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Abstract. In this article, we define quasi-normed quasilinear spaces
and show that the space of all bounded quasilinear g-operators on this
space is an 2-space. Due to the importance of the problem of stability of
functional equations in different spaces, many authors have studied the
stability of functional equations in different spaces. Tabor proved the
stability of the Cauchy functional equation in quasi-Banach spaces. We
prove the stability of functional equations in quasi-normed quasilinear
spaces.
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1 Introduction

Some authors have introduced different kinds of normed space. Aseev
[1] presented the concept of normed quasilinear spaces which is a gen-
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eralization of classical linear spaces. Rano [5] introduced quasi-normed
linear spaces.

In Section 3, we define the quasi-normed quasilinear spaces. In
Section 4, we introduce the quasilinear g-operators on quasi-normed
quasilinear spaces and show that the space of all bounded quasilinear
g-operators is an {)-space.

The problem of the stability of functional equations arose from a
question about group homomorphisms [%]. Numerous authors have solved
the problem of stability of different functional equations in various spaces.
For example, see [3, 1, 7]. In Section 5, we prove the stability of the
Cauchy functional equation in quasi-normed quasilinear spaces.

2 Preliminaries

Definition 2.1. [/, 9], A set X is called a quasilinear space (QLS, for
short), if a partial order relation <, an algebraic sum operation and an
operation of multiplication by real numbers are defined on it, such that
the following conditions hold for any elements x,y,z,v € X and any

a, B eR:

Tz

r=zifxyandy <X z;

r=yifr Xy andy X x;

r+y=y+uz;

r+y+2)=(@+y) +2z

There exists an element 0 € X such that x + 60 = x;
a.(f.x) = (a.f).x;

a.(x+y) =ax+ ay;

© 2 RS S v~

lx =z

10. 0.3 = 0;

11. (a+B).x 2 a.x + f.x;

12. x4+ z2=2y+vife 2y and z 2 vy
18. ax R ayifxr <y.
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A QLS X with the partial order relation < is denoted by (X, <)
where 6 is the zero element of X.

An element 2’ € X is called an inverse of z € X if z + 2 = 6. If an
inverse element exists, then it is unique.

Definition 2.2. Let X be a QLS. A real function || . ||x : X — R is
called a norm if the following conditions hold:

1. ||z||x >0 ifx #6;

2. [l +yllx < llzllx + llyllx;

3. ezl x = lalfl=]lx;

4. If x 2y, then [Jzf|x < |lyllx;

5. If for any € > 0 there exists an element x. € X such that x <y + x.
and ||ze||x < e, then z < y.
A QLS X with a norm defined on it is called normed quasilinear
space (normed QLS, for short).

Let X be a normed QLS. The Hausdorff metric on X is defined by

hx(z,y) =inf{r 20:x 2y +aj, y 2x+ay, |ajlx <r, i=1,2}.

Definition 2.3. Let X be an abstract set, and let K > 1 be a given real
number. A functional d : X x X — [0,00) is called a b-metric if for all
x,y,z € X the following conditions hold:

1. d(z,y) =0 if and only if x = y;
2. d(z,y) = d(y,z);
3. d(z,z) < K(d(z,y) + d(y, 2)).-
Then, the ordered pair (X, d) is called a b-meric space.

Definition 2.4. [5, (] Let X be a linear space and 6 be the origin of X.
Let |.|g : X — [0.00) satisfying the following conditions:

1. |zlg >0idfx #6;

2. There is a constant K > 1 such that |z + ylq < K(|z|q + |ylq);
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3. |axlq = |al|z]q.
Then (X, |.|q) is called a quasi-normed linear space and the least value
of constant K > 1 is called the index of quasi-norm |.|,.

Example 2.5. By defining |x|, = (\/|z1] + v/]22])? for z = (z1,22) €
R?, (R?, |z|,) is a quasi-normed linear space but it is not a normed linear
space.

3 Quasi-normed Quasilinear Spaces

Definition 3.1. Let X be a quasilinear space. A real function ||.|q :
X — R is called a quasi-norm if for all x,y € X the following conditions
hold:

el >0 if 2 £ 6;
There is a constant K > 1 such that ||z + y|lq < K(||lzllq + lvllq);
- Neazllg = lefllzlly;

Afz 2y, then ||zl < [lzllq;

. If for any € > 0 there exists an element x. € X such that x <y + x.
and ||zcllq < e, then x < y.

A quasilinear space X with a quasi-norm defined on it is called a
quasi-normed quasilinear space.

If any element in the quasi-normed quasilinear space X has an inverse
element, then X is a quasi-normed linear space.

A quasi-Banach quasilinear space is a complete quasi-normed quasi-
linear space.

A quasi-norm ||.||4 is called a p-norm (0 < p < 1) if for all z,y € X,

[z +yllg < ll=lg + lyllg-

In this case, a quasi-Banach quasilinear space is called a g-p-Banach
space. Each quasi-norm is equivalent to some p-norm ([2]).

Let X be a quasi-normed quasilinear space with quasi-norm ||.||,.
We defined for all z,y € X,

ho(w,y) i=inf{r > 0: 2 < y+al, y<z+ab, [laflly < i= 1,2},
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Then (X, hy) is a b-metric space and hy(z,y) < ||z — yl|q-

It is easy to see that h,(z,y) satisfies all the conditions of a b-metric.
We only prove the part 3 of Definition 2.3.

Let € > 0 and z,y,z € X. There are a!,b € X such that,

1771

r2y+ar, y 2etay, |ajlly < hg(z,y) +

)

y 2 z40y, 2 2y + by, [167]lg < hely, 2) +

l\D.\(*) IR

Hence,
r = z4+a]+0b], z 2 x+ay+b,, ||laj +billq < K(hy(z,y)+ hy(y, 2) +e).
Consequently, hq(z, 2) < K (hq(x,y) + hqe(y, 2)).

Example 3.2. The set Q(R) is the set of all nonempty closed bounded
subsets of real numbers with the inclusion relation C, the algebraic sum
operation

A+B={a+b:ac Abe B}

and the real scalar multiplication . A = {.a : a € A} where a € R,
with norm is defined by

|A]| := supa?,
a€A

1 a quasi-normed quasilinear space.

Definition 3.3. The sequence {x,} in quasi-normed quasilinear space
X converges to an element x € X if and only if for every € > 0 there
exists N € N such that for alln > N, hy(zp, ) < €.

Lemma 3.4. The following conditions hold with respect to the b-metric
hy:

a) The operations of algebraic sum and the real scaler multiplication
are continuous,

b) If xy, = x, yn — y and for all n, x, = yn, then x <y,

¢) If xy, 2z, — x and for all n, x, 2 yp =X zp, then y, — z,

d) If zp + yn — x and y, — 0, then x, — x.
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Proof. Suppose that z, — x and y, — y. Then for all € > 0 there
exists N € N such that for all n > N,

13
Ty 2T+ a1, © 2 xy + ag, ||az||q < ﬁa

3
Yn 2Y+b1, ¥y 2 yn +ba, [|bilg < K

Hence,
$n+ynjx+y+al+bla l‘+yﬁ$n+yn+a2+b2,

and
la; + billy < K(llaillg + llbilly) <e.

Consequently, hq(x, + yn,x + y) < € and operation of sum is continu-
ous. Now, we prove that the operation of real scaler multiplication is
continuous. Suppose hg(xy,x) — 0. If a # 0, then for any ¢ > 0 there
exists N € N such that for all n > N,

€
Tp 2+ ar, £ 2Ty + az, |allq < m.
Concequently,

a.Ty 2 0x + a.ay, ar = a.x, + a.a, |loally <e,

and so hg(o.ay, .z) — 0.
The proof of conditions b, ¢ and d of lemma are analogous. O

Lemma 3.5. The b-metric hy for all x,y, z,v in the quasi-normed quasi-
linear space X and o € R satisfies in the following conditions:

a) hq(a.x,a.y) = ‘Oé|hq(.%',y),

b) he(z +y,z +v) < K(hg(z, 2) + he(y,v)),

¢) he(z,0) = [|z|q-

Lemma 3.6. Let X be a quasi-normed quasilinear space. If sequence
{zn} C X converges to x € X, then ||z|; < K li_}rn znllq-
n o0

Definition 3.7. A quasi-normed quasilinear space X is called an -
space if there exists an element Bx # 0 such that if ||z||q < || Bx||q, then
i j Bx.
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It can be assumed that ||Bx|, =1 (see [1]). If X is an Q-space, then
the mapping Bx : [0,00) — X defined by Bx(t) = t.Bx satisfies the
conditions:

z = Bx(llzll);
t<s — Bx(t)jBx(S);
Bx(t+s) =< Bx(t)+ Bx(s).

For example, the space 2(R) is an Q-space with the element Bg =
[—1,1].

4 Quasilinear g-operators

Throughout this section, assume that X with ||.||x and Y with |.||y be
quasi-normed quasilinear spaces with the indexes Kx and Ky, respec-
tively.

Definition 4.1. A mapping A : X — Y is called a quasilinear q-operator
if for all x,x1,x9 € X satisfies the following conditions:

1. AMa.z) = a.A(x), for any o € R;
2. A(a:l + 1:2) = K(A(xl) + A(%Q)), K = maX{Kx, Ky};
3. If x1 = xa, then A(x1) = A(z2).

A quasilinear g-operator A : X — Y is said to be bounded if there
exists a real number M > 0 such that ||A(z)|y < M||z|x for all z € X.

Lemma 4.2. A quasilinear g-operator A : X — Y is bounded if and
only if it is continuous at 6 € X.

Proof. If g-operator A is bounded, clearly it is continuous at § € X.
Suppose that g-operator A is continuous at # € X. Then, for any € > 0
there exists a 6 > 0 such that for all z € X condition ||z||x < d implies
IA(x)|ly <e. Consequently, for all x # 0,
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Therefore, [[A)]ly < Sfallx. O

The space of all bounded quasilinear g-operators denote by A4(X,Y).
The partial order on Ay(X,Y) is given by A; < Ap if for all x € X,
Ai(z) = Ag(z). The sum operation on Ay(X,Y) is defined by the equal-
ity (A1 +A2)(z) = A1(z) + A2(x) and the scaler multiplication is defined
by (c.A)(z) = a.(A(z)). Then Ay(X,Y) is a quasi-normed quasilinear
space with norm is defined by

I4]la = sup 12,
z20  |17llx

Lemma 4.3. Suppose that the sequence {A,} C Ay(X,Y) converges at

each point x € X. Then, the operator A(z) = le Ay () is quasilinear
n o

q-operator.

Lemma 4.4. Suppose Y is an Q-space. Then, the operator A(x) =
By (llz]x) € Ag(X,Y).

Proof. We prove A(x1 + x2) X K(A(z1) + A(z2)):

A(w1+x2) By(Hxl +x2|’)()
By (Kx ([lz1]lx + llz2llx))
Kx By (||z1]lx) + Kx By ([|lz2]/x)

K(A(x1) + A(z2)).

LA TA TA

See [1] for the rest of the prove. [
Theorem 4.5. If Y is an Q-space, then Ay(X,Y) is Q-space.

Proof. We prove that Ay(X,Y") is complete. For the rest of the prove,
see [1]. Suppose {A,} C Ay(X,Y) is a Cauchy sequence. Then for all
e >0,

AN e NVn,m > N, 3AY", Ay 2 A + AT Ay 2 A+ AT (AT |4 < e

2,6 7 2, €

Consequently, hy (An(x), A (z)) < ellz||x and so {A,(x)} C Y is Cauchy
and there exists an element A(x) € Y such that A(x) = li_>rn A, (x). By
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Lemma 4.3, A : X — Y is a quasilinear g-operator. Now, we show it is
bounded.

[An(2)lly Ky ([Am(@)lly + A7 (2)]ly)

<
< Ky([|[Am(@)lly + &)=l x-
By taking the limit as n — oo,
IA@)]ly < KF(|Am(@)]ly + &)l|2]x.
Hence, A is bounded.
hy (An(z), A(z)) < Ky (hy (An(2), A (7)) + by (A (2), A(2)),

Take the limit as m — oo, we get hy (A, (z), A(z)) < ¢||z||x. By Lemma
4.4 operator A.(x) := eBy(||z|ly) is a quasilinear g-operator. [

5 Stability of Cauchy Functional Equation

Throughout this section, assume that X with || . || x is a quasi-normed
linear space and Y with || . ||y is a g-p-Banach space with zero element
f. In this section we prove the stability of Cauchy functional equation
f(x+y) = f(z)+ f(y) in the quasi-normed spaces.

Theorem 5.1. Let f : X — Y with f(0) = 0 and symmetric function
p: X x X —10,00) for all x,y € X satisfy the following conditions:

1f(x+y)— fl@) = fWlly < elz,y), (1)
i PESE <o @
3 %w(%, o) < . (3)

=0

Then, there is a unique additive mapping g : X — 'Y such that,

g(z) = lim f(2"z)

n—00 on

)
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1
1 o= 1 Lol
( ﬁ‘ﬂp@ $72$))p7
=0

1f(z) = g(@)lly <

O |

forallx € X.
Proof. Letting y = x in condition (1) then for all z € X,
1f(22) = f(z) = f(@)]ly <ol ).

Since 2f(x) = f(z) + f(x), we have

1f(2z) = 2f(2)[ly < [[f(22) — f(z) = f(2)]ly-
Therefore,

1f(2z) = 2f (2)lly < o(z, ).

Replacing = by 2"z in the above inequality and dividing by 2"+, we get

fE) f@), 1
H on+1 o on HY = on+l @(an’ an)

for all x € X and n,m € N with n > m,

f(2n+133) f(2"x) Hp < - f(2l+1$) f(QZx) HP

I ontl om = I ol+1 or Y
l=m
1 1
l l
< prpdndn. o
=m

From the above inequality and condition (3) of the theorem we conclude

2"
that { ( —~ )} is a Cauchy sequence and since Y is a ¢-p-Banach space,

therefore this sequence converges in Y. We define the mapping g : X —

Y by
g(x) = lim 1(2"z)

n—oo 2N

i

for all x € X. Letting m = 0 and by limiting n — oo in inequality (4),

we get
1 oo
I5() = o)l < 353 g @l ).
1=0

l\ZJ"_l
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According to the condition (1) and (2) of theorem and by Lemma 3.6,
1f2"(z +y)) = F(2"x) = f(2"Y)ll¥

gz +y)—gx)—gyly < K lim

n—oo on
2"y, 2™
< K 1im P2 _
n—o00 on

Then, according to

hy (9(z +y),9(z) + 9(y)) < llg(x +y) —g(z) — g(y)|| = 0,

we conclude ¢ is an additive mapping.
Now we show that ¢ is unique. Assume that T is another additive
mapping such that

1
17 = T@)ly < 53 e, 22)P,
=0

for all x € X. Therefore, according to Lemma 3.5, for all n € N,

g(2"z) T(2"x) g(2"z) f(2"z) f(2"x) T(2"z)
hY(TaT) < K(hY(Ta on o 77))

)+ hy (

o0 —
1 p(22ng, 2'2ng)
< K (T2,
1=0

By taking the limit, it follows that T'(z) = g(x). O

Corollary 5.2. Let r < 1 and € be nonnegative real numbers and f :
X =Y be a mapping with f(0) =6 and for all x,y € X,

If(@+y) = f@) = fWlly <ellz]”+ llyl")-
Then, there is a unique additive mapping g : X — Y such that,

f(2 )

g(z) = lim —-—,
1£(z) = g@)ly < ———llzII",

(1 —2(=1pr)Pp
forallx € X.
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Proof. By taking ¢(z,y) = (||z||" + ||y||") in previous Theorem, we get
the desired result. (]

Theorem 5.3. Let function f: X — Y with f(0) = 0 and symmetric

function ¢ : X x X — [0,00) for all z,y € X satisfy the following
conditions:

1f(z+y) — f@) = fFW)lly < v(z,9),

. Ty
P ) =0 ®)
o0
Z 21+1 21+1))p < 00
=0

Then, there is a unique additive mapping g : X — Y such that,

g(x) = lim 2”f( )

1f(z) = g(@))lly < 22’” 1721
forallz € X.
Proof. Letting y =  in condition (5) then for all z € X,

1f(22) — f(z) = f(@)lly < o(,2).
Since 2f () < f(x) + f(z), we have

1/ (22) = 2f(@)lly < [If(22) — f(z) = f(2)ly.

Therefore,

1f(22) = 2f(2)lly < o(z,).

x
Replacing = by ontl in the above inequality and multipling by 2" we
get

ne L n z Y
12 f(2) 2+1f(2n+1)||_ @(Waﬁ)
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for all z € X and n,m € N with n > m,

oo
x T x Y
127 f () = 27 PG < 3 P (i i)
=0

We conclude {2"f (2%)} is a Cauchy sequence in g-p-Banach space Y
therefore converges in Y. We define the mapping g : X — Y by

gla) = lim 2"f(3),

n—oo

for all z € X. The rest of the proof is similar to the proof of Theorem
5.1. [l

References

[1] S. M. Aseev, Quasilinear operators and their application in the the-
ory of multivalued mappings, Trudy Mat. Inst. Steklov, 276 (1985),
25-52.

[2] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Func-
tional Analysis, vol. 1, Amer. Math. Soc. Collog. Publ., vol. 48,
Amer. Math. Soc., Providence, RI (2000).

[3] D.H. Hyers, On the stability of the linear functional equation, Proc.
Nat. Acad. Sci., 27 (1941), 222-224.

[4] D. Mihet and V. Radu, On the stability of the additive Cauchy
functional equation in random normed spaces, J. Math. Anal. Appl.,
343 (2008), 567-572.

[5] G. Rano, Finite dimensional quasi-normed linear space, J. Fuzzy
Math., 22(2) (2014), 669-676.

[6] G.Rano and T. Bag, Bounded linear operators in quasi-linear space,
J. Egyptian Math. Soc., 23 (2015), 303-308.

[7] J. Tabor, Stability of the Cauchy functional equation in quasi-
Banach spaces, Annales Polonici Mathematici, 83 (2004), 243-255.



14

Z. DEHVARI AND S.M.S. MODARRES MOSADEGH

[8] S. M. Ulam, A Collection Of The Mathematical Problems, Inter-
cience Publ, New York, (1960).

[9] Y. Yilmaz, S. Cakan and S. Aytekin, Topological quasilinear spaces,
Abstr. Appl. Anal. Art. ID., 951374, (2012).

Zahra Dehvari

Ph.D Student of Mathematics
Department of Mathematical Sciences
Yazd University

Yazd, Iran

E-mail: dehvari@stu.yazd.ac.ir

Mohammad Sadegh Modarres Mosadegh
Professor of Mathematics

Department of Mathematical Sciences

Yazd University

Yazd, Iran

E-mail: smodarresQyazd.ac.ir



	1 Introduction
	2 Preliminaries
	3 Quasi-normed Quasilinear Spaces
	4 Quasilinear  q -operators
	5 Stability of Cauchy Functional Equation 
	References

