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1 Introduction

Determination of an important vertex or edge in a complex network
is one of the fundamental problems for analyzing a network. For this,
a lots of centrality measurements were introduced and developed for
years to years. In present years, betweenness centrality is widely used

to analyze social-interaction networks [4, 9, 17, 12, 43], urban networks
[16, 39, 20], biological networks [18, 30, 410, 44, 29], sexual networks
and AIDS [30], transportation networks [6, 27, 13], food web networks
[47, 1, 19], computer networks [34], supply chain networks [13], organiza-
tional behaviour [12], identify drug targets [10, 10], finding key person in
terrorist networks [14, 33], etc. It is also used to make primary routine

in some popular algorithms in the networks, such as Girvan-Newman
iteratively partitioned a network in his algorithm by removing the high
betweenness scores edges and again computing the centrality scores.

Betweenness centrality (in short, B-centrality) of a node point u is
the sum of the ratio whose consequent is the number of shortest paths
between node points v and w, and the antecedent is the number of
shortest paths (passing through the vertex u) between them. We use
the symbol B¢ (u) to represent the B-centrality of the node u. In math-

ematically, we can write
Bow) = 3 "l
uFEWHAY vw

where 0y, indicates the number of shortest paths between the nodes v
and w and d,,,(v) indicates the number of shortest paths between v and
w passing through u. If a node has the highest betweenness centrality in
a network, then that node can pass more information than other nodes
throughout the network. If there is only one shortest path between every
pair of nodes in a network, then it can be determined easily. If many
paths exist between a pair of nodes, then determining the betweenness
centrality of a node in the general graph is complicated. If betweenness
centrality increases with the number of vertices of the networks, then it
is not easy to handle. So, we divide the value by the maximum value of
Be(u), which lies between 0 and 1. This value is known as the relative
betweenness centrality of u. Freeman [22] proved that the betweenness
centrality of central vertex of the star graph with n vertices is maximum
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oy (=)0 -2)

and value is ( 9 . The mathematical expression of

relative betweenness centrality of the vertex w is

/ Be(u) 2Bc(u)
B = =
c(w) MazxBe(u) (n—1)(n—2)’
where MazBe(u) = %2(7%2)

1.1 Review of the related works

Bavelas [5] first introduced the idea of centrality measurements and de-
scribed its applications in a communication network in 1948. In 1954,
Shaw [48] first gave only the concept of betweenness centrality. An
improved index of centrality is found in [7]. In 1977, Freeman [22] in-
troduced the formulae of B-centrality of node, relative B-centrality of
node point, and graph betweenness centrality. He also proved that the
B-centrality of the central node point of the star graph is maximum
among all graphs with the same vertex cardinality. In the next year,
Freeman [23] described the graph centrality for social networks. Few
years later, Brandes [10] presented a faster algorithm which take O(mn)
time for n nodes and m edges unweighted graphs and O(mn + n?logn)
time for n nodes and m edges weighted graphs to determine between-
ness centrality. Subgraph centrality in complex networks was studied
by Estrada et al. [20]. In 2007, Bader et al. [3] presented a novel
approximation algorithm to find the betweenness centrality of a node
of unweighted and weighted graphs. In 2007, Leydesdorff [35] showed
that the betweenness centrality is an indicator of the interdisciplinary
scientific journals. In 2008, Brandes [ 1] invented essential software to
analyze the network using betweenness centrality. In 2008, Kintali [31]
designed a randomized parallel algorithm and gave an algebraic method
to measure the betweenness centrality of all nodes in the network. In
the next year, Estrada et al. [21] introduced communicability centrality
using the exponential of the adjacency matrix and Frechet derivative.
Puzis et al. [15] defined heuristics speed up to betweenness centrality. In
2013, Gago et al. [21] determined the betweenness centrality for uniform
graphs. In the same year, Ausiello et al. [2] studied the betweenness
centrality of critical nodes and network cores. Zaoli et al. [52] proposed
the definition of betweenness centrality for temporal multiplexes in the



S. NANDI, S. MONDAL AND S. C. BARMAN

next year. In 2014, Unnithan et al. [51] determined the betweenness
centrality of some class graphs. Suppa et al. [50] defined the between-
ness centrality by clustered approach, and it applied in social networks
in 2015. In 2017, Costa et al. [I15] determined betweenness central-
ity in marine connectivity studies using transfer probabilities. In 2018,
Bergamini et al. [8] proposed a dynamic algorithm to measure the be-
tweenness centrality of a node by adding some edges. Again, Kirkley
et al. [32] studied from the betweenness centrality in street networks to
structural invariants in random planar graphs in 2018. In 2019, Matta et
al. [37] worked on the speed and accuracy of approaches to betweenness
centrality approximation. Recently, in 2020, Sunil et al. [19] worked on
the betweenness centrality in Cartesian product of graphs.

1.2 Result

This paper studies the theoretical development of vertex betweenness
centrality and relative betweenness centrality for different types of corona
graphs (obtained by the corona product of different graphs) and uniclyclic
graphs.

1.3 Arrangement of the paper

In the next section, we give some notations used throughout our paper.
In Section 3, we describe the betweenness centrality and the relative
betweenness centrality of each node point of different types of corona
graphs. We present the betweenness centrality and relative betweenness
centrality of each node point of the unicyclic graph in section 4. In
Section 5, we give the conclusion of the paper.

2 Some Notations

Be(u) @ betweenness centrality of the node w.

B/C(u) : relative betweenness centrality of the node wu.
Py :  path graph with k vertices.

Chn :  cycle graph with n vertices.

St :  star graph with &k vertices.
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3 Betweenness Centrality Of Corona Graph

Let G1, G are two graphs with ny nodes, my links/edges and ny nodes,
mo edges, respectively. Now a corona graph G ® Gy is formed by taking
corona product of the graphs G; and G5 by drawing one copy of G; and
ny copies of GG and joining the ith node point of G; by an edge to each
node point of the corresponding copy of G5. The number of vertices and
edges of corona graphs are, respectively, ni+ni1no and mi+nyme+nine.

3.1 Betweenness centrality of corona graph P, ® P,

The corona graph P, ® P, having a path graph P, and n copies of path
graph P, is obtained by joining the ith node point of P, by an edge
to each node point of the corresponding copy of P,,. The number of
vertices of the corona graph P, ® Py, is n+nm. Let the vertex set of P,
be {u; : i =1,2,--- ,n} and the vertex set of P, corresponding to the
vertex u;, i = 1,2,--- ,n be {u;; : j =1,2,--- ,m}. A Corona graph
P3; ® Py is shown in Figure 1.

U2 u3

U1

U1l U2 U3 Ul4 Uzl upe U2,3 U24U3 1 U322 ugz3z U34
Figure 1: Corona graph P3 ® Py

Theorem 3.1. The betweenness centrality of any vertex u of the corona
graph P, © Py, s

2
m(m+1)(n — 1) + P25 4 (0 —i)(i — 1)(m + 1)%,if
u=u; € P,i=1,2,---,n

Be(u) = 0, ifu=uw;€Pni=12- nandj=1m

tifu=uj €Ppi=12- n&j=23 - ,m—1
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Proof. Let us consider {u; : i = 1,2,--- ,n} be the set of vertices
of P,. Also, let {u;; : j = 1,2,---,m} be the set of vertices of P,
corresponding to the vertex u;,7 = 1,2,--- ,n. If u = u;1 or u = U m,
1 =1,2,--- ,n, then no shortest path between any pairs of vertices of

P, ® Py, (except u) pass through u. Therefore, B¢ (u) = 0.
Ifu=mw;1=12---,n;5=23,---,m— 1, then there exist two
shortest path between the pairs of vertices w; ;1 and w;j41. One of
them passes through u, and no other shortest path between any pairs of
vertices of P, ® Py, (except u) passes through u. Therefore, Bo(u) = 3.
If w = uq, then there exist only one shortest path between a vertex
of {u1;:j7=1,2,--- ,m} and a vertex of {u; : 4 =2,3,--- ,n} U {u;; :
j=1,2,--- ,m;i=2,3,--- ,n} and that path pass through u. The total
number of pairs of such vertices is m(m + 1)(n — 1). So, these vertices
of P, ® P, contribute the value m(m+1)(n —1) for Be(u). Also, there
exist two shortest paths between the vertices of ui; and w3 - one of
them passes through u, and there is only one shortest path between w1
and a vertex of {u;: j =4,5,---,m} and the total number of pairs of
such vertices is m — 3. Therefore, the pairs of vertices between w11 and
a vertex of {u1; : j = 3,4,--- ,m} contribute the centrality 3 + (m — 3)
to w. Similarly, u; 2 and a vertex of {u;;:j =4,5,---,m}, u; 3 and a
vertex of {uy; : j =5,6,--- ,m} and the pair (w1 m—2,u1,m) contribute
the centrality 1 4+ (m —4), 3 + (m — 5) and 3 respectively, to u. These
pairs of vertices contributes the centrality
A+m=-3)+5+m—-4)+5+(m—-5)+ - +5s+1+3}
=(m-2)-24+{(m-3)+(m—4) +---+1}
_ m—2 + (m—3)(m—3+1)

=73 2
=m2. (m—3+1)

o2
:(m%tou.

Therefore, Bo(u) = m(m+1)(n—1)+ M If w = uy, then in similar
(m—2)*
.

way we can show that, Bo(u) =m(m+1)(n—1) +
If u=up,p=23,---,n—1, then the from above result, the pair of

vertices whose one vertex in {u,; : j =1,2,---,m} and other vertex in
{usuij:i=1,2,--- ,p—1,p+1,p+2--- ;n;j =1,2,--- ,m} contribute
(m—2)?

the centrality m(m+1)(n—1)+ 5 to u. The shortest path between
a vertex of {u;,u;;:1=1,2,--- ,p—1;7=1,2,--- ,m} and a vertex of
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{uj,uij:i=p+1,p+2,--- ,n;j=1,2,--- ,m} passes through u. The
total number of pairs of vertices is
(p—1)(n—p)+m(p—1)(n—p)+m(p—1)(n—p)-m+m(p—1)(n—p)
= (- 1)(n—p)(1+m+m?+m)
= (p—1)(n—p)(m+1)>
These pairs of vertices contributes the value (p — 1)(n — p)(m + 1)? to

Be(u).
Therefore,
m— 2
Bo(up) = (p— 1)(n — p)(m + 1)2 + m(m + 1)(n — 1) + 725
So, ifu=wu;,1=1,2,--- ,n, then

Bo(uw) = (i — D(n—i)(m+1)2 +m(m+1)(n—1)+ 2522 O

Relative betweenness centrality for the corona graph P, ® P,,.

We know
Bo(u)

Bl(u) = —————.
o) MazBe(u)
Now, using the result for the star graph with nm + n vertices, we can
write

(nm+n—l)(nm+n—2)'

MaxBe(u) = 5

Therefore,
2Bc(u)

(nm+n—1)(nm+n—2)

Bp(u) =

Corollary 3.2. The relative betweenness centrality By (u) of any vertex
u of P, ® Py, is

( 2m(m+1)(n—1) (m—2)2 2(n—i)(i—1)(m+1)?
(nm+n—1)(nm+n—2) + (nm+n—1)(nm+n—2) + (nm4n—1)(nm+n—2)°
fu=u; € Pp,i=1,2,---,n
0, ifu=1u;; € Pp,i=1,2,--- ,n&j=1m

1
(nm~4n—1)(nm+n—2)°

ifu=1u;; € Pp,i=1,2,---,n &
j=2,3,,m—1.
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3.2 Betweenness centrality of corona graph P, ® K,,

The corona graph P, ® K,, having a path graph P, and n copies of
complete graph K, is obtained by the joining of the ith node point of
P, by an edge with each node point of the corresponding copy of K.
The number of vertices of the corona graph P, ® K,, is n + nm. Let
{uj:i=1,2,--- ,n}and {u;; : j =1,2,--- ,m} be the set of vertices of
P, and K,, corresponding to the vertex u;,7 = 1,2,--- ,n respectively.
A corona graph Py ® K3 is shown in Figure 2.

A AUA

U3 U2 U3,3 Ug2

Figure 2: Corona graph P, ® K3

Theorem 3.3. The Beo(u) of any vertex u of P, ® Ky, is

0, ifu=wu;; € Kip,i=1,2,--- ,nandj=1,2,---,m

[\

Bo(u) =9 m(m+1)(n—1)+@GE—-1)(n—1i)(m+1)" ifu=u; € P,
,1=1,2,---n
Proof. Let us consider {u; : i =1,2,--- ,n} be the set of vertices of P,
and {u;; : j =1,2,---,m} be the set of vertices of K, corresponding
to the vertex w;,i = 1,2,--- ,n. If u = w;; where i = 1,2,--- ;n;j =
1,2,--- ,m, then no shortest path between any pairs of vertices of P, ®

K, (except u) pass through u. Therefore, Bo(u) = 0.

If w = uq, then there exist only one shortest path between a vertex
of {u1;:7=1,2,--- ,m} and a vertex of {u;,u;; :j=1,2,--- ,m;i =
2,3,---,n} and which path pass through u. The total number of pairs
of vertices is m(m + 1)(n — 1) to Ba(u). So, these pairs of vertices of
P, ® K, contribute the value m(m + 1)(n — 1) to Be¢(u). Therefore,
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Be(u) = m(m+1)(n —1). If u = uy,, then in similar way we can show
that, Bo(u) = m(m+1)(n —1).

If u=wp,i=2,3,---,n—1, then from the above result, the pair of
vertices whose one vertex in {u,; : j = 1,2,--- ,m} and other vertex in
{usjuij:i=1,2,--- ,p—1,p+1,p+2--- ,n;j =1,2,--- ,m} contribute
the centrality m(m + 1)(n — 1) to u. Again, the shortest path between
a vertex of {u;,u;;:1=1,2,--- ,p—1;7=1,2,--- ,m} and a vertex of
{uj,uij:i=p+1,p+2,--- ,n;j=1,2,--- ,m} is also pass through wu,
and the total number of such pairs of vertices is (p — 1)(n — p)(m + 1)2.
These pairs of vertices contribute the centrality (p — 1)(n — p)(m + 1)?
to Bco(u). Therefore,

Bo(uy) = (p = 1)(n — p) (m + 12 + m(m + 1)(n — 1),
Ifu=wu;,i=1,2,---,n, then
Be(ui)) =m(m+1D(n—1)4+@G—-1)(n—i)(m+1)2 O

Corollary 3.4. The relative betweenness centrality of any vertexr u of
P, ® K, is given by

0, ifu=w;j; € Kpp,i=1,2,--- ,nandj=1,2,---,m

_ 2m(m+1)(n—1) 2(i—1)(n—i)(m+1)? Lo
Be(u) = (nm—HEL—l)(n(m—l-n—Q) + (n£n+n)—1)(n£n+n22)’ ifu=u; € Py

,1=1,2,--- ,n.

3.3 Betweenness centrality of corona graph C, © K,,

The corona graph C, ® K,, having a cyclic graph C,, and n copies of
complete graph K, is obtained by the joining of the ith node point of
C, by an edge with each node point of the corresponding copy of K,,.
The number of vertices of the corona graph C, ® K,, is n + nm. Let
the vertex set of Cy, be {u; : i =1,2,--- ,n} and the vertex set of Ky,
corresponding to the vertex u;, i =1,2,--- ,nbe{u;;j: j=1,2,---,m}.
A corona graph Cy4 ® Kj is shown in Figure 3.

Theorem 3.5. The Bo(u) of any vertex u of Cp, ® Ky, is
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(0, ifu=w;; € Kpp,i=1,2,--- ,nandj=1,2,---,m,

m(m+1)(n72)+m(rg+l) 4 (= 2)° (m—H Jif u=wu; € Cy,

2—1,2,--- n, n 1S even
Be(u) =
2
m(m +1)(n — 1) 4 @O -y — ;€ O,
1=1,2,---,n and n is odd.
U1 3 U22 U3 3 U4
Figure 3: Corona graph Cy ® K3
Proof. Let us consider {u; : i = 1,2,--- ,n} be the set of vertices of C,,
and {u;; : j =1,2,---,m} be the set of vertices of K, corresponding
to the vertex w;,7i = 1,2,--- ,n. If u = u;; where i = 1,2,--- ;n;j =
1,2,--- ,m, then no shortest path between any pairs of vertices of C,, ®

K, (except u) pass through u. Therefore, Bo(u) = 0.

If n is odd and w = wuq, then there exist only one shortest path
between a vertex of {u;; : j = 1,2,---,m} and a vertex of {u;,u;; :
j =12 m;i=23,---,n} and that path passes through u. The
total number of pairs of such vertices is m(m+1)(n—1). So, these pairs
of vertices of C;,® K, contribute the value m(m+1)(n—1) to Bo(u). Let
us consider n is even and u, be the vertex of (), situated at the opposite
of uy. If u = uq, then there exist only one shortest path between a vertex
of {urj:5=1,2,---,m} and a vertex of {u;,u;;:j=1,2,--- ,m;i =
2,3, ,n} —{up,up; : j = 1,2,--- ,m} pass through u. The total
number of pairs of such vertices is m(m + 1)(n — 2) and these pairs of
vertices of C,,® K, contribute the value m(m+1)(n—2) to Bo(u). There
exist two shortest path between a vertex of {u; ;:j =1,2,--- ,m} and a
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vertex of {up,upj:j=1,2,--- ,m;i=2,3,--- ,n} and one of them pass
through u. Therefore, these I()airs)of such vertices of C,, ® K,,, contribute
m(m+1

the value m(m + 1) - 3 = ™5 to Be(u). Again the B-centrality of

each vertex of the cycle graph C,, is @, if n is even and w,

if n is odd [51]. Therefore, the vertices of C,, in C,, ® K,, contributes

the value %, if n is even and w, if n is odd to Be(u). Asm
vertices of K, are attached to each vertex of C),, therefore there are n
sets of m + 1 vertices. The total number of pairs between the vertices
of such two sets, each having m + 1 vertices, is (m + 1)2. Therefore
the vertices {u;,u;; : ¢ = 2,3,---,n;j = 1,2,--- ,m} contribute the

%, if n is even and (nfl)(nigg)(mﬂ)a if n is odd to

Be(u). So, Bo(u) = m(m+ 1)(n —2) + m(";rl) + (n72)2§m+1)2, if n is
)+(n—1)(n—83)(m+1)2

centrality

even and m(m+1)(n—1 ,if nis odd. Similarly, if u =
ui, i =2,3,--- ,nthen Bo(u;) = m(m+1)(n72)+m(n;+1)+ (n_2)2ém+1)2,

(n—1)(n—3)(m+1)?2
) 4 (D=

if n is even and m(m + 1)(n — 1 , if n is odd. Hence
the result is proved. O

Corollary 3.6. The relative betweenness centrality By (u) of any vertex
u of Cp, ©® Ky, s

(0, ifu=u;; € Kpyyi=1,2,--- nandj=1,2,---,m

2m(m+1)(n—2) m(m+1) (n—2)%(m+1)?
(nm4n—1)(nm+n—2) + (nm+n—1)(nm-+n—2) + 4(nm+n—1)(nm+n—2)°
fu=u; € Cp, 1=1,2,--- ,n and n is even

m(m+1)(n—1 n—1)(n—3)(m+1)2 .
(nm+(n—1)()75m+7)z—2) + 4((nm+)n(—1)()n(m+n)—2)’ if u=ui € Cn,
1=1,2,---,n, n is odd.

3.4 Betweenness centrality of corona graph C, ® P,

The corona graph C,, ® P,, having a cyclic graph C),, and n copies of
path graph P,, is obtained by the joining of the ith node point of C,
by an edge with each node point of the corresponding copy of P,,. The

11
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cardinality of the vertex set of the corona graph C,, ® Py, is n+nm. Let
{uj:i=1,2,--- ,n}and {u;; : j =1,2,--- ,m} be the set of vertices of
C, and P, corresponding to the vertex u;,7 = 1,2,--- ,n respectively.
A corona graph C3 ® Py is shown in Figure 4.

u2 us

1,1 U2 Y13 Ul4 U1 ugg U23 U24U31 U32 uz3 U34

Figure 4: Corona graph C3 ® Py

Theorem 3.7. The Bo(u) of any vertex u of C,, ® Py, is given by

(0, ifu=1u;; € Pp,i=1,2,--- ,nandj=1,m
1 . . .
= ifu=u; € Ppi=1,2,--- n&j=23--- ,m-1
_9)2 2 92 .
BC(u) _ m(m+1>(n_2)+ m(Tg+1) + (TL 2) 8(m+1) + (m22) ,Zf
u=u; € Cp, 1=1,2,---,n and n is even

u—uZEC?n, =1,2,--- nandnz’sodd.
\

Proof. Let us consider {u; : i = 1,2,--- ,n} be the set of vertices
of Cp. Also, let {u;; : j = 1,2,--- ,m} be the set of vertices of P,
corresponding to the vertex w;,i = 1,2,--- ,n. If u = u;1 or u = ujm,
1 =1,2,---,n, then no shortest path between any pairs of vertices of
Cp ® Py, (except u) pass through u. Therefore, Bo(u) = 0.

fu=w;1=12---,n;5=2,3,---,m— 1, then there exist two

shortest path between the pairs of vertices u;;_1 and w; ;41 - one of
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them pass through u, and no other shortest path between any pairs of
vertices of C,, ® P,, pass through u. Therefore, Bo(u) = %
If n is odd and v = wy, then the pair of vertices whose one vertex in
{urj + j = 1,2,--- ,m} and other in {u;,u;; : j = 1,2,--- ,m;i =
2,3,---,n} contribute the centrality M to u (see the proof of the
theorem 3.1) and the pairs of vertices between a vertex of {u1; : j =
1,2,---,m} and a vertex of {w;,u;; : j = 1,2,--- ,m;i = 2,3,--- ,n}
contribute centrality m(m+1)(n—1) to u (see the proof of the theorem
3.5). Let us consider n is even and u, be the vertex of C,, situated at
the opposite of uy. If u = wy, then there exist only one shortest path
between a vertex of {u;; : j =1,2,--- ,m} and a vertex of {u;,u;; : j =
1,2,--- ,msi = 2,3,--- ,n} —{up,up; : j =1,2,--- ,m} pass through
u. The total number of pair of vertices is m(m + 1)(n — 2) and these
pair of vertices of C,, ® P, contribute the value m(m + 1)(n — 2) to
Bc(u). There exist two shortest path between a vertex of {u;; : j =
1,2,---,m} and a vertex of {u,,up;:j=1,2,--- ,m} and one of them
pass through u. Therefore, these pairs of vertices of C,, ® Py, contribute
the value m(m + 1) - 3 = M to Bo(u). The pair between the

_9\2
vertices of {u1; : j = 1,2,--- ,m} contribute the centrality 7(7”22) to

u (see the proof of the theorem 3.1). The set of vertices {u;,u;; : @ =

2
2,3,---,n;j5 = 1,2,--- ;m} contributes the centrality (”_2)2#, if

n is even and (n—l)(n—83)(m+1)2
QK _ _ m(m+1) (m_2)2
theorem 3.5). Therefore, Be(u) = m(m+1)(n—2) + ™t 4 (=27 |

w, if n is even and Be(u) = m(m + 1)(n — 1) + @ +
(n—l)(n—83)(m+1)2

, if n is odd to u (see the proof of the

, if n is odd. Similarly, if ©u = u;,i = 2,3,--- ,n, then
we get the same result. O

Relative betweenness centrality for the corona graph P, ® P,,.
B 2B
We know, By (u) c(u) o)

= = h
MaxBc(u)  (nm+n—1)(nm+n—2)’ where

—1 —2

MazBo(u) (nm+n )2(nm+n )

graph with nm + n vertices].

[using the result for the star

Corollary 3.8. The relative betweenness centrality B (u) of any vertex
u of Cp, ® Py, is

13
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0, ifu=1u;; € Pp,i=1,2,--- ,nandj=1m

1
(nm+n—1)(nm+n-—2)’

ifu=u;; € Pp,i=1,2,---,n

and j =2,3,--- ,m—1

8m(m+1)(n—2)+4m(m+1)+(n—2)2(m+1)2+4(m—2)2 .
L )4(nm(+n71))(7(zm+7)17(2) SHODE i u =i € G,

i=1,2,---,n and n is even

2m(m+1)(n—1) (n—1)(n—3)(m+1)2 (m—2)2 .
(nm+n—1)(nm+n—2) + 4(nm+n—1)(nm+n—2) + (nm~4n—1)(nm+n—2)° if
u=1u; € Cp,i=1,2,---,n and n is odd.

3.5 Betweenness centrality of corona graph C,, ® C,,

The corona graph C,, ® C,, having a cyclic graph C, and n copies of
cyclic graph (), is obtained by the joining of the ith node point of C,
by an edge with each node point of the corresponding copy of C,,. The
vertex cardinality of the corona graph C, ® C,, in n + nm. Let the
vertex set of C), and Cy, (corresponding to the vertex u;,i = 1,2,--- ,n)
be {u; : i =1,2,--- ,n} and {u;; : j = 1,2,---,m} respectively. A
corona graph Cy ® Cy is shown in Figure 5.

Ul u2 us Ug
/ h
7 i\
uii// U2 U2,2 \\us 2
£ \
1 u2,1/ U3, 1 Y U4 T8UL 2
/ \
/ \
i Y 1
/ i
uL3  Ul4 uo3 U2,4 ug 3 us 4 ud,3 Ug 4

Figure 5: Corona graph Cy ® Cy
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Theorem 3.9. The Bo(u) of any vertex u of corona graph Cp ® Cp, is

1
> ifu=u;; € Cp,i=12,--- ,n,j=12,--- . mandm>4

_9)2 2 _ ,
m(m+1)(n_2)+ m(n;-‘rl) + (n—2) 8(m-i—l) + m(n; 4)7 Zf
u=u; €Cp, 1=1,2,---,n, nis even and m > 4

2
m(m + 1)(n . 1) + (n—l)(n—SS)(m-i-l) + m(n;—4)’ Zf

u=1u; € Cp,i=1,2,---,n, nis odd and m > 4.
Proof. Let us consider {u; : i = 1,2,--- ,n} be the set of vertices of
Cy. Also, let {u;j:j=1,2,---,m,m > 4} be the set of vertices of Cp,
corresponding to the vertex u;,i = 1,2,--- ,n. If u = u;,, then there

exist two shortest paths between the pairs of vertices of u; j_1 and u; j41
of C,, - one of them pass through u and no shortest path between any
pairs of vertices of C),, ® C,, pass through u. Therefore, Bo(u) = %

If u= wup,p = 1,2,---,n be any vertex of C, where n is odd,
then there exist only one shortest path between a vertex of {u,; : j =
1,2,---,m} and a vertex of {u;,u;;:j=1,2,---,myi=1,2,---,p—
1,p+1,--- ,n} and that path passes through u. The total number of
such pairs of vertices is m(m + 1)(n — 1). So, these pairs of vertices
of C,, ® Cy, contribute the value m(m + 1)(n — 1) for Bo(u). Let us
consider n is even and u4 be the vertex of C,, situated at the opposite of
up. If uw = up, then there exist only one shortest path between a vertex
of {up;:j=12,---,m} and a vertex of {u;,u;;:j=1,2,--- ,m;i =
1,2,---,p—1,p+1,--- ,n}—{ug,uq; : j =1,2,--- ,m} pass through u.
The total number of such pairs of vertices is m(m + 1)(n — 2) and these
pair of vertices of C,,©C,,, contribute the value m(m+1)(n—2) to Beo(u).
There exist two shortest path between a vertex of {u,; : j =1,2,--- ,m}
and a vertex of {ug,uq;: j =1,2,---,m} and one of them pass through
u. Therefore, these pairs of vertices of C,, ® C}, contribute the value
m(m +1) -1 = m(#“) to Beo(u). The pairs of vertices of the set
{usuij:i=1,2,--- ,p—1,p+1,---,n;5=1,2,--- ,m} contribute the
centrality w, if n is even and ("_1)(n_83)(m+1)2, if n is odd to u
(see the proof of the theorem 3.5). Now, we calculate the contribution of

15
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the pairs of vertices of {uy;:j =1,2,---,m} to Bo(u,). The number
of pairs of vertices of Cy, is (T;) The length of the shortest path between
each pair of vertices of (), is either 1 or 2 or greater than 2. The pairs
of adjacent vertices (length of shortest path 1) contribute the value 0 to
B¢ (u), and the number of such pairs is m. The pairs of vertices (situated
at a distance of 2) contribute the value 1 to B¢ (u), and the number of
such pairs is m. Therefore, the number of pairs whose shortest distance
greater than 2 is ("21) —m—m =" 9y — MM 41 these pairs
of vertices contribute centrality 1 to u. Therefore, the pairs of vertices
of Cy, contribute centrality m-0+m- 3 + w 1= W to u. So,

the Bo(u) is m(m + 1)(n — 2) + 20t | (0=220nt)? | mm=d) ¢,

even, and m(m+1)(n — 1) + (n—1)(n—83)(m+1)2 + m(n;_4), if n is odd. O

Corollary 3.10. If m = 4, then

1
57 qu:ul,JGC’m,z:l,Q,,n,j:1,2,,m

m(m+1)(n —2) + m(”;H) + (n=2)?(m+1)" +2, 4f

8
Be(u) = u=u; € Cp,i=1,2,--- ,n and n is even
2
m(m+ 1)(77,— 1) + (n—l)(n—83)(m+1) + %7 ’Lf
u=u; € Cp,i=1,2,--- ,n and n is odd.

Corollary 3.11. If m = 3, then

0, ifu=1u;; € Cp,i=1,2,--- n;j=12,---.m

2
m(m+1)(n—2) + m<n;+1) + (n_2)2ém+1) , if
u=u; € Cp,i=1,2,--- ,n and n is even

2
m(m + 1)(77, - 1) + (n—l)(n—83)(m+1) ’ 'Lf
u=1u; € Cp,i=1,2,---,n and n is odd.
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Corollary 3.12. The relative betweenness centrality Be(u) of any ver-
tex u of Cp, © Cpy 18

1
(nm+n—1)(nm+n—2)’

ifu=u;; € Cp,t=1,2,---,nm,

j=12--- ,mandm >4

8m(m+1)(n—2)+4m(m+1)+(n—2)2(m+1)2+4m(m—4 .
L )4(nrr§+n—i)l)($tm+21£2) ) ) ifu = € Cp,

1=1,2,--- ,n, n is even and m > 4

2m(m+1)(n—1) (n—1)(n—3)(m+1)> m(m—4) .

(nm+n—1)(nm+n—2) + 4(nm+n—1)(nm+n—2) + (nm+n—1)(nm+n—2)° if
u=u; € Cp,i =1,2,--- ;n,n is odd and m > 4.

&

Uu2,3 us,3
us,1

U2,4 U3 4

u3,2

Uu2,5 Uus,s

Figure 6: Corona graph C3 © Ka3

3.6 Betweenness centrality of corona graph C, © K,

The corona graph C),, ® Kj,, having a cyclic graph C,, and n copies of
complete bipartite graph Kj ,, is obtained by the joining of ith vertex of
Cy, by an edge with each vertex of the corresponding copy of Kj,,. The
number of vertices of the corona graph Cy, ® K ,,, is n+n(l+m). Let the
vertex set of Cy, and K ,,(corresponding to the vertex u;,i = 1,2,--- ,n)

17
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be {u; :i=1,2,---,n} and {u;; : j = 1,2,--- ;I +1,--- I +m},
respectively. A corona graph C3 ® K3 3 is shown in Figure 6.

Theorem 3.13. The Bc(u) of any vertex u of the corona graph C, ®
Kl,m 18
([ m)+m o+ 1) = 2) 4+ EEGEE o (9) o 2 )+

—2)3(1 1)2 . ; ;
%], Zf u:ui7Z:1,2""’nandnlse(ven

n— n— m 2 m
(L +m) (I +m+1)(n — 1) + EDEBEmIDT L my 1 ()

if u=wu;,i=1,2,---,n andn is odd

L(?)? if u=1u;j € Kjm,i=1,2,---,n and
j=1,2,---,1

#ﬂ(é)a if U:ui,jEKl,mﬂ':LZ'u,?andj:l—i-l,l—i—l...?

+m.

Proof. Let {u; : i = 1,2,---,n} be the set of vertices of C, and
{uij 75 =1,2,--- 1,14+ 1,--- 1 +m} be the set of vertices of the ith
copy of Kj . If u =wuy;,5 =1,2,---,1 be any vertex of the pth copy
K, then there exit [ 4 1 shortest paths between each pairs of vertices
of {upj:j=1014+1,1+2,--- 14+ m} - one of them pass through u and
the total number of such pairs of vertices is (7;) Therefore,

Be(w) = o (3).
So,ifu=mw;;,i=1,2,--- ,n;5=1,2,---,1, then

Bo(u) = lil (3)-
Similarly, if u = u;;,0 =1,2,--- ,n;j=1+1,14+2,--- ,l +m, then

Bo(u) - 1 (1)
If w = u, be any vertex of C,, n is odd, then there exist only one shortest
path between a vertex of {u,; : j = 1,2,---,l + m} and a vertex of
{wi,wjj:1=1,2,--- ,p—1,p+1,--- ,n;j=1,2,--- ,l+m} and that
path passes through u. The total number of such pairs of vertices is
(l+m)(l+m+1)(n—1) and these pairs contribute the value (I4+m)(l+
m+1)(n—1) to Bo(u). Let us consider n is even and uy be the vertex
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of (), situated at the opposite of u,. If u = u, then there exist only one
shortest path between a vertex of {u,; : j =1,2,--- ,I+m} and a vertex
of {uj,ujj:5=1,2,--- ,l4+m;i=1,2,--- ;p—1,p+1,--- ;n}—{ug, uq; :
j=1,2,--- l+m} and that path passes through u. The total number of
such pairs of vertices is ({+m)(l4+m+1)(n—2) and these pairs of vertices
of C,® K, contribute the value (I4+m)(I+m+1)(n—2) to Bc(u). There
exist two shortest path between a vertex of {u,; : j =1,2,--- I+ m}
and a vertex of {ug,uq; : j =1,2,--- ,l4+m} - one of them pass through
u. Therefore, these pairs of vertices of C),, ©® K, contribute the value
l+m)l+m+1)-3 = w to Bo(u). There exist m + 1
shortest paths between each pairs of vertices of {uy;:j=1,2,--- 1} -
one of them pass through v and the number of pairs is (é) Therefore,

these pairs of vertices contribute centrality %ﬂ (é) to w. Similarly, the

pair of vertices of {u,;:j=14+1,1+2,---,l+m} contribute the value

14%1(7;) to Bo(u). As I+ m vertices of Kj,, are attached with each

vertex of C,, so, there are n sets of [ +m + 1 vertices. The vertices of C,,

contribute the value (n_82)2, if n is even and %, if nis odd [51] to

Be(u). The total number of pairs between the vertices of such two sets

(each having [ + m + 1 vertices) is (I + m + 1)2. Therefore the vertices

{ujuij:i=1,2,--- ,p—1,p+1,--- ,n;j=1,2,--- 1+ m} contribute

(n—2)2(l4+m+1)? (n—1)(n—3)(I4+m+1)2
8 8

the centrality , if n is even and ,if n is

odd to u. Therefore, if n is even, then
Be(up) = (1+m)(I+m+1)(n—2)+
it (o) + i (o),
and if n is odd, then
Bo(up) = (14+m)(I+m+1)(n—1) + (=D Rmt s 21 (f) 4

(o) - 2

_9\2 2
+(n 2) (18+m+1) +

I+m)(I+m+1)
2

Relative betweenness centrality for the corona graph C,, © K ,,.

We know
;v Be(uw) 2Bc(u) .
Bel) = 3rBot) ~ s m 1) = i+ m 1) =g i the

result for the star graph with n(l + m) + n vertices].

Corollary 3.14. The relative betweenness centrality Be.(u) of any ver-
tex u of Cp © Kjp 18

19
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[ 2(14+m) (I+m+1) (n—2) 4 (n—2)2(l4+m+1)?
n(+m+1)—1n(+m+1)=2] " 4n(+m+1)—1]n{+m+1)—2]

(I4+m)({+m+1) 2 m
+ n(+m+1)—1]n(+m+1)—2] + 4+ 1) [n(+m+1)—1][n(l+m+1)—2] (2)

2 l .
R TS 1) (A= s y Y (R ) ()] if u=,
i1=1,2,---,n and n is even

2(l+m)(I+m+1)(n—1) + 2 (m)
[n(+m+1)=1]n(+m+1)—-2] (+D)[n(+m+1)-1]n(l+m+1)—2] \ 2

(n—l)(n—3)(l—&—m—l—l)2 2 1
+ et ) (D=2 T G Dt ey (2)-
if u=wu;,1=1,2,---,n andn is odd
(l+1)[”(l+m+1)zl][n(l+m+1)—2] (Tg)’ if u=up;,1=1,2---,n

and j=1,2,--- .1

A .
(m+1)[n(l+m+1)271][n(l+m+1)72] (), if u=wiji=12,n

and j=1+1,--- 1+ m.

4 Betweenness Centrality Of Unicyclic Graph

A unicyclic graph is a connected graph that has exactly one cycle. In
other words, we can say that a unicyclic graph is a connected graph with
paths or trees attached to a cycle. The number of vertices and edges of
the unicyclic graph are equal. A unicyclic graph G, 1 is obtained by the
joining of a cycle C), of length n and one end of path graph Py or the
central vertex of star graph Si by a bridge. -2.5c¢m

4.1 Betweenness centrality of a unicyclic graph A(n, k1)

A(n, k,l) is a unicyclic graph of order n having a cycle C,, and [ copies
of path P, with k vertices attached with a unique vertex of C,, where
n >3,k >1and ! > 1. The number of vertices of the unicyclic graph
A(n,k,l) is n + kl. Let {uy,ug,--- JUD_,Un, Un g, ,Up—1,Un} be
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the vertices of C,,, where n is even. From the vertex u, of C,, the
vertices u; and uy,_1, us and uy,_o9, un_y and unyq and so on lies at the
same distances. Therefore, the B-centrality of u; and u,_; are equal.
Similarly, the B-centrality of each pair of vertices(the distance of both
vertices is equal from w,) is equal. If n is odd, then let the vertex

set of Cy, be {u1,ug, + ,Un-1,Unt1, -+ ,Up_1,Up}. In this case, the B-
2 2

centrality of w; and up—1, us and up_a,- -, U'n 1 and Un+1 are same.

Also let {v;1,vi2, - ,vik}, where i = 1,2, l be the set of vertices

of the ith copy of P. The betweenness centrahty of each vertex of the
1th copy of Py is equal to the corresponding vertex of the jth copy of
Pj.. A unicyclic graph A(4,3,2) is shown in Figure 7.

Theorem 4.1. The Beo(u) of any vertex u of unicyclic graph A(n, k,1),
where | copies of Py attached with u, € Cy is given by

W—Fkl(%—i), if u=uwu; € Cy, n is odd
andi1=1,2,--- ,"Tfl and Be(u;) = Bo(un—;)

(n;2)2 + kl(nT_l — 1), if u=wu; € Cp, n is even
andi=1,2,---,5 —1 and Bc(u;) = Bo(un—;)

if u=w; € Cp, n iseven and i = 5

W+kl(n—l)+k2(é), if w=u, € Cph, n is odd

(”—2)2+kl(n—1)+k2(l) if w=u, € Cy, n is even
3 2/ - n ns

and j=1,2,--- k.

Proof. Let us consider {uj,ug, - ,u,} be the node points of the cycle
Cy of A(n, k,1) and {v;1,vi2, - ,vik},i =1,2,--- 1 be the node points
of the ith copy of the path graph P} such that v;; is attached with w,
by an edge. First, we calculate the B-centrality of each node point of

21
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C), where n is either even or odd.

u2

ul

V21

Figure 7: Unicyclic graph A(4, 3,2)

When n is even:
Let [ copies of path graph P attached with the vertex u,, of C),. We la-

bel the remaining vertices of Cy, by uy,us, - - - UD 1, Un,UR Ly, Up ]

according to the clockwise direction of the vertex u,. If u = wu;,i =

1,2,---,5 —1 be any vertex of C,, then the pairs of vertices of Cj, con-
o\2

tribute the value % [51] to Bo(u). Now for each i = 1,2,---,5 —1

the shortest paths between each pair whose one vertex in {v;; : i =
1,2,---,0;j =1,2,--- ,k} and other vertex in {uy,ug,--- ,u%} — {us :

s =1,2,--- i} passes through u. Each of such pair contributes the value
1 to Be(u) and total number of such pair is kI(5 —1—14). Again each pair
of vertices between a vertex of {v; j:1=1,2,--- ,l;j =1,2,--- ,k} and

the vertex un contributes the value % to Be(u) and the total number of
such pairs is kl.
Therefore, Bo(u) = @ + k(2 —1—4)-1+kl-3

G| Sy ST R

g 2 2

= k(252 — )
Since u; and u,—; are at symmetric position, for i =1,2,---, 5 — 1, so,
Bc(uz) = Bc(un,i).
If u = un, then the vertices of C,, contribute the value (n_82) [51]
Bc(u). No shortest path between a vertex {v;; : i = 1,2,---,[;j =

N
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1,2,--- ,k} and a vertex of {uj,ug,- - ,u,} — {u%} passes through u.
Therefore, Bo(u) = %.
If w = uy,, then the vertices of C,, contribute the value % [51] to

Be(u). The shortest path between the pairs whose two vertices lie in
different P,’s must pass through u and the number of such pairs is k2 (é)
As there exist only one shortest path between each such pair, so, these
pairs contribute the value k> (é) to Bo(u). Again, the shortest path
between a vertex of {v;; : i =1,2,--- ;7 =1,2,--- ,k} and a vertex
of {u1,ua, -+ ,un—_1} passes through u, and the number of such pair is
kl(n — 1). Therefore, Bo(u) = @ + k2 (é) + kl(n—1).

When n is odd:

Let [ copies of path graph Py) attached with the w, of C),. We label the

remaining vertices of C,, by uy,us,- - JUn 1, Untl, 5 Un—1 according
to the clockwise direction of the vertex wu,. If u = u;,1 =1,2,---, "T_l be
any vertex of C),, then the vertices of C,, contribute the value %
[51] to Be(u). Now, for each i = 1,2,---, 251 the shortest paths be-
tween the pairs of a vertex of {v; ; : ¢ =1,2,--- ,l;j=1,2,--- [k} and a
vertex of {uy,ug,--- ,UnT—l} —{us: s =1,2,--- i} pass through u and

each pairs of vertices contribute the value 1 to Bo(u). The total number
of such pairs is kl(252 —4). Therefore, Bo(u) = %8@73) + kL2 —4).
If u = wu,, then the pairs of vertices of C,, contribute the value %
[51] to Be(u). The pairs whose vertices lie in different Py’s contribute
the value k2 (é) to Beo(u) (see the proof of even case). Also, from the even
case, the pairs between a vertex of {v; ;:1=1,2,---,l;j=1,2,--- k}
and a vertex of {ui,ug,- - ,un—1} contribute the value ki(n — 1) to
Be(u). Therefore, Bo(u) = (n*l)sﬁ + k2 (é) + kl(n —1).

Now we calculate the betweenness centrality of each vertex of Py’s. Let
u = vp 4 be any vertex of the pth copy of Pj. There exist only one short-
est path between a vertex of S1 = {vp1,vp2, - ,Upg—1} and a vertex of
V(A(n, k,1)) — S1U{v, 4} and that path passes through u. The number
of such pairs is (¢ — 1)(n + kl — q). So, Bo(u) = (¢ — 1)(n+ kl — q). So
fu=v;;1i=12---,;j=1,2,--- k, Bo(u)=(j —1)(n—j+kl).O
Relative betweenness centrality for the graph A(n,k,[):

23
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Bl(u) = Beo(u) 2Bc(u)
ctt MazBg(u) (n+kl—1)(n+ Kkl —2)
the star graph with n + kl vertices].

[using the result for

Corollary 4.2. The relative betweenness centrality B (u) of any vertex
u of A(n, k,l) is

(n—1)(n—3) + le(—fl)
4(n+kl—1)(n+kl—2) (n+kl—1)(n+kl—2)

yif u=wu; € C,, n is odd

andi=1,2,--- ,%1 and Be(ui) = Bo(un—i)
( 2)2 Zkl(i—’l) . _ . -
Y TR e ey Sl e 1)(n+kl 55> i u=u;i € Cn, n is even
andi=1,2,---,%5 — 1 and Bc(u;) = Bo(un—i)
(n72)2 ; _ . - _n
T k=) (1 TRI=2) if u=wu; € Cp, n iseven and i = 5

(n—1)(n—3) 2{kl(n—1)+K2(1))

Intkl—1)(ntki—2) T (ntki—1)(ntki—2) , if u=un € Cp, nis odd

(n—2)2 2{kl(n— 1)+k2( )}

T =) (k=2 T (k=T (n+kl—=2) if u=un € Cn, n is even

2(j—1)(n—j+kl) L -
(nﬁkl—l)?niklfzy ifu=v; € Py, i=1,2---1
and j=1,2,--- k.

4.2 Betweenness centrality of a unicyclic graph B(n, k,[)

B(n,k,l) is a unicyclic graph of order n having a cycle C,, and each
of | copies of path P attached by an edge with each vertex of the cy-
cle C,,, where n > 3,k > 1 and [ > 1. i.e., kl vertices are attached
with each vertex of C,. The number of node points of unicyclic graph
B(n,k,l) is nkl + n = n(kl + 1). Let the vertices of C),, and the ith
copy of Pk(corresponding to any vertex u, of Cyp) be {uy,ug, -+, un}

and {”zla Z(pQ),--- ,vﬂ)} respectively, where ¢ = 1,2,---,] and p =
1,2,-- ,n. The betweenness centrality of each vertex of the ith copy of
Py is the same as that of the corresponding vertex of the jth copy of Py

for all branches. The Figure 8 shows a unicyclic graph B(4, 2, 2).
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1
o5

1
v5

U1

Ug

4
Ug,l (4)

V1,9

(4)
V11
Figure 8: Unicyclic graph B(4,2,2)

Theorem 4.3. The Be(u) of any vertex u of unicyclic graph B(n, k,1) is

(VO DEEDE 4 (k4 1)(n— 1) + K2(), i u=u; € Ch,
n s odd and i =1,2,--- ,n

2
(n—2)2(kl+1) + kl(kl+12)(2n—3) + ]4,‘2( )

l .
3 o), if u=wu; € Cy,

n is even and i =1,2,--- ., n

(G- Dinkl+1)—j}, ifu=v" €P,i=12land
j=12---kandp=1,2,--- ,n.

Proof. Let {ui,us,---,u,} be the node points of the cycle C, of
B(n,k,l) and {vl(f;) ci=1,2,---,1;7 =1,2,--- ,k} be the node points
of the ith copy of the path graph P} attached by an edge with u, of
C,,. First, we calculate the B-centrality of each node point of Py. Let
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u:vz(,}g,p: 1,2,---,1;g=1,2,--- , k be any node point of the pth copy

of Py attached by an edge with u; of C),. There exist (q —1)(n+k—q)

pairs of vertices between a vertex of {vp 1,1);:2), e ,vy(p — 1} and a vertex
of {111()13“, 1(;1(;+27 . ,U;k),UJ,UQ, -+ ,u,} and each pair contribute the

value 1 to Be(u). As each vertex of C), attached [ copies of Py so, there
are total nl copies of Py in B(n,k,l). The shortest path between a ver-
tex of {vp 1,1):[(]12), e ,vgq)_l} and a vertex from the remaining (nl — 1)
copies of Py in B(n, k,[) pass through . The number of pairs of vertices
is (¢ — 1)k(nl — 1) and each pair contribute the value 1 to B¢ (u).
Therefore, Bo(u) = (¢ —1)(n+k —q) + (¢ — 1)k(nl — 1)
=(q¢—1)(n—q+knl)
= (g —{n(kl +1) —q}.
If u= v(l? ,j=1,2,--- ,k, then Bo(u) = (j — 1){n(kl + 1) — j}. There-
fore, if u = ’U(? 1 =1,2,--- ;5 = 1,2,--- Jk;r = 1,2,--- ,n, then
Beo(u) = (j = D{n(kl + 1) —J}
We know that the vertices of C), contribute the value @, if n is even

and %, if nis odd [51]. As each vertex of C), attached ki vertices

so, there are n sets of (kl 4 1) vertices. If u = u,, then these n sets of

(n—2)2(kl+1)?
8

kl + 1 vertices of C,, contribute the value , if n is even and

(n—1)(n—3)(kl+1)?
8

, if n is odd to w. If n is odd and u = u,, be any vertex of
Cp, then the shortest path between a vertex from kl vertices (attached
with u) and a vertex of {ui,us, -, up—1,Upt1, -+ ,un} pass through
u. The total number of pair is kl(n — 1) and each pair contribute the
Value 1 to Be(u). Again, the each pairs of vertices between a vertex of
{v ci=1,2,---,1;7 =1,2,--- |k} (attached with u,) and a vertex
from kl(n — 1) (kl vertices are attached with n — 1 vertices, other than
the vertex u, of Cy,) vertices of B(n, k,l) contribute the centrality 1 to
u. In this case the total number of pairs is kl - kl(n — 1) = k%1%2(n — 1).
Let us consider n is even and u, be the vertex of (), situated at the

opposite of u,. If u = wu, then there exist only one shortest path
between a vertex from kl vertices (attached with u) and a vertex of
{ui,ug, -+ ,up—1,upt1,- - ,un} — {uq} pass through u. The total num-

ber of pair is kl(n—2) and each pair contribute the value 1 to Bo(u). Two
shortest paths exist between a vertex from kl vertices (attached with w)
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and the vertex u, - one of them passes through u. Therefore, these pairs

of vertices of B(n,k,l) contribute the value kl - 1 = % to u. Again,

2
the each pairs of vertices between a vertex of {vy;) =12, ;5 =
1,2,--- ,k} (attached with u,) and a vertex from kl(n — 2) (kl vertices
are attached with n — 2 vertices, other than the vertex u, and u, of Cy)
contribute the centrality 1 to u. In this case the total number of pairs
is kl - kl(n —2) = k%12(n — 2). Also, the each pair between a vertex from
kl vertices (attached with u) and a vertex from kl vertices (attached
with u,) contribute the value 3 to B¢ (u) and the number of pair is
kl -kl = k212,
Again, the shortest path between the pairs whose two vertices lie in dif-
ferent Py’s (attached with u,) must pass through u. As the length of
each copy is k£ and there exist (é) pairs between the [ copies of Py so,
in this case the total number of pairs is & - k(é) = k2 (é) and each pair
contribute the value 1 to Be(u).
Therefore, if n is even, then
Bo(u) = P20 4 g 9y 14 By 22 (n—2)- 14 K212 L k2 (1) 1
_ (n=2)*(ki+1)? 272 KL k22 21
_ (n72)ziékl+1)2 ! :i(:l 21) o l2(n k‘IZ(I)Cli—l)Q +k221 o (2)
- (n72)28(kl+1)2 i kl((lirj)_(QZEgL) ) +z o (2)
- 8 + 2 +k? (2)
and if n is odd, then
Bo(u) = =DOBREDT 4 g — 1) 14 k22— 1) - 14 K2(}) -1
= (DD | gy 1) 1 22 (0 — 1) + k2 ()
— (nfl)(n783)(kl+l)2 + kl(k‘l + 1)(n _ 1) + k2 (é) 0
Relative betweenness centrality for the graph B(n,k,l) .
We know

Bo(u)
B/ = .
c(w) MaxBe(u)
Now, using the result for the star graph with n + nkl vertices, we can

write Kl —1 Kl —2
Ma:cBC(u):(n+n - )2(n+n - )
2Bc (u)

B (u) = (n+ nkl — 1)(n + nkl — 2)

Therefore,

27
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Corollary 4.4. The relative betweenness centrality By (u) of any vertex
u of B(n, k,l) is given by

(- D)m-3)ki+1)? | 2AkED-D+R2 (DY
4((n+nkl(fl)(n(+nkl)72) (n+nklfl)(n+nk1722)) Vif u=1u; € Gy,
nis odd andi=1,2,---,n

(=22(kl+1)? o MGLEDEn=3) 4 p2(1)) fu—u el
4(n+nkl—1)(n+nkl—2) (ntnkl-1)(ntnki—2) >4 U= Ui ns
n s even and i =1,2,---,n

20 —D{n(ki+1)—5} ¢ _ () . -
(ngnklf?)(nJrnkli@’qu =Y, € Py, i=1,2,--,5;7=1,
27”'7k;p:1727”'7n'

4.3 Betweenness centrality of a unicyclic graph D(n, k,1)

Another type of unicyclic graph is D(n, k,l). It is a unicyclic graph of
order n having a cycle C,, and each of [ copies of star graph Sy (having
k vertices) attached by an edge with only one vertex of the cycle Cy,
where n > 3,k > 1 and [ > 1. The number of vertices of the unicyclic

graph D(n, k,l) is n+kl. Let {uy, ug,--- UD 1, U, UB 4, s Up—1, Up |
be the vertices of C,, where n is even. From the vertex u, of C,,
the vertices u; and u,_1, us and u,_o,--- s un_q and Un lie at the

same distances. Therefore, the betweenness centrality of uq and w,_1
are equal. Similarly, the betweenness centrality of each pair of ver-
tices(the distance of both vertices that are situated at the same dis-
tance from wu,) are equal. If n is odd, then let the vertex set of C,

be {uj,ug, -+ ,Un—1,Uns1,--+ ,Up—1,Uy}. In this case, the betweenness
2 2
centrality of uq and wu,_1, ug and u,_9, -+, un—1 and unt1 are equal.
2 2
And also let {v;,v;1,vi2, - ,vik—1},%=1,2,---,1 be the set of vertices

of the ith copy of star graph Sy (where v; is the central vertex of Sk)
attached with u, € Cy,. A unicyclic graph D(3,4,2) is shown in Figure
9.

Theorem 4.5. The Bo(u) of any vertex u of unicyclic graph D(n, k,1),
where | copies of Sy attached with u, € C), is given by
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W—H{:l(%l—i), if w=u; €Cy, n is odd and

1=1,2,--- 7%_1 and BC(UZ) = BC(unfi)

%+kl(%—i), if u=uwu; € C,, n is even
andi=1,2,---,5 —1 and Bo(u;) = Bo(un—i)

(n—2)

. _ . . n
s i u=wu; €Cpy, niseven and i = 3

Bo(u) = %—i—kl(n—l)—i—kg(é), if uw=uy,€ Cp, n is odd
M—|—l<:l(n—1)—|—l<:2(l) if u=u, € Cy, n is even
8 2/ - n ns

(*3") + (k= D){n+ k(1 - 1)}, if w s central vertex
of any copy of Sk

0, if u is pendant vertex of the star graph Sk.

Proof. Let us consider {uj,uz, -+ ,u,} be the node points of the cycle
Cy, of D(n, k,1) and {v;, v 1,02, -+ ,vix-1},i =1,2,---,1 be the node
points of the ith copy of the star graph Sy (where v; is the central vertex
of Si) attached with w, € C,. First, we calculate the B-centrality of
each vertex of ), where n is either even or odd.

vy V1,421 V22
V1,1 - V23
U1 V2
us3

us U1
Figure 9: Unicyclic graph D(3,4,2)
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When n is even:
Let [ copies of star graph Sy attached with the vertex u, of C,. We la-

bel the remaining vertices of C), by w1, uo, - - - JUD U, UR L, U]

according to the clockwise direction of the vertex u,. If u = u;,1 =

1,2,---,5 — 1 be any vertex of C,,, then the vertices of ), contribute
2

the value @ [51] to Bo(u). Now for each i = 1,2,---,2 — 1 the

shortest paths between each pair whose one vertex in {Uz,vZ j 1=
1,2,---,1;5=1,2,--- ,k—1} and other vertex in {uy, ug, - - - ,u%} {us :

s =1,2,--- i} passes through u. Each of such pair contributes the value
1 to Bo(u) and total number of such pair is kl(% —1—1i). Again each pair
of vertices between a vertex of {v;, v; ; : z' =1,2,---,0l;5=1,2,--- [ k—1}

and the vertex un contribute the value 5 to BC( ) and the total number
of such pairs is k:l

Therefore, Be(u) = 122" +kl(2 —1—i)o1+kl-%
= 2 k(1 0) 4 4
= kl(— —1
Since u; and uy,_;,1 =1,2,---,
from wu,,, so,

).
% 1 are situated at the same distance

Bo(uz) = Bo(un_i).
If u = wy, then the vertices of C), contribute the value (n_82)2 [51]
to Be(u). The shortest path between the pairs whose two vertices lie
in different Si’s must pass through w and the number of such pairs is
kz(l). As there exist only one shortest path between each such pair,
so, these pairs contribute the value k2( ) to B(;( ). Again, the shortest
path between a vertex of {v;,v;; : i = 1,2,---,1;5 =1,2,--- k- 1}
and a vertex of {uy,ua, -+ ,up—_1} passes through uy, and the number of
such pair is kl(n — 1). Therefore, Bo(u) = (n—2)° 2) + k2( )+ kl(n —1).

If uw = uz, then the vertices of Cy contrlbute the value % [51] to
Bc(u). No shortest path between a vertex {v;,v;; : 1 =1,2,---,l;j =
1,2,--- k} and a vertex of {uy,ua, - ,un} — {u%} passes through wu.
Therefore, Bo(u) = @.

When n is odd:

Let [ copies of S attached with u, € C,. We label the remaining ver-
tices of C, by ui,usg, -,

Uno1, Unil, oo s Un—1 according to the clockwise direction of the vertex
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2 _ 1 are situated at the same dis-

Up. Since u; and up—,7 =1,2,--+, 5

tance from w,, so, Bo(u;) = Bo(up—i). If u=u;i=1,2,--- ,"T_l be
any vertex of C),, then the vertices of C,, contribute the value w
[51] to Bo(u). Now, for each ¢ = 1,2,--- ,”?71 the shortest paths be-
tween the pairs of a vertex of {v;,v; j : i =1,2,--- ;7 =1,2,--- | k—1}
and a vertex of {uy,ug,--- ,UnT—l} —{us:s=1,2,--- ,i} pass through
u and each pairs of vertices contribute the value 1 to Bo(u). The total
number of such pairs is kl(“5% — i). Therefore,

Beo(u) = ==8) 4 pynd ),

If u = u,,, then the pairs of vertices of C), contribute the value W
[51] to Be(u). The pairs whose vertices lie in different Si’s contribute
the value k? (é) to Bo(u) (see the proof of even case). Also, from the
even case, the pairs between a vertex of {v;,v;; : i = 1,2,--- ,[;j =
1,2,--- ,k} and a vertex of {uy,ug, -+ ,u,—1} contribute the value kl(n—
1) to Bo(u). Therefore, Bo(u) = =08 o k2(1) 4 ki(n —1).
Now, we calculate the betweenness centrality of the central vertex of any
copy of the star graph Si. Let u = v, be the central vertex of the pth
copy of star graph Si. There exist only one shortest path between a ver-
tex of {vp; :j=1,2,--- ,k— 1} and a vertex of {u,us,---,u,} which
pass through w. The total number of such pairs is n(k—1) and each pair
contributes the value 1 to Bo(u). Also, the shortest path between the
pairs of vertices of {v, ; : j = 1,2, ,k—1} pass through u and the num-
ber of pairs is (kgl) Each pair contribute the value 1 to Beo(u). Again,
the shortest path between a vertex of {v,; : j =1,2,--- ,k — 1} and a
vertex of {v;,v;j:1=1,2,--- ,p—1,p+1,---,;j =1,2,--- | k—1} pass
through v and in this case the total number of such pairs is (k—1)k(I—1).
These pairs of vertices contribute the value (k — 1)k(l — 1) to Be(u).
Therefore, Bo(u) = n(k — 1) + (")) + (k = Dk( - 1) = (*,) + (k -
1){n+k(l—1)}. If u is pendant vertices of D(n, k,[), then it is obvious
that the betweenness centrality of u is 0.
Relative betweenness centrality for the graph D(n,k,[):

/ Be(u) 2Bc(u) :
Here, B (u) = MazBo(w) ~ b -1tk =2 [using the result
for the star graph with n + kl vertices].

Corollary 4.6. The relative betweenness centrality By (u) of any vertex
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u of D(n, k,l) is

(n=1)(n—=3 2kl(251 i) e .
4(n+klfl)(n+k)lf2) + =) =y o v = ui € Oy, nis odd
andi=1,2,--- ,% and Be(u;) = Bo(tn—;)

(n—2)2 2kl (251 —i) P .
4(n+klfl)(n+kl—2) T R (=) if u=u; € Cp, n is even
andi=1,2,---, 5 —1 and Bo(u;) = Bo(un—;)

T FR=T) (W ER=2)* if u=wu; € Cp, n iseven and i = 5

(n—1)(n—3) 2{ki(n—1)+k%(})}
4(n+kl—1)(n+kl-2) (n+kl-1)(n+ki—2)>

if u=wuy € Cy, n is odd

(n—2)2 2(ki(n—1)+k2(L)} . _ ,
TR (nFH=2) T k=D (nhi=2): o w0 = un € Cp, 0 is even

2[(*5 )+ (k=D {nt+k(1-1)}]
(nAkl—D)(ntki=2)

if u is central vertex

of any copy of Sk

0, if u is pendant vertex of the star graph Sk.

4.4 Betweenness centrality of a unicyclic graph F(n,k,)

The unicyclic graph F(n, k,l) ,n >3,k > 1 and [ > 1 having a cycle C,,
and each of [ copies of star graph Sy attached by an edge with each node
points of Cj,. The number of node points of unicyclic graph E(n,k,1)

is nkl +n = n(kl 4+ 1). Let the vertices of C), be {u1,ug, - ,u,}. And

also let {vgp),vz(ﬁ),vz(g), e ,vi(i,)_l},i =1,2,---,1 be the set of vertices

of the ith copy of star graph S} attached to the vertex u, of Cj,, where
(p)

v, is the central vertex of S;. The Figure 10 shows the unicyclic graph

E(3,4,1).

Theorem 4.7. The Be(u) of any vertex u of unicyclic graph E(n, k,1) is
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2
(DS 4 ikl + 1) (n— 1) + k2(Y), if
u=1u; € Cp,nisodd andi=1,2,---,n

(n—2)2(kl+1)? 4 kl(kl+1)(2n=3) +/~c2(§), if

8 2
u=u; € Cp, niseven andi=1,2,---,n
BC(U) =
(kgl) + (k= 1){n+k(nl - 1)}, if u is central vertex

of any copy of Sk

0, if u is pendant vertex of the star graph Sk.

Proof. Let {ul,ug, -+« ,up} be the node point of the cycle C,, of

E(n, k1) and{v o) c1=1,2,---,1;j=1,2,--- ,k— 1} be the node

) ’L J
points of the ith copy of the star graph Sy (where vlm is the central

node of Sy) attached with u, € C),. First, we calculate the betweenness
centrality of the central vertex of any copy of Sy attached at u,. Let
(r)

u = vp, ' then there is only one shortest path between each pair of vertices
of {U](;:]) :7=1,2,---  k—1} and passes through vér) and the number of
such pairs is (kgl) Each pair of vertices contribute the value 1 to Bc( ).

Again, the shortest path between a vertex of {v 1j=1,2,- -1}
and a vertex of {uy,ug, - ,u,} pass also through U. In this case the
number of such pairs is n(k — 1) and each pair contribute the value 1
to Beo(u). As each vertex of C), attached [ copies of Sy so, there are
total nl copies of Sy in E(n k,l). The shortest path between a vertex
of {v 1j=12,- — 1} and a vertex from the remaining (nl — 1)
coples of Sk of E(n k: l) pass through u. In this case, the number of
pairs of vertices is (k — 1)k(nl — 1) and each pair contribute the value 1
to Bo(u). Therefore, Bo(u) = ( 5 ) 1+n(k—1)-1+(k—1)k(nl—1)-1
= (") +nk— 1)+ (k- Dk(nl — 1)
= ("7 + (k = D{n+ k(nl - 1)}.
If w is pendant vertices of Sy, then it is obvious that B (u) = 0.
Now we calculate the betweenness centrality of any vertex u = w, of
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Figure 10: Unicyclic graph F(3,4,1)

Cp. If nis odd and u = u, be any vertex of (), then the shortest
path between a vertex from kl vertices (attached with u) and a vertex
of {ui,ug, - ,up—1,Upt1, -+ ,un} pass through u. The total number
of pairs is kl(n — 1) and each pair contribute the value 1 to Be(u).
Again, the each pairs of vertices between a vertex of {vz-(p ),vgg-) Dio=
1,2,---,1;j = 1,2,--- |k — 1} (attached with u,) and a vertex from
kl(n — 1) (kl vertices are attached with n — 1 vertices, other than the
vertex u, of Cy) contribute the centrality 1 to u. In this case the total
number of pairs is ki - kl(n — 1) = k?[?(n — 1).

Let n is even and u4 be the vertex of (), situated at the opposite of u,,.
If u = wy, then there exist only one shortest path between a vertex from
kl vertices (attached with u) and a vertex of

{ui,ug, -, up—1,upt1,- - ,un} — {uq} pass through u. The total num-
ber of pair is kl(n — 2) and each pair contribute the value 1 to B (u).
There exist two shortest paths between a vertex from kl vertices (at-
tached with u) and the vertex u, - one of them passes through u. There-

fore, these pairs of vertices of E(n,k,1) contribute the value ki - % = %
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to u. Again, the each pairs of vertices between a vertex in {vi(p ),UES) :
i=1,2,---,1;7=1,2,--- ,k—1} (attached with u,) and a vertex from
kl(n — 2) (kl vertices are attached with n — 2 vertices, other than the
vertex u, and ug of Cy,) contribute the centrality 1 to u. In this case the
total number of pairs is kI - kl(n — 2) = k?[?(n — 2). Also, the each pair
between a vertex from kl vertices (attached with u) and a vertex from
kl vertices (attached with u,) contribute the value 1 to Be(u) and the
total number of pair is kl - kl = k%I2.

(n—2)°
8

even and %, if n is odd [51]. As each vertex of C,, attached kl

vertices so, there are n sets of (kl + 1) vertices. If u = u, then these

(n—2)2(kl+1)?
8

We know that the vertices of C), contribute the value , if n is

n sets of kl + 1 vertices of C}, contribute the value
(n—1)(n—3)(kl+1)?
8

,if n s

even and , if n is odd to u. Again, the shortest path
between the pairs whose two vertices lie in different Sy’s (attached with
up) must pass through u, and number of such pairs is k2 (é) and each
pair contribute the value 1 to Be(u).

Therefore, if n is even, then

Bo(u) = @=22EED" |y 9) 14 B k22 (n—2)- 14 k22 L+ k2 () 1
2 8(’“”1)2 R0 —2) + K22 (n - 2) + B4 B2 p2()
2
— =DPREDT L Rkl + 1) (n— 2) + L’i*” +12(})
n—2)2(ki+1)? kl kl4+1)(2n—3 !
_( )( ) ( 2)( )+k2(2).
and if n is odd then ,
Be(u) = @=DOEED 4 i 1)1+ R22(n— 1) - 1+ k2(Y) -1
n—1)(n—3)(kl 2
= (DS o pi(n — 1) + K22 (0 — 1) + K2 ()
— = DODGED” 1k 4 1) (n — 1) + K2 (). O

Relative betweenness centrality for the graph E(n,k,l):
We know
B (u)

B/ =—
o) MazBe(u)
Now, using the result for the star graph with n + nkl vertices, we can

write
(n+nkl —1)(n+ nkl —2)

MazxBe(u) = 5
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Therefore,
2Bc (u)

By = .
W) = G = D (n + ki = 2)
Corollary 4.8. The relative betweenness centrality of any vertex u of
E(n,k,l) is given by

( 2 2(!
(n—1)(n—3)(kl+1) 2{kl(kI+1) (n=D)+k* ()} .,
I(ntnkl—1)(ntnkl—2) k=) (nnki=2) » 4 v = ui € Cp,
n is odd and i =1,2,--- ,n
(n—2)2(k;l+1)2 2{ kl(kl41)(2n—3) +k,‘2(l)} ) o
4(n+nkl—1)(n+nkli—2) (n—l—nklil)(n—l-nkl—;) yif u=u; € Cn,
niseven andi=1,2,---,n

2[(*5 1)+ (k=D {ntk(nl-1)}]
(n+nkl—1)(n+nkl—2)

, if u is central vertex of any copy

of the star graph Sy,

0, if v is pendant vertex of the star graph Sk.

5 Conclusion

There are different centrality measurements to identify the critical ver-
tices in networks. Betweenness centrality is an important variant of
centrality measurement for recognizing a network’s vertex characteris-
tic. It is used to determine the important vertex in biological networks,
sexual networks and AIDS, social networks, computer networks, urban
networks, transportation networks, food web networks, supply chain net-
works, drug targets, organizational behavior, and terrorist networks. In
this paper, we state and prove some theorems related to the betweenness
centrality of corona graphs and unicyclic graphs. We also determine the
relative betweenness centrality of these graphs. In the future, we shall
try to determine the betweenness centrality of bicyclic graphs and cactus
graphs based on the results of unicyclic graphs.

Acknowledgements: The authors are grateful to the anonymous re-
viewers and editors for their helpful comments and suggestion.
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