*(Q3(E)) < &(m™(E)),

where m* is an arbitrary measure of non compactness defined on pur and
&1,62,81, 85, €], are non decreasing functions from Ry to Ry s.t

/
<&

19
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47 = 0,
lim ¢4 () = 0
and o
Jim (1P OV +11Q1 (9 J0)"(2) = .
Jim ([P (W)]I&5 + [[Q2(W)[[€1)" () = 0,
Jim (1P (165 + 1Qa01Igh)" () =

for any x > 0, then we have
1. P, Q and R have a common fixed point in N.

2. If Q(Conv(R)) C Conv(Q(R)) then PQ, Q and R have a fized point
in N.

Proof. The proof is straightforward, so we omit the details. [

Conclusion: In this paper we proved fixed point theorem for two
and three commuting and non commuting mapping in Banach algebra
using measure of non compactness. In future we will use the results
for Meir Keller two and three Operators to prove common fixed point
theorem.

Acknowledgments: The authors would like to thank the reviewers
for their valuable suggestions and comments which improve the presen-
tation of the paper.
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