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1 Introduction

The notion of probability in finite groups has been studied by many
authors. Saeedi et al. [1] and Tarnauceanu [J] studied the probability
of randomly chosen a subgroup of a given finite group G can be normal.
Tarnauceanu and Toth [7] studied the probability of chosen a subgroup
of a given finite group to be cyclic.

In this paper, we study the probability of a randomly chosen chain
of subgroups of a given finite group G, that can be a normal chain. Note
that such a chain of subgroups corresponds to an equivalence class of
fuzzy subgroups. More precisely, let

H=H GHy G CH,=G

be a chain of subgroups of a given group G, which starts from any
subgroup H and ends in G. In this article, we consider and study the
chains of subgroups which started from any subgroup H (including the
identity), and ending in G. The collection of all such chains of the group
G is denoted by Ch(G).

A chain of subgroups of G which ends in G is called normal, whenever
all its components are normal subgroups of G (see also [5] for calculating
the probability cyclicity chain of a finite group). We denote the set of
all normal chains of a group G by N*(G) and introduce the probability
of normality(or normality degree) of chains of G, denoted by pnc(G), as
follows:

_IN(©)
[Ch(G)]

Throughout this paper, we consider all groups to be finite and by a
chain we mean a chain of subgroups of a group G, which starts from any
subgroup and ends in G. The properties and counting the number of
chains in a given finite group have been investigated by many authors.
For example, the number of chains of finite Dedekind groups and finite
elementary abelian p-groups is obtained in [8]. Also, the number of
chains of nonabelian groups D2y, Q4n, Q@D2n, and M,» is computed in
[1]. Our aim is to give some inequalities for the normality degree of
chains in finite groups. We also obtain the probability of normality (or
normality degree) of chains of the groups Day,, Qan, QDan, and Myn.

pne(G)
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2 Preliminaries

It is obvious that the probability of normality of chains of any finite
group G satisfies 0 < pne(G) < 1, and pne(G) = 1 if and only if G is
an abelian group or it is a Dedekind group. Clearly, the group G itself
is a chain, and so as in [2] using the subgroup lattice of a group G, we
define the number of chains start from any non-trivial subgroup H of G
and end in G in the following way

n(H) =Y n(H),
1<i<r
in which H;’s are the subgroups of G containing H properly. Clearly
n(G) = 1 and if H = (e) is the trivial subgroup, then the number
of all chains of subgroups of G is |Ch(G)| = 2n((e)). Using the above
technique, one can easily conclude that

|Ch(Zpn )| = 2".
The following example shows the normal subgroup lattice of the direct
product of the symmetric group of degree n by itself, i.e. S, X Sy,.

Example 2.1. The normal subgroups of the symmetric group S,, (n >
5) are only Sy, A,, {1}, and hence the lattice of normal subgroups of
S, xSy, is as follows:

Sp X Spy Ap X Ap, 1 X Apy Ay x 1,8, X Apy Ay X Sy, S x 1,1 xSy, A, {e},

where A,, is the alternating subgroup of S,, and A = {(x1,x2) : 129 € Ay, }.
The normal subgroup lattice of the group S, X S, is given by the diagram
in Figure 1.

Using the above method, the number of normal chains of the group
Sy X Sy can be obtained in the following way:

1(Sn % Sp) = n(Sh X Ap) = n(Ap x Sp) = n(A) = 1,
n(A, x A,) =3
n(S, x 1) =n(l xS,) =2
n(A, x1)=n(1x A,) =38
n({e})) =1+1+1+14+3+22+28=27.
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Therefore | N*(S, x Sp)| = 2.27 = 54, in which ”.” is used for the product
of two numbers. So the probability of normality of chains in the group
Sn X Sn (77/25) iSpnC:Wm.

Figure 1: Normal subgroup lattice of S, x 5.

Assume L(G) denotes the subgroup lattice of a given group G. Then
the number of chains of a group G with maximum length 2 that ends
in G is equal to |L(G)|. Similarly, the number of the set of all normal
chains of a group G with maximum length 2 is the same as the number
of the set of all normal subgroups of the group G. Hence, the probability
of normality of chains with maximum length 2 is equal to the normality
degree of subgroups of G defined in [9] and

_ING)
IL(G)]
where N(G) denotes the normal subgroup lattice of G.

We investigate finite p-groups having a cyclic maximal subgroup.
One observes that, the following finite nonabelian p-groups all have a

pne(G)
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cyclic maximal subgroup. So we calculate the probability of their nor-
mality degrees of their subgroups chains.

a,b:a”=b*=1,a"=a71),
Q2n— CNTEE 1—y4=1,1‘y=$2n71_1>

=
{

QDTL = (z,y: 22 = y2 =1,2Y = x2n71_1>,
=

I

n—1

gy 2 =y =129 =P ),
The following Theorem of [1] is needed in proving our main results.

Theorem 2.2. [/].
(i) The number of all subgroup chains of dihedral group Day, is

[Ch(Dan)| = 37 ZICK(EZ )|k + |Ch(Zy)]) = (2n = 1)|CR(Z,)] + .
k|n

(ii)) The number of all subgroup chains of generalized quaternion
group Qun s

|Ch(Qan)| = |Ch(Dan)| + > |ch(Zq)| x |ch(D

dlm

)l

2n
d

where n = 2¥m, for some k and odd integer m.
(iii) The number of all subgroup chains of quasi-dihedral group QDan(n >
4) is

Ch(QDan)| = 3.22"73.

(iv) The number of all subgroup chains of Modular p-group Mpyn(n >
3,p" #8) is
2"t — 1)p + 2.

Lemma 2.3. The proper normal subgroups of the dihedral group Day,
are of the form (a®), where d|n, if n is odd, and (a?), (a®,b), (a®, ab),
when n is even.

Example 2.4. The normal subgroup lattice of the group Ds is as
follows:
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D3o

(a)
(a?) (a®)

fer

Figure 2: Normal subgroup lattice of Dsg.

By Theorem 2.2(i) and Proposition 2.2 of [1], the number of all chains
of the group Dsq is |Ch(Dsg)| = 2 x 67 = 134. Also, using Lemma 2.3,
the normal subgroups of D3g reads as follows: (1), (a), (a®) and (a?),

and Dsp. Therefore, as in Example 2.1, we have |[N*(Ds3g)| = 12, and so

pne(Dsp) = 11—324.

Clearly, pnc(G1) = pne(Gs) for any two isomorphic groups G and
G2, but the converse is not true, in general. For example, pnc(Zg) =
pnc(Zl5) = 1, while ZG % Zlg,.

Usually, if G and H are two lattice isomorphic groups then pne(G) =
pnc(H), as lattice isomorphisms preserve normal subgroups (for more
details see [6], Theorem 1.2.10).

Also, it is obvious that pnc(G1 x Ga) = pne(G1)pne(Gs), for any two
groups G1 and G2 with coprime orders. For

_IN*(G1L x Go)| _ IN*(G1)|[N*(G2)|
~ [Ch(G1 x Ga)|  |Ch(GY)[|Ch(G2)]

pne(G1xGa) = pnc(G1)pne(Ga).

However, the above equality does not hold in general, for instance

20 4
pnc(Ss X Zg) = 8 # 0= pne(Ss).pnc(Zsg).

On the other hand, if the groups in the direct factors are pairwise co-
prime orders, then one can extend the above equality to arbitrary direct
products of finite groups.
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Proposition 2.5. Assume G1,Ga,...,G, are finite groups with mutu-
ally coprime orders. Then

pnc(IliZ, Gi) = Hi_ pnc(Gi).

The following corollary explains that the probability of normality
of chains of a finite nilpotent group can be obtained from its Sylow
pi-subgroups.

Corollary 2.6. If G is a finite nilpotent group and Py, Ps, ..., P. are
its Sylow p; subgroups, then

pne(G) = Ii_pne(F).

3 Main Results

In this section, we give some inequalities which connects pnc(G) with
pnc(N) and pnc(%), for any normal subgroup N of G. It is obvious that
if IV is the unique smallest normal subgroup of G, then

IN@)| = IN(D)I+ 1.

Theorem 3.1. Let N be a normal subgroup of a finite group G, then the
probability of normality of chains of G has the following upper bound.

pelG) > iy [PreICHI e ICH

Proof. We define the map
given by

£(C) = {1, if all components of the chain C' are normal,

0, if the chain C has a non-normal component.

It is obvious that

1
pne(G) = Cha] C%}(G) £(0).
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Let NV be a fixed normal subgroup of G and consider the following
sets:

I = {C € Ch(G) : all components of C contains N},

and
Iy ={C € Ch(G) : all components of C' are proper subgroups of N, except G}.

We infer that

1
pne(G) ChE] Ch@f(@)
1 (1)
>W(C;1f<0>(;2f<0>>.

Clearly, there exists a one-to-one corresponding between the subgroups
(or normal subgroups) of G containing N and the ones of % Hence one
can calculate all three terms on the right hand side of (3.1), as follows:

> £(0) = el D)ion($)),
Cely
S F(C) = pre(N)|Ch(N)|,
Cels

and

> 1(0) Y2 () = pe(SICS pne(N)OH(V)|.

Celn Cely
By replacing the above quantities in (3.1), it follows that

b
|Ch(G)]

G

pne(G) > [pnc<N>|ch< one(HIoCH |

which gives the result. O
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Corollary 3.2. If N is a normal subgroup of a finite group G such that
N and G/N are abelian, then

CR)|[CR(S)|
prel@) = e

Corollary 3.3. If G is a finite group with a normal subgroup N of prime
index, then
2pnc(N)|Ch(N)]
pnc(G) > .
[Ch(G)]

Proof. As the order of G/N is a prime number, the only subgroups of
G containing N are G and N. Therefore the group G/N has only two
subgroups. Thus pnc(%) =1, and so

pelG) = e melN)IChV) el ICA()
_ 2pne(N)|Ch(N)|
(e

as required. [l

Corollary 3.4. If G is a finite soluble group with the series 1 = Gy C
G1 C Gy C ... C Gy = G, in which G;/Gi—1 1is cyclic of prime order,
fori=1,2,...,k. Then

2k
pne(G) > Cha)

Proof. Using the previous corollary, we have pnc(G;)|Ch(G;)| > 2pnc(Gi—1)|Ch(G;i-1)|,
for all 1 <+¢ < k. Summing up all these inequalities, they yield

pne(@)|Ch(G)]| > 2F,
and so pnc(G) > |C+§G)\ O
Now, we are able to calculate the probability of normality of chains
of the groups D2y, Qan, Q@Dan, and Myn.
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Theorem 3.5. The probability of normality of chains of dihedral group
D2n 18

nc(Day) = 14 2 g [CR(Z )|
e > kin RICH(Zn)|(k + [Ch(Zy)]) = (2n = 1)|Ch(Zy)| + 1’

ne(Day) = 1+ 4|Ch(Zz)| + 3 g |Ch(Zy)]
PR = S o FICK(Z )| (k + [CR(Zi)]) — (20 — DICh(Zy)] + 1’

when n is odd or even, respectively.

Proof. By Lemma 2.3, if n is odd then the normal subgroups of Do,
are (a%), for all k|n. Hence the chains with all normal components in
Dy, are of the form ... C (a*) C Da,. So

N*(Dgn) =1+ Ch(Zy),
k|n

which gives the result.
Now, assume n is even, then all normal subgroups of Ds, are <a%>,

k|n, (a,b) and (a?,ab). In this case, the chains with all normal compo-
nents are as follows:

(1) Chains of the form Ds,, (a?,b) C Da, and (a?,ab) C Da,,
(2) Chains of the form ... C (a%) C Dy,

(3) Chains of the form ... C (a?,b) C Day,

(4) Chains of the form ... C {a?, ab) C Day,.

In case (2), the number of chains is equal to 3, [Ch(Zy)|. In case
(3), the chains are of the form ... C (a?) C (a?,b) C Dy, or ... C X C
{(a%,b) C Dy, where X is a proper subgroup of (a?). Hence the number
of chains are equal to |Ch(Zz)| and |Ch(Zz)| -1, respectively. Case (4)
is similar to (3), so the chains are of the following form

- C (a®) C (a®,ab) C Dy, or ---C X C (a? ab) C Doy,
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where X is a proper subgroup of (a?). Hence, the number of chains are
equal to [Ch(Zz )| and [Ch(Zz )| — 1, respectively. Therefore

IN*(Dan)| = 1+ 41CH(Z2)| + 3 |Ch(ZL).
k|n

Now, the proof is obtained by using the definition of probability of nor-
mality of chains and applying Theorem 2.2 (i). O

Corollary 3.6. If p is a prime number, then the probability of normality
of chains of dihedral group Dopm s equal to

2p — 2
_D m = =
pric{Dopr) (Pt +p—2)
In particular,
pne(Dam) = 227™,

Proof. By Theorem 2.2(i), the number of chains of subgroups of the
group Dopm ending in Dyym is equal to |Ch(Dapm)| = 102%711(]9”7”"'1 +p—2).
On the other hand, we have

IN*(Dgp)| = > ICH(Zi)| + 1= Y |Ch(Zyi)| +1

klpm 0<i<m
=1424- 42" 41 =2m"

So the definition gives our claim. O

Now, in the following result we obtain the probability of normality
of chains of the generalized quaternion group, Qon = (x,y : 22"
yt =129 = xzn_lfl) of order 2" and the quasi-dihedral group QQDsn =
(zy: 22" =92 =1,2v = 22" 1), Clearly Z(QDan) = (z¥"*) and
QDan/Z(QDan) = Dgn-1. Furthermore, if H is a subgroup of QDan
such that H N Z(QDayn) = (1), then either H = (1) or H = (z*y), for
some 0 < i < 2”2, Hence the normal subgroups of QDon are <x21> for
0<i<n-—1, (z%y) with 0 <i <2772 (22,9) and (22, zy). It is easy
to check that Z(Qgn) = (22" ) and Qan /Z(Qan) = Dgn-1. Now, if H is
a subgroup of Q2» such that H N Z(Qan) = (1), then either H = (1) or
H = (2?'y), for some 0 < i < 2"~2. Hence the normal subgroups of Qan
are (22'), for 0 <4 < n — 1. Therefore the number of normal subgroups
of Q9n is equal to n + 3. This argument leads to the following result.

11
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Theorem 3.7. The probability of normality of chains of the groups Qon
and QQDan are, respectively, equal to

1

1
pnc(Qan) = o3 and  pnc(QDan) = Sond’

Proof. Using the normal subgroup lattices of QQon and () Don are calcu-
lated as follows:

IN“(Qan)| =21 +1+141+4+84---+2"1)

__ on+l
=92 ,

and

IN“(QDan)| =214+ 1+ 1+ 1+4+8+---F 2771

— 2n+1

Now, by Theorem 2.2 (iii), (ii) and using ”.” for the product of two
numbers, we obtain |[Ch(QDan)| = 3.22"73 and

[Ch(Q2n)| = [Ch(Qq.2n-2)| = |Ch(Dan-1)| + 1 X |Ch(Don-1)]

= 2|Ch(Dgn-1)| = 2.22"73 = 2272,

from which the both results follow. O
Finally, we calculate the probability of normality of chains of the
modular p-groups of order p™ with the following presentation

Myn = (z,y: " =yP =1,2% = 2?" "F1h),

One observes that Z(Mpyn) = (zP""*) and Mpn | Z(Mpn) = Cyn—2 x Cp.
Furthermore, If H is a subgroup of My such that H N Z(Mpyn) = (1),
then either H = (1) or H = <xipn72y>, for 0 < i < p. Hence the group
My» has the following normal subgroups: <xpi>, with0 <7 <n-—1, and
<a;pi,:1;jy>, with 1 <i:<n—-2and 1< j <p-—1,in which p is a prime
number and p"™ # 8.
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Theorem 3.8. The probability of normality of chains of the modular
p-group Mpn is
2" 2(2pn — 3p+2) + 8(n — 3)

pne(Myn) = 2n~1(n — 1)p + 2" ’

where n > 3 and p" # 8. In particular,

n2" — 2" +8n — 24
n2n '

pne(Man) =
Proof. One can easily check that
IN*(Myn)| = 4p[2"2 — 142773 — 1420274 — 1) + 222" 5 — 1)
+ 25270 ) 2" )] 2" 2 (p 4 2) + 8(n — 3) 4 p.2n 2
=2""2(2pn — 3p +2) + 8(n — 3).
Now, Theorem 2.2(7v) implies that the number of chains of modular

p-group Myn (n > 3 and p" # 8) is equal to 2" (n — 1)p + 2", which
gives the result. ]
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